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 bstract 

 
We introduced a novel algebraic structure in this study with two operations, also known as 𝜓𝜓-
algebras, defined its ideals and investigated a few of its properties. In particular, we showed that if 
is(  ;+,-, 0) is a 𝜓𝜓-algebra, then ( ;+) is a semigroup using identity  . Additionally, we discussed 
how ideals and congruences relate to one another. We also discussed the subgroup, homomorphism 
and investigated some theories. 
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𝜓𝜓algebra. 
 
 
 

1. Introduction  
Y. Imai &  . Is´ek   there are two types of abstract algebra were shown: 
BC  algebras and B   I-algebras ([6,12, 16-24]). The type of BCK-

algebra is recognized as a legitimate the class’s subclass of BCI-algebras. In this 
paper, the notation is introduced of 𝜓𝜓-algebras, 𝜓𝜓-sub lgebras, 𝜓𝜓 ideals, 
homomorphism of 𝜓𝜓-algebras and investigate some related properties. 
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2. 𝝍𝝍�-algebras  
This paragraph introduces an algebraic structure called a 𝜓𝜓-algebra, as the 

following : 
 

Definition 2.1: The algebraic system (X,+,-,0), the constant 0 and the operations 
+ and - is known as 𝜓𝜓-algebras for every  , ,     
(𝜓𝜓1)      ,  
(𝜓𝜓2) (   )+ =0 
(𝜓𝜓3) (   )-   -(   ), 
(𝜓𝜓4) (   )-(   )=   . 

 
 We’ll keep this short and simple ( ;+,-,0) a 𝜓𝜓-algebra Binary relation 

in� �can be defined (≤),   ≤           
 

Example 2.2: Let the table below be a set for� �={ 0, 1, 2, 3 }: 
 

+ 0 1 2 3  
 

- 0 1 2 3 
0 0 1 2 3 0 0 3 2 1 
1 1 2 3 0 1 1 0 3 2 
2 2 3 0 1  2 2 1 0 3 
3 3 0 1 2 3 3 2 1 0 

 
Then ( ;+,-,0) is a 𝜓𝜓-algebra. 
 

3. On 𝝍𝝍�-subalgebras of 𝝍𝝍�-algebras  
We present the idea in this part of 𝜓𝜓-subalgebra in 𝜓𝜓 algebra and give 

some examples and results of it.  
 
Definition 3.1: Let ( ;+,-, ) be a 𝜓𝜓-alge ra     𝑆𝑆 be a nonempty set of  . 𝑆𝑆 is 
known a 𝝍𝝍-subalgebra of   if     𝑆𝑆 and     𝑆𝑆, whenever  ,   𝑆𝑆.  

 
Example 3.2: Let the table below be a set for (𝑍𝑍4;+4,-4, 0):  

  
 
 
 
 
 
 
 
(  ;+4,  4, 0 ) is a 𝜓𝜓-algebra. It is simple to demonstrate  1=   ,          

and  2 =   4 =      are 𝜓𝜓-subalgebras of (  4;+4,-4, 0). 
 

+               -             
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Proposition 3.3: Let { 𝑖𝑖: 𝑖𝑖 𝛬𝛬} join famil  of 𝜓𝜓-subalgebras of 𝜓𝜓algebra  
( ;+,-,0), then ⋂𝑖𝑖 𝛬𝛬  𝑖𝑖 is a 𝜓𝜓-sub algebra  of  .  
 
Proof: Sinc  { 𝑖𝑖: 𝑖𝑖 𝛬𝛬} be a famil  of 𝜓𝜓-subalgebr   of  , su ose   ⋂𝑖𝑖 𝛬𝛬 𝐼𝐼𝑖𝑖 and 
  ⋂𝑖𝑖 𝛬𝛬  𝑖𝑖, then    𝑖𝑖,     𝑖𝑖, for every i 𝛬𝛬 but  𝑖𝑖 is a 𝜓𝜓 subalgebra of  , for 
every l i 𝛬𝛬. Then  +  𝐼𝐼𝑖𝑖, and      𝑖𝑖 for all i 𝛬𝛬, therefore,     ⋂𝑖𝑖 𝛬𝛬  𝑖𝑖 
and     ⋂𝑖𝑖 𝛬𝛬   𝑖𝑖. Hence ⋂𝑖𝑖 𝛬𝛬   𝑖𝑖 is a 𝜓𝜓-subalgebr𝑎𝑎 of  .  

  
4. 𝝍𝝍 -ideals of 𝝍𝝍 -algebras  

The paragraph introduces the idea of 𝜓𝜓-ideal in 𝜓𝜓-algebra and include 
examples and outcomes as well. 

 
Definition 4.1: A nonempty subse    of 𝜓𝜓-algebra ( +,-,0) is known as  
𝝍𝝍- dea  as   if it gratifying:  ,  ,   X, 
( 1) 0    ,  
( 2) (   )     and (   )   I imply (   )     

 
Example 4.2: Let (  6;+6,-6, 0) comprise the following tables:  
 

+                    
 
 

-                   
                                          
                                          
                                          
                                          
                                          
                                          

 
Then (  ;+6,  6, 0) is a 𝜓𝜓-algebra. It is simple to demonstrate 

  1={  ,     =      and  2 = {  ,   ,     =      are 𝜓𝜓-ideals of (  6;+6,-6,0)  
 

Proposition 4.3: Let { 𝑖𝑖: 𝑖𝑖  }be a famil  of 𝜓𝜓- dea s of 𝜓𝜓-algeb a ( ;+,-,0), 
the  ⋂𝑖𝑖 𝛬𝛬  𝑖𝑖 i  𝜓𝜓-𝑖𝑖de𝑎𝑎l of  . 
 
Proof: Since { 𝑖𝑖:     }be a fa ily as 𝜓𝜓-𝑖𝑖deals of  , t en 0  𝑖𝑖, every    , 
then 0 ⋂𝑖𝑖    𝑖𝑖. For any    ,    , su ose     ⋂ 𝑖𝑖    𝑖𝑖 and     ⋂𝑖𝑖    𝑖𝑖, 
then      𝑖𝑖,      𝑖𝑖, f r every    , b t  𝑖𝑖 is 𝜓𝜓- deal of  , for all    . 
Th𝑒𝑒n     𝑖𝑖, f r every    , th𝑒𝑒n,     ⋂𝑖𝑖     . Hence ⋂𝑖𝑖      is a 𝜓𝜓-
𝑖𝑖deal of  .  
 
5. Homomorphism of 𝝍𝝍 -algebras  

This section looks at homomorphism of 𝜓𝜓-algebra and describe its 
properties.  
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Definition 5.1: Let ( ;+,-, ), (𝑌𝑌;+′,-′, ′) be 𝜓𝜓-algebras, the ma ing 𝑓𝑓:( ;+,-, ) → 
(𝑌𝑌;+′,-′,   ) is known a hom    phis  if gratifying: for every  ,     
1. 𝑓𝑓(   )=𝑓𝑓( )+′𝑓𝑓( ), 

2. 𝑓𝑓(   )=𝑓𝑓( )-′𝑓𝑓( ), 

We define (𝑘𝑘𝑒𝑒   )(  )={    :   ( )=0′ }. 
 
Theorem 5.2: Let 𝑓𝑓: ( ;+,-, ) → (𝑌𝑌;+′,-′,  ′) be a homomorphis  of 𝜓𝜓-
alge𝑏𝑏𝑏𝑏𝑏s, then 
(F1)  f   i  a 𝜓𝜓-id  l of  , then 𝑓𝑓 ( ) is a 𝜓𝜓-id    of  . 
(F2)  f 𝑆𝑆 i  a 𝜓𝜓-subal  bra of  , then  (𝑆𝑆) is a 𝜓𝜓-subalgebra of  . 
(F3)  f 𝐽𝐽 i  a 𝜓𝜓-ideal of 𝑌𝑌, then  -1 (𝐽𝐽) is a 𝜓𝜓-ideal of  . 
(F4)  f   i  a 𝜓𝜓-subalgebra of 𝑌𝑌, then  -1 ( ) is a 𝜓𝜓-subalgebra of  . 
 
Proof: Since  : (  ;+,-, ) → (𝑌𝑌;+′,-′, 0′) ishomo orphis  of 𝜓𝜓-algebras, (F1) 
 et 𝐼𝐼 is 𝜓𝜓-𝑖𝑖deal of  , The fact that 0 u 𝐼𝐼, by Theorem (5.2(𝐴𝐴1)), 0′  ( )  ( ), so 
0′ 𝑓𝑓( ). 

Consider that now, for all  ,  ,    ,  ( )+′  ( )= (   )  ( ) and 
 ( )-′  ( )= (   )  (  ), thus,it follows that      ,      , because   
is a 𝜓𝜓-𝑖𝑖deal,thus it follo s     , which imply that 𝑓𝑓(   )= ( )+′ 
 ( )  ( ). Hence  ( ) is a 𝜓𝜓-𝑖𝑖deal o𝑓𝑓 𝑌𝑌. 

 
(F2) Let 𝑆𝑆 be a 𝜓𝜓-subalgebra of   and  ,   𝑆𝑆, since 𝑆𝑆 is a 𝜓𝜓 subalgebra we 

have     𝑆𝑆 and     𝑆𝑆. Then there exist  ,    (S) such that 
   ( ) 𝑎𝑎 𝑑𝑑     ( ). Hence  (   )=  ( )+′  ( )= +′    (𝑆𝑆) and 
 (   )=  ( )-′  ( )=     (𝑆𝑆). Thus   (𝑆𝑆) 𝜓𝜓-subalgebra of  . 

(F3) Let   be a 𝜓𝜓-ideal of 𝑌𝑌. Then 0'  , and hence0= -1(0′)  -1( ).  
Now, for any  ,  ,    , let      -1( ) and      -1( ). Thus, it 
follows  (    )= ( )+′  ( )   (   )= ( )-′  ( )  . Since   is a 𝜓𝜓-
𝑖𝑖deal l of 𝑌𝑌, we obtain that  ( )+′ ( )= (   )  ( ). Consequently 
 (   )  ( ) and      -1(𝐽𝐽), proving that  -1( ) is a 𝜓𝜓-ideal of  . 

(F4) Let   be a 𝜓𝜓-sub algebra of 𝑌𝑌 and  ,    -1( ). Let  -1( )=  𝑎𝑎 𝑑𝑑  -

1( )= , for some  ,    , thus  (   ) =  ( )+′   ( )= +′    , and 
 (   )= ( )-′  ( )= -′    , as   is a 𝜓𝜓-subalg    . Thus      -

1( ) and       -1( ). Hence  -1( ) is 𝜓𝜓-sub alg b 𝑎𝑎 of  . 
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