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Abstract

The integral transformations have become very important in solving differential
equations, especially those that have an applied aspect in the physical, chemical, economic
and other scientific fields.

In this article, the suggested transform which named by SEJI integral transform is
developed for solving the partial derivatives and applied to solve several partial differential
equations.

This paper introduced the definition of the suggested transform with its properties that
have the importance in this field. This new transform has an ability to applying in {PDEs) and
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finding the exact solution for these equations. Kinds of partial differential equations have
solved by using this transform.
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1. Introduction

The integral transform has been widely utilized to solve differential
equations; as a result, there are many words on the theory and uses of integral
transforms, including Laplace, Fourier, Sumudu and SEE complex, Emad-Sara,
Emad-Falih, and KAJ Transforms [1-17]. For the solution of ordinary and
partial differential equations, SEJI integral transform was recently presented.

We develop the formula for the SEJI integral transform of partial
derivatives in this paper and use it to address various starting value issues.

2. Basic Concepts
2.1 Definition: [18]
SEJI integral transform of the function f(t) is formed as:

TE{f()}=Ff(s) =p(s) | e MOtf(t)dt. (1)
t=0

Where t > 0,p(8) # 0 and q(8) > 0,p(8),q(8) E R, i =+v—1.

2.2 SEJI Integral Transform for Functions: [18]
A list of the new transform for several functions is given below in
Table 1:

Table 1
Functions f(t) TS{f(6)} = FS(s) F“;Etti)"“s TS{f (1)} = F&(s)
1. 1 —ip(s) 7. sin(dt) —d p(s)
q(s) (q(g))z —q?
q(s) > |d|
2. thjenN (—i)*1 J' p(s) 8. cos(dt) —ip(s) q(s)
l[g(=)]*? (q(s))2 _ 42

Contd...
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>c.

3. > -1 (it IG+1pl) | 9.sinh(kt) —k p(s)
ok (a)" +k?
q(s) > 0.
4 e ceR © c 10. cosh(kt) —ip(s) q(s)
i Py (9)° (@) +#
o q(s)
e (q®) e

2.3. The Inverse of SEJI Integral Transform [18]

A list of the inverse of the transform is showed for several functions

in Table2:
Table 2
fO=15" f@®=T5"
F¢ 9 F¢
o (F5 () s() (F5(9))
e 0 1 T sin(lt)
q(s) (q(s))z—lz’
q(s) > |1
2. (—i)f+1%, o o ZiPE) a0 cos(lt)
n N J! (q(s))z _2
3 (—i)f+1ﬂ v _—ep(e) sinh(et)
RO MG+ | (q®) +e*
j>-1 () > 0.
4. —p(s) : etreR 8. —ip(s) q(s). cosh(et)
o [ +(q(g)) (q(s))z + 2
r2+(q)"
q(s) > .

2.4 SEJI Integral Transform of Derivatives: [18]
The application of the new transform to derivative of f(t). Let T,/ {f (t)} =

Ff(s), we get:

Jj
TE{fO(6)} = (iq(s))]@C(s) —p(s) lZ(iq(s))k_lf("—k)(O) .
=1
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3. SEJI Transform of partial derivatives f(t):

We employ integration by parts as follows to generate the SEJI transform
of the partial derivatives:

TC{—(x O = p(s) J —iq(s)tdt

afy
— lim p(s) ( a}; )e‘“?(f’)tdt,

= lim,_, ([p(s)e-lq(s)ff(x, t)]O +iq(s)p(s) Jy e 9O f (x, t)dt),
d
15 {2 (2,0} = g @F (5,9 ~ P (5,0).D)

Suppose that f is a piecewise continuous with exponential order.
Now

{_f (x, t) (s)f [6_ (x, t)] —Lq(S)tdt
-9 p(s) mf(x, t)e—zq(s)tdt , (by using Leibnitz rule),
ox [ J‘0

d ] d
TS {% 0) = [F 9] = o [E 9l (3

Also we can find:

2 d2
TS { f( t)}=w [Ff(x,9)]-(4)

a 2
7 {0
Let

g= a—f, then by using (2) we have

To find:

0
15 {5 Lo, 0} =15 {32 000} = @590 0) - p29 5,0

=iq(s)[ig®)Ef (x,5) —p(&)f(x,0)] — p(s) f(x 0),

2
{at]zc (x, t)} = [ig(8)1*Ff (x,8) — iq()p(8)f (x,0) — p(s) f(x 0).(5)

4. Applications:
In this section, some (PDEs) are presented to solve them by applying the
new transform for reaching to exact solution.
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Example 1: To evaluate the solution of the first order (IVP):

y(x,0) = 6e73% (6)

Where y is bounded for x > 0 and t > 0.
By taking SEJI transform of (6), we have

d
Ix [F (x,9)] = 2iq($)Ff (x,5) = 2p(8)f (x, 0) + Fy (x,9),

d ) 3
e [Fgc(x, s)] — (iq(s) + 1)[17;(96, s)] = —12p(s)e™>*.

We get linear ordinary differential equation.
The integrating factor is [ = e/ (-2ia©®-Ddx — o
Therefore,

—(2iq(s)+1)x_
6p(s)
Tf )} =———
s y(x, )} () + 2

Since T,;{y(x,t)} is bounded, then ¢ =10. By the inverse of SEJI
transform, we obtain:

e 3% 4 Cp(s)e—(zl'q(s)ﬂ)x

_3xmc—1 p(s)
y(x, t) = 6e Tg {m},

—p(s) _—2+iq(5)}
-2—iq(s) —-2+igs )

= e~ 3*g 2t = go2t-3x

— —3xpc—1
= 6e™ Ty

Example 2: The Laplace equation is:
Wyy + W = 0,u(x,0) = 0,w,(x,0) =cosx,x,t >0 (7)
Apply SEJI transform of (7), we have
2

d
Tz lewx O} + [iq GPT {w(x, )} -

ow
iq(e)p(s)w(x, 0) —p(s) 7~ (x,0) =0,

2

d
ez Ts w03 + liq(8)]°T;{w(x,t)} = p(s) cos x.
The specific solution to this second order differential equation is of the

form:

Tsw(x, 0)} = [p(s) cos x],

1
D% + [iq(s)]?
—p(s)

110G IO cosx (8)

Ty{w(x, 0)} =
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Taking the invers of the SEJI transform for (8), we get:

w(x,t) = cosx Tgc_1 {%&?)]2

} = cos x sinh t.
Example 3: Solve the wave equation:
Wy — 4wy = 0,u(x,0) = sinmx, w,(x,0) = 0,x,t > 0 (9)

Apply SEJI transform of (9):
2

T, 0)

d
—4 ([iCI(E)]ZT;{W(X, )} —iq(s)p(s)w(x,0) — p(s) a_vtv (x, 0)) =0,
2
TS {w(x, )} — [iq(®)1*T§ {w(x, )} = —ig(s)p(s) sin mx.

4dx?
Above is the second (ODE) have the particular solution in the form
1
Tgw(x, )} = ———[~iq(s)p(s) sinmx],
102~ lig(®)P?
—iq(s)p(s)

= 3 sinmtx (10)
@12 - (3)
Use the invers of SEJI transform for (10) to get:

—iq(s)p(s T
w(x,t) = sinmx T;_l M = sinmx cos—t.

g1 - (2)’ 2

Example 4: The homogeneous heat equation in 1 dimension:
T
4w, = Wy, w(x,0) = sinEx,x,t >0(11)

The SEJI transform of (9) is

dZ
4q ()T iw(x, )} — 4p()w(x, 0) = —— To{w(x, )},

% T w(x,0)) - 4ig(&) T wCx, 0} = ~4p(s) sin=x.

To find the particular solution for solving Ty {w (x, t)}

Ti{w(x, )} = D [—4p(s) sin%x],

1
2 —4iq(s)
. T
—4p(s) sin 7 X

Tew(x, 0} = ,
’ - (&) - 4iq®)
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p(s) sin%x

Tew(e D) = — (12)
16 +iq(s)
To get w(x, t) apply the invers of SEJI transform for (12):
T s
w(x,t) = sinEngc_1 HZPL
16 (s
4 iq(s)
T —p(s —— tiq(s -n? T
w(x,t) = sinEx T ! PE) « 16 =e16 ' sin—x.

n? . -n? .
—1g () —g tiq()

Example S: Consider the telegraphers equation:
Wee + 2aw, = a?w,,, 0 <x < 1,t > 0 (13)
where, w(x,0) = cosx,w:(x,0) =0 (14)
Take SEJI transform of (13) and substituting (14) to get
lig(8)]°T; {w(x, 1)} — ig(s)p(s) cos x + 2aiq(s) Ty {w(x, t)}
2

—2ap(s) cosx = azm T{{w(x, )},
2

d
a? Iz Ty{w(x, )} — ([ig(s)]? + 2aiq(s)) Ti{w(x, )}
= —[iq(s) + 2a]p(s) cos x.
To find the particular solution for solving T, {u(x, t)}
1
2D2 — ([iq(s)1? + 2aiq(s)) (
_ lig(s) + Za]p(s)zcosx (15)
(a+iq(s))

Then, we get u(x, t) by using the invers of SEJI transform for (15):
P& iq(s) + 2a)}

B 2
(a+iq(s))
w(x, t) = (e™* + ate™*) cosx = (1 + at) e % cos x.

Ty{w(x, t)} = = —[ig(s) + 2a]p(s) cos x),

w(x,t) = cosx Tgc_1 {

Example 6: Consider the linear telegraph equation:

Wiy = Wi + 2w, + w,w(x,0) = e*, u.(x,0) = —2e* (16)
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Apply SEJI transform of (16) to get
2

d
In? Ty {w(x, )} = [ig(&)* Ty {w(x, )} — ig(s)p(s)e™ + 2p(s)e”
+ 2ig(8) Ty {w(x, )} — 2p(s)e™ + Ty {w(x, t)},
2

d
Tz lswx )} — (lig()]? + 2ig(s) + 1) Ty {w(x, )}

= —iq(s)p(s)e™.
Then,
1
Tg{w(x, )} = D2 — (g + 2iq@) + 1) (—ig(s)p(s)e™),
_ p®
T ig(s) + 2 e* (17

Taking the invers of the SEJI transform for (17), we get:

w(x,t) = e*Tf ™ {lqé(%} = e*72t,

Example 7: Consider the second order linear homogenous Klein-Gordan
equation:
Wer = Wy + Wy + 2w, —00 < x < 00,t > 0,
Subject to:
w(x,0) = e”*, u(x,0) =0(18)
By taking the SEJI transform of (18), we have
lig()]*T5 {w(x, )} —ziq (e)p(s)e*

d d
=72 lo w0} + — Tiw(x, 0} + 2T (w(x, 0},

2
o T, D) + - TEw (e 0) + 2~ [1g @) T, 0)
= —iq(s)p(s)e™.
Hence,
1
D?+ D + (2 - [ig(s)]*)
—iq(s)p(s)
“irert ¢
By taking the invers of SEJI transform for (17), we get:

exTC_l{ iq(s)p(s)

Ty{w(x, 1)} = (=ig(s)p(s)e™),

w(x, t) = e*Ty W} = e* cosh 2t.



SOLVING PDE BY USING SEJI INTEGRAL TRANSFORM 1131

5. Discussion and Conclusion

In this essay, we introduce and explain the SEJI transform of partial

derivatives and show how to use it to solve various initial value issues. We were
able to quickly arrive at the correct answer.
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