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Abstract

In this article, we present a different class of lifting modules as a proper g-lifting generalization. This
class termed by Radg-lifting in this work which defined as, /¥ is called Radg-lifting if ¥ < /¥ with
Rad, (W) €V, there is W = A@B with A <Y and ¥ N B &, B. Thus, a ring R named Radg-lifting
if R is a Radg-lifting as R-module. We determined it is structure. Several of characterizations,
properties, and instances of these modules are described.
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1. Introduction

This article is about associative rings with identity, and All modules have
been left as unitary. We will go through several of the key definitions that we
will require in our work. Let B a submodule of a module of /¥, indicated by
B < /. Also, we refer to the direct summand B of /¥ by B <® /1. An essential
module B in A indicated by B 2 /A, is a submodule which satisfying BNY =0
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implies ¥ = 0 for any ¥ in V. As dual, if B < /¥ is named small in /¥, written as
B K Wif, N =B+Y for Y < A signifies ¥ = /¥ [8]. We refer to Rad(/V) as
the Jacobson radical of /¥, as the sum of all small submodules of /V. If There is
no maximal submodule of /¥, then we set Rad (JA) = W. Zhou [20] recall that, a
submodule ¥ of A is called generalized small, indicated by ¥ <, A, if for
B 2 /A with W =Y + B signifies B = A, in fact, A g-small is referred to as an
e-small by Zhou and Zhang [7]. If all proper submodules of /¥ is small (g-
small), then W is called hollow (generalized hollow) see ([16, 11]). Zhou and
Zhang [7] gave the definition of Jacobson generalized radical of R-module / as;
Rad, (W) = N{r 2 A| t is maximal in W} = Z{T| T K, I/V} Let V,w < . If
Y is minimal in ¥ =Y + w, we called it ¥ is a supplement of w. A module is
said to be supplemented if it contains a supplement for each of its submodules
[16]. Let X and y be submodules If / = X +y and /¥ = X + n with n 2 y then
n=y,aswell,if ¥ =X+yand XNy K, y, then y is called a g-supplement of
X in /V. A module is called g-supplemented if it contains g-supplement for each
submodule [3]. A module /¥ is known as lifting. if, ¥ < /A, and X <Y, there is
W =R@B and ¥ N B K W [6]. Furthermore, A module /V is called g-lifting if
for ¥ < A, there is W= R®B and ¥ N B K, A where X<V [17]. We are
going to define the Rad,-lifting modules and give some equivalent definitions.
Next some of the numerous characteristics of this group of modules and their
relationships to other types of modules: Noetherian, uniserial modules, ... etc,
(see [2, 19, 14, 21... 24 and 25]). A non zero Radg-lifting module is not
inherited by its submodules, but it is inherited by direct summand and g-
coclosed. So we give a condition that make under finite direct sums, the family
of Rad,-lifting modules is closed. Later it is proved that factor module of a duo
(or distributive) Radg-liftingmodule is Rad,-lifting. We provide some important
counter examples to separate Rad,-lifting property of modules with some other
kinds of modules.

2. Rad,-Lifting modules

First we will present the definition of Radg-lifting and give equivalent
definitions. As well as many of their properties, examples about them will be
discussed. Later we will discuss the relations between our definition and other
types of modules.

First, we will consider our following major definition.

Definition 2.1: A module /V is called Rad,-lifting if for every submodule ¥ of
W with Rad, (/) € 7, there is a decomposition /A = R@f such that X <V and
Y N B is g-small in . Thus, a ring R is called Rad,-lifting if it is Rad,-lifting as
R-module.

Now give equivalent definitions of our main definition “Radg-lifting” and
prove the equivalency between them.
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Proposition 2.2: An assertions below are equivalent.

(1) WAis Radg—lifting; T

(2) for ¥ </ has Rad,(/V), there is a decomposition /¥ = RS and ¥ N
B Kg Wwhere R <Y

(3) for every submodule ¥ of /¥ has Rad, (/) can be written as V' = RDp,
where X <® Wand B Lg N,

(4) for ¥ < has Rad,(JV), there exists a direct summand X of /¥ where
R<YandY/R <, N/X;

(5) forY < Whas Rad,(/V),Y has g-supplement X in /¥ where ¥ N X <®v;

(6) for ¥ </ has Rad,(/), there is § = $? € End(WW) with W <Y and
1-3Y K A=,

(7) for Y < N has Rad,(JV), there exists X <® W and B Ky W with X <Y
andY = X+ f5;

(8) for ¥ < N has Rad,(JV), there is a submodule X of /¥ and X <V with
W = RO and S a g-supplement of ¥ in .

Proof: (1) = (2) Clear.

2)= 1) Let Y <W with Rad;(N) Y. By (2), there is a
decomposition /N = XBF where X<V and Y NP K;W. Since Y NP <
B <® W, thus by [16, Proposition 3.2], Y n B Ky B. Hence A is Rad,-lifting. K

(1) = (3) Assume Y < with Rad,(J/N) €Y. By (1), there is a
decomposition /¥ = XDK where X <Y and ¥ N K <, K. By the modular law,
Y = RO N K). Putting Y N K = . Thus, ¥ = XD such that & <® /A and
B <Ly N.

(3) = (4) Assume that ¥ < /¥ with Rad,(/N) Y. We have ¥ = BON
where B <® /W and & Kg N, by (2). Define a conical map m: /¥ — /B. Since
R <4 A, we conclude m(B) <, /K, ie, (B+RX)/B=Y/B K, N/B.

(4) = (1) Let Y < /W with Rad,(J) €Y. Then there is /W = K@f with
K<Y and Y/K <, /W/K, by (4). We can conclude this from modular law.
Y =K@ NR). Thus, Y/K=Y NKX and W/K =K. It follows that ¥ n
N <, X. Hence, (1) holds.

(1) = (5) Let Y < W with Rad,(/N) €Y. By (1), there exists /¥ = K@ X
with K<Y and Y N X «; ¥. So, A =Y + X and by modular low ¥ = K&(X N
Y). Hence Y has a g-supplement X in /¥ where Y N X <® ¥

(5) = (6) Let Y < /W with Rad,(J¥) € Y. By hypothesis, if we assume ¥’
has a g-supplement X in A with Y N R L, ¥V, ie, A=Y +Xand ¥ N R K, X
Also, Y = (¥ nR)SL for B<Y. It follows that W = SBNX. Suppose that
SIW-pB; stk+h)y=k and (1-5):N—>X, (1-5)k+h)=h are
projection maps for all k + h € /W = BOXK. It is easily to confirm that § = 5% €
End(/N). Hence, s W=F <Y and 1 -V =Y N1 -N =Y NR K, R =
11—
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(6) = (3) Let ¥ < W with Rad,(JN) S Y. By (6), there is an g = g* €
End(/N) where /W <Y and (1-yY K, (1—gN. Observe that N =
SO (1 — ). By modular law, we get that ¥ =Y n AW =Y n (GNO( —
N = DY N (1 —)A) = sWB(1 —5)Y, such that A <® A and
1-3Y <, 1 —)N,s0in A.

(1)=(7) Let ¥ < with Rad,(/N) =Y. By (1), there exists the
submodule K <V < /N, where A =K@®F and Y N K; B. Put X =Y N B, we
conclude that ¥ = K + X and X < B, so in /1.

(7) = (1) Assume Y </ with Rad;(/A) Y, so by (7), there exists
X <® Wand K Ky W where X <Y and ¥ = X + K. Thus, /N = RDp for some
B < W. Therefore, 8 is a g-supplement of X in /¥, hence, by [18, Lemma 2.3] 8
is a g-supplement of ¥ = X + Kin /A, thus Y N f K B.

(1) = (8) Let Y < W and Rad, (W) € Y. Since /V is a Radg-lifting, thus
for X <Y where W= XOK and ¥ NK K K for K < /. Thus W=7 +K that
implies K is a g-supplement of Y in /. (8) = (1) Clear.

Now give important proposition, which lead us to our dentition directly
and then give us interesting related results later.

Proposition 2.3: If Rad, (/) = J for a module /¥, then A is Rad,-lifting.

Proof: Let K </ with Rad,;(JV) € K. By assumption, /¥ < K that implies
W =K. Clearly, W = W@ (0) for W <K and K n (0) = (0) is g-small in (0),
as required.

Corollary 2.4: If W is an arbitrary module If here is no maximal submodule.,
then W is Rad -lifting.

Proof: Since /\ has no maximal, then Rad(/N) = /. As Rad(JN) € Rad, (),
then Rad, (JV) = /. By Proposition 2.3, We obtained the outcome.

Corollary 2.5: If W is a module which all its finitely generated submodules are
g-small, then W is Rad-lifting.

Proof: By [12, Proposition 3.15] Rad,(J¥) =/A. Next by Proposition 2.3, A is a
Rad,-lifting.

As an illustration of Corollary 2.5 see this example, for any prime p and
n € Z,, the Z-module Z,n is Radg-lifting, in fact, all its finitely generated
submodules are g-small.

Now discusses some prevalent concepts and their relations with Rad,g-
lifting module. Recall [15] as the sum of all generalized radical submodules of

W, Py (N); Py () = ¥{K < M| Rady(K) = K}.
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Corollary 2.6: P, (V) is Rady-lifiing for a module W.

Proof: 1t is enough to show that Rad,(P,(W)) = F,;(N). Therefore, P,(N) =

2{K < W|Rad, (K) = K} = Exen Rady (K) = Rad, (Z{K < N|Rad,(K) =
K}) = Rad,(P,(N)).By Proposition 2.3, F, (W) is a Rad,-lifting.

Remark 2.7: By definitions, any g-lifting and hence any lifting is Rad,-lifting.
In general, the reverse is not correct, as follows: the Z-module Q is Rad,-lifting,
indeed, Rad,(Q) = Q (see Proposition 2.2), Q is not g-lifting.

Proposition 2.8: Let JV be a Rad,-lifting and B an indecomposable submodule
of /A has Rad, (JA), then either B is a direct summand or g-small.

Proof: Suppose /V is a Radg-lifting. Let B < /¥ and indecomposable with
Rad,(/N) € B. By Proposition 2.2, B can be written as B = X[, where
X <® Wand B K4 A As aresult of this, either B = X or B = 8. This brings the
proofto a close.

Proposition 2.9: Every generalized hollow module is Radg-lifting. m

Proof: Let /N be a generalized hollow, and let m < /¥ with Rad,(/V) < m. If
m =N, clearly, /W= N®(0) where W <m and m N (0) <, (0). Assume
mc A, then m K ; W. Next, W= (0)®N where (0) <m and mNA =
m KLy A, so in m. Hence /V is Rad,-lifting.

Example 2.10: Every semisimple module is clearly Rad,-lifting. However, in
general, the opposite does not have to be true: it is easy to ensure that Z-module
Zg is generalized hollow, so it is Rad,-lifting, by Proposition 2.9. While the Z-
module Zg is not semisimple.

Example 2.11: In general, the reverse of Proposition 2.9 need not be satisfied,
to see this: if Z,, as Z-module is Radg-lifting, to see this: it is easy to show
Radg(Z,4) = 2Zy4. Since 2Z,, is the only proper submodule of Z,, that
contains Radg(Z,4). Thus, Z,, have trivial decomposition Z,, = (0)®Z,, such
that (0) < 2Z,, and 2Z,, N Z,, = 27Z,, is g-small in Z,,. While Z-moduleZ,,
is not generalized hollow. Actuality, 3Z,, is not g-small in Z,,.

3. Direct summands and factor modules

A Rad,-lifting is not inherited by their submodules, [see, remark 2.7]. So
that we will give some conditions to submodules to make Rad,-lifting inherited.
The same thing is said about factor module and homomorphism of Rad,-lifting.
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First we start with direct summands as follows:

Proposition 3.1: A module /¥ is Radg-lifting if and only if every direct
summand of /¥ contains Rad, (V) is Radg-lifting.

Proof: =) Let B <® W and Rad,(/N) < B. If ¥ < B with Rady(B) S Y. By
[15, Lemma 3.16] we have Rady(/N) = Rady(B). Thus, Rad,(J/V) €V < N.
Since /V is a Rad,-lifting, there exist /W = BON where f <V and ¥ N X K, X.
By the modular law, we have that B = B N (BBX) = SH(B N X). Also, we
have that Y N (BNR) =Y NR K, W, As Yn(BnR) <BNR<®n, [12,
Proposition 3.2] conclude that ¥ N (B N ) <, B N K. Hence B is Rad,-lifting.

<) Since, trivially, A/ <® A and Rad, (/) < A, thus, by assumption /¥
is Radg-lifting.

Corollary 3.2: Let /N be a module and Rad, () <®W IfWis Rad-lifting,
then Rad (W) is Radg-lifting also.

Proof: Clear by Proposition 3.1, since Rady(J/V) S Rady, (/).

Recall [10] that, a submodule B of /¥ is a g-coclosed whenever § < B <
W, such that B/ <, /B, then B = . So, the next proposition give important
result.

Proposition 3.3: Let /V be a Rad,-lifting and B < /¥ with Rad,(/N) € B. If B
is g-coclosed then B <® .

Proof: Let B be a g-coclosed of /A with Rad, (V) € B. As /¥ is Rad,-lifting, by
Proposition 2.2, there exists w <® /¥ where w < B and B/w &Ky . Since B is
g-coclosed, w = B, that means B <® /.

Corollary 3.4: Let /N be a Rad-lifiing, and B a g-coclosed of W has Rady(N),
then B is Rady-lifiing.

Proof: Direct from Propositions 3.3 and 3.1.
As shown below, the direct sum of finite Rad,-lifting is not Rad,-lifting in
general.

Example 3.5: Put W = Zg®Z,, as Z-module. As seen in Examples 2.10 and
2.11, Zg and Z,, are Radg-lifting Z-modules. Notice that the formula will be
Radg(ZBGBZZ4) = Radg(ZS)eRadg(Zz4) = 22862224' Put B = 2862224 S
. 1t follows that Rad,(J/A) € B and B is not entail non zero direct summand of

W. Also, simple to demonstrate B does not g-small in N = Zg®Z,,, (as
2Z24@®7Z,, S W and (2ZgBZ,,) + B = ). Thus, W = (0)BN is the only
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decomposition that (0) < B but BN W =B K, . Thus, W = Zg®Z,, is not a
Rad,-lifting.

We now give a condition that make finite direct sums of Rad,-lifting
modules is closed.

Theorem 3.6: Let W =@, W; where W; are Radg-lifting modules for
i=1,..,n If Wis a duo module, then W is Radg—lifting.

Proof: 1fn = 2. Let B < Wand W = W;@®N, and Rad,(JV) < B. Since B is a
fully invariant in A, [1, Lemma 2.1] implies B = (J¥; N B)Y®(UN, N B). We
deduce that Rad, (/) < W, N B for k = 1,2. Since A, is Radg-lifting, then
there are decompositions W, = X, D1y, with X, < W, NB and (A, N B) N
Tk =B N1, Lg T Thus, W= (R OX)D(7:D7,) such that KON, <
AW, NnB)OWN,NnB) =B and BN (1;071,) = (BNt )B(BNT,) is g-small
in 7, @71,, by [7, Proposition 2.5(3)]. Hence, /V is Rad,-lifting.

Theorem 3.7: Let W =@®;_, IN; where I; are Rady-lifting fori = 1, ...,n. If W
is a distributive, then /N is Rad-lifting.

Proof: Analogous to proof Theorem 3.6.
The factor module of Rad,-lifting will be discussed as in the following.

Theorem 3.8: Let N be a Radg-lifting, for x < W that satisfy one of the
following:

(1) Ifforanyy <® W, (y + ) /x <® N/y.

(2) [Ifyis adistributive in .

(3) Ifyis a fully invariant in .

(4) If W = y®y such thaty y has Rad,(N).

Then /V/y is Radg-lifting.

Proof:

(1) Suppose x <y < W with Rad,(N/y) S y/y. Define the canonical map
by m: N - W/y. By Rad,(IW) € N, we conclude that m(Rad,(N)) S
Rady,(N/y), that is, (Rady(N)+y)/x S Rady(WN/y). Therefore,
(Rady(W) + 1) /% S v/ and hence Rad,(N) € y. Since N is a Rad,-
lifting, then there exists X <® W where X <y and y/R «; W/X, by
Proposition 2.2(3). By (1), (8 + %) /x <® W/y. Clearly, (x+ X)/x < v/%
Consider a projection map p:% - Since y/X <z W/R then

/R
R/

Y W . c-
prve Ky v Hence, N/, is a Radg-lifting.
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(2) Assume that /¥ = K@y for some y < A. Claim (K + x)/x <® W/x. Now
W/y=(K+x)/x)+ ((y +1)/x- Now, as yx is a distributive in /V, then
K+0nG+0=xny)+K=K. So (K+/00y+0/0 =
0, so by (1) we get the required.

(3) Let R <® /4, then /¥ = RDK for some K < /. As y is a fully invariant in
W, then W/y=((R+/0)® (R +x)/x, by [4, Lemma 3.3], ie,
(R + %) /x <® W/y. Hence N/ is a Rad,-lifting module, by (1).

(4) Since y <® W has Rad,;(/N), thus by Proposition 3.1, y is a Rad,-lifting,
as W/y =y, Thus V/y is a Rad,-lifting.

According to previous conditions in Theorem 3.8 we give some related
corollaries.

Corollary 3.9: If W is Rady-lifiing, then W/ Py(JV) is a Rady-lifting also.

Proof: By [15, Lemma 3.12], B;(/X) is a fully invariant in /¥, and so by
Theorem 3.8(3), W/ F, (W) is Rad,-lifting.

Corollary 3.10: The factor module of a distributive (or, duo) Radg-lifting
module is also Rad;-lifting.

Proof: Clear.
Now we will show that the "Rad-lifting" has been transmitted under an
action of a homomorphism with some conditions as see in the next corollaries.

Corollary 3.11: Let N be a distributive (or, duo) and Rady-lifting. If f: N - W
is a homomorphism then f (/) is Rady-lifiing.

Proof: Let ) be a distributive and Rad,-lifting module. Consider f: /W — W be

any homomorphism. By 1* isomorphism theorem, there exists U < /A such that
W/y = f(). By Corollary 3.10, ///y is a Radg-lifting. Hence f(/A) is Rad,-
lifting.

Corollary 3.13: Let I be a distributive, and y <® W. Then W is Rad-lifting if
and only if'y and W/y are both Rad ,-liftings.

Proof: =) let JV be a distributive and y <® , so W = y@®B for a submodule B
of /. By Corollary 3.10, /V/y is Radg-lifting. However, y = /V/B, again by
Corollary 3.10, y is a Rad,-lifting.

&) Since W = y@®(N/y), the result is comes by Theorem 3.7.
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Corollary 3.13: Let /W be a weak duo, B <® W. If Wis a Rad-lifting, then B
and W/ B are Rad-lifting modules.

Proof: Let W be a weak duo and B <® J, then W = BO®K for some K < /A, and
B, K are fully invariant submodules. By Theorem 3.8(3), ///B is a Radg-lifting,
also B = /B is a Radg-lifting module.

Corollary 3.14: Let /N be a duo module, and B <® W. Then Wis a Rad,-lifting
if and only if B and W/B are Rad-lifting modules.

Proof: =) Since every duo module is weak duo, then the result is follows by
Corollary 3.13.
&) Since /W = y@(JV/B), then the result comes by Theorem 3.6.

Corollary 3.15: Let W=@{_, W; be a duo. Then W; is Radgy-lifting for
i € {1,2,...,n}, if and only if Wis Rad-lifiing.

Proof: Directly by Theorem 3.6 and Corollary 3.14.

Corollary 3.16: Let f: W — I be a homomorphism from a Rad -lifting module
W into a module W. If Kerf is a distributive (or, fully invariant) submodule of
W, then Imf is Rad 4-lifting.

Proof: Since /N is a Rad,-lifting, by Theorem 3.8(2) /W/Kerf is a Rad-lifting.
By 1 theorem isomorphism, ///Kerf = Imf and so Imf is a Rad,-lifting
module.

Corollary 3.17: Let f: W — W be an epimorphism of R-modules W, W and
Kerf is a distributive (or, fully invariant) submodule of W. Then W is a Rad,-
lifting module whenever W is Rad -lifting.

A module is termed uniserial if its submodule lattice is linearly ordered by
inclusion [16]. The class of modules {V;|i € I} is termed relatively projective if
W, is W;-projective for (i # j) € I [9].

Now we will connect these above concepts with our definition and prove
many of interesting results.

Proposition 3.18: Every uniserial is Rad,-lifting.
Proof: Let /N be a uniserial, so by [13, 2.17], every submodule of /¥ is a hollow,

hence, /¥ is hollow and so generalized hollow. Hence, by Proposition 2.9, /V is a
Rad,-lifting.
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An easy applying example, for prime p and a positive integer n, the Z-
module Zyn is uniserial, so it is Radg-lifting. While Zg as Z-module is Rad,-
lifting. But it is not uniserial.

Corollary 3.19: If /W is a Noetherian uniserial module. Then any factor module
of W is Rady-lifting.

Proof: 1f /V is a Noetherian and uniserial, then any submodule of /V is fully
invariant by [13, 2.18]. Hence, every factor module of /¥ is Rad,-lifting, by
Theorem 3.8 and Proposition 3.19.

Corollary 3.20: The factor module of uniserial duo module is also Rad ;-lifting.

Proof: By Proposition 3.18.
The next example explains the reverse of a series of above results is not be
correct, in general.

Example 3.21: Let R = Z and /W = Z/pZ = Z,, where p is prime. It is clear
that Z/pZ is Radg-lifting as a Z-module, because it is simple as a Z-module.
While the Z-module Z does not Rad,-lifting.

Theorem 3.22: If W = W@, where W, and W, are Radgy-lifiing such that
W, is quasi-projective and W,-projective, then W is Radg-lifting.

Proof: Let B<W and W =WN;®WN, with Rad,;(WN) € B. It follows that
W; N (B + W) <N, and Rad,(N;) € N, N (B +IN;). Since W; is Rad,-
lifting, then there is a decompositions W; = X;®K,, X; < N; N (B + N,) and
Ry N (B+,) g Ry, Since Ry @X,®N, S (B + N,)OR,ON, = B +
(X,®N,) then W = B+ (X,BWN,). Since W, is quasi-projective and W,-
projective, then X, is X, @I, -projective. By [16, 41.14], there is B; < B where
N =B, ®R,BN,). To confirm that BN (y + R,) =y N (B +K,) for any
Yy<W,:as BNy +R)<yNB+R)+X,N(B+y)and X, N (B+y) =
0, then (y +R8,) <y N(B+X,). In the same way, yN(B+RX,) <BN
(y +8,). Thus, y N (B+RX,) =BnN(L+KX,). Moreover, we conclude that
W, N (B +X;) <N, with Rad,(N;) € W, N (B +X;) and W, is a Radg-
lifting, for then there is a decomposition W, = X;®X,, X; <N, N (B + K,) =
BN (N, +Ry) <Band X; N (B + K,) K K. Therefore, N = B; B(R,BN,)
= (B ®X)DR,DK,), B;®K; < B and B n (R,®K,) =&, n (B+Xy) is g-
small in 8, @®X,. Thus, W is Rad,-lifting.

Corollary 3.23: Let W= W@, where W, is semisimple and N, is a Rad-
lifting, and they are relatively projective with Wy, then W is a Radg-lifting
module.
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Proof: Since JV; is semisimple, hence it is a Rad,-lifting [see, Example 2.10]
and so by Theorem 3.22, /N is Rad,-lifting.

Proposition 3.24: If /V is a Rad,-lifting, then A/ Rad  (JV) is semisimple.

Proof: Let Rad,(N) <B < . By hypothesis, there is decomposition W =
y®y for some y <B and BNy K, y. Thus, W=B+y. It follows that

W _ B (Y +Rad (W) d B y+Radg(N) _ Bn(y+Radg(N))
Radg(N) ~ Radg(N) Radg(N) ’ Radg(N) Radg(N) )~ Radg(N)
_ Radg(M)+(Bny) _ Radg(N)

; 52
Radg )~ Radg(D)’ ie, B/Rad,(N) <¥ W/Rad,(N). Thus

W/Rad,(N) is a semisimple.

Corollary 3.25: Let W be a Rady-lifting with Rad, () <® W, then W/ P, ()
is semisimple.

Proof: From [15, Lemma 3.16], P;(J¥) = Rad,(JV). By Proposition 3.24,
W/ Py () is semisimple.

Corollary 3.26: If W is a Rad-lifting, then also W/Rad , ().
Proof: From Propositions 3.24, /V/Rad, (V) is semisimple, hence Rad,-lifting.

Proposition 3.27: If /V is a Rad-lifting with Rad,(/V) # A, then there is a
W = L,®L, such that L; is semisimple, Rad,(/N) 2 L, and L,/Rad,(N) is
semisimple.

Proof: Since /V is a Radg-lifting, Proposition 3.24 implies /V/Rad (/) is a
semisimple module. Because Rad, (J¥) € /N and by [5, Proposition 2.1], there is
a decomposition /¥ = L;@®L, where L; is semisimple, Rad,(JV) 2 L, and
L,/Rady (V) is semisimple.

4. Conclusion

We define a new class of lifting modules with different conditions is called
“Radg-lifting”, then gave appropriate definitions. Also, the relationship between
our definition and other concept had been discussed. We conclude that many
properties of Radg-lifting module were subject to the same conditions and
contradicted with other one.
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