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Abstract

In this paper, we introduced a new type of open set in generalized topological spaces:
XUJ-open set. A new generalization of connectedness in a generalized topological space using
XW-open namely XW-connectedness is defined. Also, new generalizations of continuous
functions in generalized topological space will be studied here as weakly XUJ- continuous,
strongly XUJ- continuous and XUJ- irresolute functions.
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1. Introduction

The pair (Z,X) symbolizes a topological space, and X' symbolizes the
collection of all closed sets in (Z,X) . If H is a subset of Z, then

1. the interior of H is the setint(H) = U{W: W € Xand W S H }.
2. the closure of H is the set cl(H) = N{F: F € X' and § € F}[1].

A topological space (Z,X) is disconnected space if Z=AUB
where A and B are open or closed non-empty disjoint subsets of Z , Z is said to
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be connected if and only if disconnected [2]. A function f: (Z1,%;) =
(Z,,X%,) is a continuous function if f~1(V) € X,VV € X, [2] and [3]. The
continuous function preserves connectedness [4]. By a component of a
topological space (Z, X), we mean a connected subset of Z, which is not properly
contained in any larger connected set in Z [5]. A subset M of a topological
space (Z,X) is connected if and only if the subspace (M, X)) is connected [2].
A generalized topological space (GTS) is a pair (Z, (1)), where Z is a non-
empty set, and () is a collection of subsets of Z satisfying the conditions:
P € 0 and Ugep Ny € @ where N, € @WVaeA. Members of () are () - open
and members of ()" are (1) - closed, which are the complement of () — open
[5]and [6].
1.  The @ — interior of 1 is the set int(H) = U{U: W € @ and W <

H}
2. The @ — closure of Jis the set cl ,(H) = N{F: F € W'and § € F}[7].

Definition 1: [8] A GTS (Z, ) is said to be () — connected if there are no
non-empty disjoint () — open subsets U, 0 of Z such that D U 0 = Z.

Definition 2: [9] A function f: (Z;,0,) = (Z,,®),) is called (®q,
W,)—continuous if f1(H) € W),VHE ),.

Theorem 1: The (();, (),)—continuous image of (), — connected space is
), — connected.

Definition 3: Take a topological space (Z,X) with generalized topology ). A
subset  of Z is said to be X(1) — open set if there exists an (1) —open set N such
that N € H < cl(N).The family of all X() — open sets of Z will be denoted by
X0 (Z). The complement of X() — open is X() — closed set, the class of all
X() — closed sets in Z will be denoted by X()C(Z).

Definition 4: Take a topological space (Z,X) with generalized topology ).

1. inty,y(H) = U{G:G is X&) — open, G S H} is the X() — interior of .
2. dyy®) =N{F:FisX@) — closed, |j S F } is the X() — closure of H.

2. X(0) — connected space

Definition 5: A topological space (Z,X) with generalized topology () is said to
be X() — disconnected space if it is the union of two non-empty disjoint X)) —
open sets, Z is said to be X&) — connected if and only if it is not X&) —
disconnected.

Theorem 2: A topological space (Z,X) with generalized topology &) is X&) —
disconnected if and only if it is the union of two non-empty disjoint X(0) —
closed sets.
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Proof: The " only if" part

Assume that Z is X() — disconnected space, then there exist non-empty
X() — open subsets U,0 of Z suchthat UN O =@ and U U O = Z. This means
that U and O are complementary to each other, therefor U and O are X() —
closed sets.

The "if"" part

Suppose that there exist non-empty X&) — closed subsets U,0 of Z
30N0 =0 and DUO = Z. This means that U and O are complementary to
each other, therefor U and O are X(o) — open sets. Hence Z is X() —
disconnected.

Theorem 3: A topological space (Z,X) with generalized topology ) is X() —
disconnected if and only if there exists a non-empty proper subset of Z which
is both X(0) — open and X(1) — closed set.

Proof: The " only if" part

Assume that Z is X() — disconnected space, then there exist non-empty
X() — open subsets H,,0 of Z suchthat UN O =@ and DU O = Z. It follows
that U is a complement of O, therefor U is X() — closed set; also, we have that
U # @ and since O # @, so U is a proper subset of Z. So U is the required set.

The "if" part

Suppose that there exists a non-empty proper subset U of Z which is both
X — open and X() — closed set, and let O be the complement of U. Now we
have two non-empty disjoint subsets U, 0 of Z such that DU O = Z. Thus Z is
X() — disconnected.

Corollary 1: 4 topological space (Z,X) with generalized topology () is X() —
connected if and only if the only non-empty subset of Z which is both X)) —
open and X() — closed set, is Z itself.

Proposition 1: Every X() — connected space is () — connected.

Definition 6: Take a topological space (Z,X) with generalized topology ),
and let M be a subset of Z the X() - relative generalized topology for M is the
collection X()y given by Xy ={JNM:H € X®WO(Z) }. The generalized
topological space (M, X®) y) is called an X®) - subspace of (Z, ().

Theorem 4: Take a topological space (Z,X) with generalized topology () such
that Z = U U O where U, O are two non- empty disjoint X() — open sets and let
M be X&) — connected subset of Z. Then M € U orM C 0.

Proof: Suppose that M € Dand MZ O,but MSUDUO,soMN O # @ and
MN UD+#@®. On the other hand, we have (MN O)N(MND)=Mn
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ONn)=MNP=0,and MN O)UMN D) =MNnOUD)=MNZ=
M. Also M N O and M N Dare X() — open in M since U, O are X(1) — open in
Z.Thus M is X() — disconnected space, which is a contradiction.

Theorem 5: Take a topological space (Z,X) with generalized topology ), and
let M be X() — connected subset of Z. If M € F € cly,y(M), then F is also
X(0) — connected.

Proof: Suppose that F is X(0) — disconnected, then there exist non-empty X)) —
open subsets U,0 of F 30N0 =@ and F=0DUO, but M CF, therefore
M € D UO, it follows from Theorem 2.12 that M € U or M € O since M is
X — connected. Let M € U, so cly,)(M) € clx, (V) , since cly, (V) N0 = @,
soFNO =@,but 0 C F. Hence O = @, which is a contradiction.

Corollary 2: Take a topological space (Z,X) with generalized topology (), and
let ' M be X — a connected subset of Z. Then cly,(M) is also X0) —
connected.

1.  Theorems of X() — connected space

Definition 7: Take a topological space (Z,X;) with generalized topology )¢

and let (Y, X,) be a topological space with generalized topology (1),. A function

f:Z - Y is said to be

1. weakly X0) — continuous function if f ~1(H) is X;0); — open in
Z for each (), — open subset H of Y.

2. strongly X(0) — continuous function if f ~1(H) is &), — open in
Z for each X,(), — open subset H of Y.

3. X0 — irresolute function if f () is X,0); —openin Z for
each X,(), — open subset H of Y.

Proposition 2: Every X@) — irresolute function is a weakly X() —
continuous.

Proposition 3: Every (();, (0),)—continuous function is a weakly X&) —
continuous.

Proposition 4: Every strongly X — continuous function is an X&) —
irresolute.

Proposition 5: Every strongly X&) — continuous function is an (&),
(0),)—continuous.

Corollary 2: Every strongly X)) — continuous function is a weakly X&) —
continuous.
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Theorem 8: The strongly X() — continuous image of X;(), — connected
space is X,), — connected.

Proof: Take a topological space (Z,X;) with generalized topology (1); and let
(Y,X,) be a topological space with generalized topology (), and f:Z — Y be
strongly ~ X() —continuous and surjective function and assume that Z is
X1, —connected space, we have to show that ¥V is X, (1), —connected space
suppose that Y is not X, (), —connected, then there are non-empty disjoint
X, (), —open subsets H;,H, of Y 3 H; UH, =Y. It follows from Definition 3.2
and the properties of functions that f ~1(H,)and f ~*(H,) are non-empty
disjoint (); —open subsets of Z such that f ~1(H, UH,) = f ~1(Y¥), which
implies that f'(H,)U f'(H,) =Z. Now from Remark 1.6 we get
f (Y, and f ~1(H,) are X;(); — anopen subset of Z. Thus Z is not
X,(), —connected space, this contradicts our hypothesis. Hence Y must be
X, (), —connected space.

4. The conclusion

From this work, we obtained many results, the most important of which are:

° Every X(1) — connected space is (1) — connected.

. The strongly X() — continuous image of X;(); — connected space is
X,(0), — connected.

e  Every strongly X() — continuous function is an X(0) — irresolute.

References

[1] Suaad G. G., N. F. Mohammed, P.C.- Spaces, Journal of Physics: Confer-
ence Series, 1879,032032(2021),d0i:10.1088 /1742-6596 /1879 /3 /032032

[2] Sufyan G. S, Rana B. E., ag-open sets and og-functions, Ibn Al-
Haitham Jour. for Pure & Appl. Sci. 34(1), 30-37 (2021).

[3] Haytham R.H. and Niran S.]., Characteristic Zero Resolution of Weyl
Module in the Case of the Partition (8,7,3), IOP Conf. Series: Materi-
als Science and Engineering, 571, pp. 1-10 (2019).

[4] M. Ranjan Adhikari, Basic Algebraic Topology and its Applications,
Springer India (2016).

[5] S. C. Sharma, Topology Connectedness and Separation, Discovery
Publishing House, First Published (2006).

[6] NiranS.]J., SawsanJ.K. and Ahmed I.A., Enforcement for the partition

(7,7,4,0,0), Journal of Interdisciplinary Mathematics, Vol. 24, No. 6, pp.
1669-1676 (2021), DOI:10.1080/09720502.2021.1892272.



1406 M. L. A.U. RIDHA AND S. G. GASIM

[7] B.K.Tyagi, V.S. Chauhan, On some separation axioms in generalized
topological spaces, Questions and Answers in General Topology, 36,
9-29 (2018).

[8] Rana B. Esmaeel. on a-c-compactness, Ibn Al-Haitham Journal for
Pure and Applied Science, 22, 212-218 (2012).

[9] Suaad G. Gasim and Mohanad N. Jaafar, New Normality on Gener-
alized Topological Spaces, Journal of Physics: Conference Series, 1879
(2021) 032026 (2021), d0i:10.1088 /1742-6596 /1879 /3 /032026.

[10] Hameed, Z. N., & Kadhem, H. H., On Degree Topology and Set-T_0
space. Wasit Journal of Computer and Mathematics Sciences, 1(4), 213-219
(2022).



