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Abstract

We obtain a general solution of the 2-variable quadratic functional equation
g(Y1 +Y»Yst Y4) + é(Y1'YZV Y3'Y4) = 2§(Y1' YS) + 2€(YZ/ Y4)
and discuss the stability of the above functional equation, while the quadratic form {(a, b) =
0@’ + fab + ¢ is a solution of our functional equation.
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1. Introduction

Stability problems in several frameworks were studied through
several kinds of functional equations. The concept that today we call
Hyers-Ulam-Rassias stability was initiated by a question raised by Ulam
[3] in 1940 and the answer given by Hyers [4] in 1941. This stability theory
proposes an approximation for the solution of equations of a different
nature, for example, differential or functional. In 1978, T. Rassias [5]
generalized the results known for more than thirty years and completed
what we know today under the name of Hyers-Ulam-Rassias stability.
From these seminal papers, the concept called Ulam-like Stability has
been developed, and the number of researchers and results has been
increasing over time.

Ulam was the pioneer who raised concerns about the stability of
group homomorphisms, which paved the way for research to study
stability results. By taking into account Cauchy’s functional equation,
Hyers used Banach spaces to solve this stability result. Aoki [17] extended
Hyers work by supposing an infinite Cauchy difference. Work on additive
mapping was presented by Rassias [5], and later by Gavruta [18] and
Gajda [6]. Jun and Kim [7] proved the stability problem for the cubic
functional equation.
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In 1965, Zadeh [1] introduced the concept of fuzzy sets, and later
classical theories of science and engineering [2] have been studied by
several authors. Readers interested in seeing some recent work on stability
can refer to [19-20] and [21].

Recall that a function d: A x A — [0, «] (A is a set) is called a
generalized metric on A if

d(y,, y,) =0if and only if y,=y,;

d(yl’ y) = d(yzf vy for all Yl €A

Ay, vo) < Ay 1) +d(y, ys) forall y,, v, y; € A.

Definition 1[8, 9]: A fuzzy subset u of A x R is said to be a fuzzy norm on
Aifforanyy,y, € Aand c € R, 7 € R, we have

uy,, 7) =0 for all non-positive 7€ R",

Wy, 7)=1forall re R"if and only if y, =0,

ey, ©)=uy, t/|cl) forall e R"and ¢ = 0,

MY, + Y, T+s) =2 min{u(y,, 7), Uy, s)} foralls, 7e R,

u(y,, 7) is a non-decreasing function on R, and sup, _, t(A, 7) =1.

The pair (A, u) will be called a fuzzy normed space (FNS).

Eyample 1 [10]: Let (A, | |.| |) be a normed linear space. Then
T ifr>0
‘u(yl,f) =4 T+l
0, if <0
is a fuzzy norm on A.
Eyample 2 [10]: Let (A, | | .| |) be a normed linear space. Then
1, ifr>|ly,ll
,Ll.( rT) = .
Y2 {0, if T<|ly, |l

is a fuzzy norm on A.

Let (A, u) be an ENS. Then, a sequence y = (y,) is said to be
(I) fuzzy convergent to L € Aif lim u(y, — L, 7) =1, for all 7> 0. In this
case, we write u-lim y,=L.

(II) fuzzy Cauchy sequence if lim u(y,, ,~y,7)=1forall 7>0and p=1,
2,..



1358 M. R. FARAHANI, J .E. N. VALDES, M. CANCAN, S. JAFARI AND C. PARK

Note that every convergent sequence in (A, u) is Cauchy. The FNS (A,
W) is said to be complete if every fuzzy Cauchy sequence is fuzzy
convergent and so the FNS (A, p) is a fuzzy Banach space.

In this paper, we will study the equation and analyze the stability, in
the Hyers-Ulam-Rassias sense, utilizing Banach’s Fixed Point Theorem
presented below, in the fuzzy norm space.

2. Fiyed point technique for Hyers-Ulam-Rassias stability

Next, we will study the stability problem in the fuzzy norm space, by
means of the Fixed Point Method.

Theorem 1 [10]: (Banach’s Contraction Principle). Let (A, d) be a complete
generalized metric space and consider a mapping | : A — Aas a strictly contractive
mapping, that is, d(Ay,, Ay,) < Ld(y,, y,), VY, y, € A for some L < 1, the Lipschitz
constant. So, we have the following:

(i) y,is the only fiyed point of the mapping |, i.e., y, = A(y,);

(if) The global attractiveness of this fixed point y,. This means that lim A"y, =
Y, n—, holds with y,any starting point, such that y, € A;

(iii) Forally, € Aand n e N, the following estimation inequalities are fulfilled:
d(A"y,, y) <L xd(y,.y,)
d(A", ) <[ {1 A"y, AT y)

A, )<y, Av,)

Theorem 2 [11]: (An Alternative to the of Fixed Point Theorem). Under
the conditions: (A, d) is a complete generalized metric space and A : A — Ais a
strictly contractive mapping, with Lipschitz constant L. Then any of the following
statements is true:

d(A',, A" 'y) = + o, foralln e N:
or

d(A"y, A" y)< + o, foralln >mo
for some natural number ne. Moreover, if the second alternative holds then
(i) The sequence (A"y,) is convergent to a fiyed point y,of A;
(ii) y,is the unique fiyed point of A in the set X ={y € A, d(A™ y,, y)< + =}
(iii) d(y,y,) < [ﬁ) d(y,Ay), forall ye X.
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Being y,, any given element of A.
Next, we present our main results.

In the following, we consider that A is a real vector space and that A
is a complete normed space. And we consider the following functional
equation:

i+ Yo Vs + 1) + S = Vo Y5 = Y0 = 280, ) + 281, 1) ey
for a mapping {: A x A — A. A solution of the above equation (1), is the
quadratic form given by {(a, b) : = oa® + fab + yc’, with {: R x R>R.

The stability of the general solution of the functional equation (1) was
proved in [13, 14] as follows:

Theorem 3 [13]: A mapping € : A x A — A satisfies the Equation (1) for all y,,
Y. Yy Y, € Aif and only if there exist three bi-additive mappings C,, C,, {;: A x A
— A (€, ¢, symmetric bi-additive and C,bi-additive) such that {(a, b) =, (a, a)
+C(a,b)+ (b, b)foralla, b e A

Let @ be a function from A x A x A x A—[0, ). A mapping {: A x A—>A
is said to be symmetric bi-additive mapping if

/'L(C(yl + Y Y5t ]/4) + c(yl_ Yo Ys— y4) _ZC(:'/U ]/3)

_2§(y2/ y4)/ T) 2 (P(ylr Yo Yz Yo T) (2)
forall y,, v,, 5, v, € Aand 7> 0.
Next, we will study the stability, for equation (1) in FNS, in the sense
of Hyers-Ulam-Rassias (HUR) using the fiyed-point alternative.

Lemma 1: Let (A, W) be a fuzzy normed space and ¢:A x A x A x A—[0, «) be
a function and

o={plp:AxA—Y;p(0,0)=0}
and define
d(p, 0):=d(p,0)=infD,
where
D,={ae R+:u(p(y z) - oy, z), 1) 2 oy, ¥, z, 2, 1),
forally,ze Aand 7€ R+}, (3)

forall p € @. From this, we have that dis a complete generalized metric on ©.

Proof:Let p, o, m, € ©,d(p, 0) <k and d (o, m) < h. Then
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u(p(y, 2) - oy, 2), kD) = @y, ¥, 2, 2, 7)
and

ey, z) — oy, z), h1) = @y, y, 2, 2, 7),
forally,ze Aand 7€ R+.So

u(p(y, z) = w (y, z), (k + h)7) > min{u(p(y, z) - oly, z), k1),

u(nly, 2) - oly, 2), ho} = oy, y, 2, 2, 7),
forally, z € Aand 7 € R". By (3) d(p, @) < k + h which is the triangle
inequality for the distance d. Following the idea of the Lemma 2.1 of [14],
we can complete the proof without any difficulty.

Theorem 4: Under assumptions that A is a linear space, that (A, p) is a fuzzy
Banach space (FBS) and {: Ax A — Aforally,, v, v, y, € Aand 7€ R+ such
that

u(g(yl tYylYst y4) + C(yl_yy ys_y4) - 24’(%/ y3)

- Zg(yzr y4)r T) 2 (P(ylz Yo Ys Yu T)‘ (4)
Suppose that a function @ : Ax Ax Ax A x [0, ©)—=M, ([0, 1]) is a matrix
valued fuzzy set (MVF set) that satisfies
P2Yy 292 25 2y 00) 2 QY Yoy Yoo Y O,
forall v, y,, v, v, € A, t € R and the real number 0 < o < 4. Assume that

lim n —»0 ¢2"y, 2"y, 2"z, 2'w, 7) = 0. (5)
Then there exists a symmetric bi-additive mapping y : A x A—A such that
1Yy, Yo) = oy, 1), 00) 2 Yy, Yy, Yo Yoy D), (6)
forally,y,eAandall T € R +.

Proof: Consider theset ©={p| p: Ax A —Y; p(0,0) =0} and the generalized
metric d on © given by d(p, o) =inf{or € R+ :u(p(y,, y,) — o(y,, v,), o1) = ¢y,
Y, Y Yy 7) forally,y,eAand 7€ R+}, forall p, o € @. See Lemma 1.
Suppose, for all p, o € ® and for all € > 0 that € > d(p, 0), we have
wp(y, v,) — oy, v,), o1) = oy, Y, Y, ¥, 7) forally, y,e Aand all Te R +.
Now put y =y, =y, and z = y, =y, in (2). In this way we have for all y,
zeAand f >0,

u(¢2y, 2z) + (0, 0) - 28(y, z) - 28y, 2), D 2 @y, ¥, 2, 2, T),
u(82y, 22) - 48y, 2), D 2 9y, ¥, 2, 2, 1), (7)



HYERS-ULAM-RASSIAS OF A FUNCTIONAL EQUATION ON QUADRATIC FORMS 1361

u(@—ax, ) 41]2 o227 ®
Now we define a mapping A : ©—0 by
Al(x,z) = @ )

for all { € © and all y, z € A. and show that A is a strictly contractive
mapping of @. So, observe that, for all p, o € 0, £ > 0, there exists a non-
negative number ¢ € D,such that d(p, 0) + € > c or d(p, 0) + € € D, thus
ulp(y, z) — oy, z), €1) 2 (v, v, z, z, 7) for all y, z € Aand t > 0. Replacing ¢, p,
oby ea, Ap, Ac, respectively, we have u(Ap(y, z) - Ao(y, z), aer) =2 o(y, y, z,
Z, 7).

So

u(p(Zx, 2z) o(2x,2z)

1 1 ,aer]: u(p(2x,2z)—o0(2x,2z),40€t)

> p(2x,2x,2z,2z,407).

It follows from Eq. (9) that
WAp(y, z) - Ao(y, z), cet) 2 oy, y, z, Z, 47)
and by Definition 1, we have

.U(Ap(y, Z) - Ao'(y/ Z)/ % ST) 2 (P(]// Y,2,z2, T)'

o
4
d(p,o) (by d(p, 0) + € > cand € — 0") for all real numbers 0 < & < 4. This

Hence, by definition of d(p, o), we observe that d(Ap,Ao)< %s <

means that A is a strictly contractive mapping with the Lipschitz constant
L=%.
Next, from Eq. (8) we will have
p(2y,2z)

o(y,Y,2,2,7)< H[T— p(y,z), 4rj= u[Ap(yIZ) -p(y, Z)&rj

thus by definition of d(p, 0), this implies that

d(Ap, p) < i < oo,
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From d(Ap, p) <% and d(Ap,Ac)< %, we conclude that d(AAp, Ap)

2
and d(A’p, A’p) < (%) %,... in continue, we have d(A""'p, A"p)

From this fact, we know that for each p € ® and n € N, {A"p} is a
Cauchy sequence in A. Taking into account that A is complete, there
exists ¥ € 0 such that A"p—was n—w and (0, 0) = 0. Thus there exists
n° € N, so that yis the unique fixed point of A in theset = {p € ®, d(An’p,
Y)< + oo},

Now, taking into account the alternative of the fixed point theorem,
see Theorems 1 and 2, we can ensure the existence of a fixed point of A. In
other words, we have the existence of a mapping y : A x A=A such
that y(2y, 2z) = 4y(y, z), for all y, z € A. Moreover, we have d(A"p, y)—0,
which implies

1 1
d(p,y) < (EJ d(p, Ay) = 1o

since L =% and d(Ap, p) < % for O<a<4. Then there exists a symmetric bi-
additive mapping y: A x A=A such that

1Yy 1) = P ¥2)r D 2 QW Vs Yo Yo (4= 0)D),
forally, y,eAandall Te R+.

Replacing y, and y, by 2"y, and 2"y, in (7), respectively, we get
u(C(2"yy, 2'y,) = 462"y, 2',), D) 2 92y, 21, 2, 2", T,
forally,, y, € Aand 7 € R +. Since lim n—« ¢(2"y,, 2"y, 2" y,, 2" y,, 2"7) =

1, we observe that A satisfies (6).

We assume that the mapping y: A x A=A, which satisfies (6), exists
and is additive. We will prove the uniqueness of such mapping y. Clearly,

W2y, 2'y,) = 272"y, v,) and o2y, 2'y,) = 2'2"0(y,, y,), for fix y,, y, € A
and for all n € N. It follows from (5) that
‘U(l//(xl ’ xz) - g(x1 s xz)l aT)

_limp y(2"x,,2"'x,)) ¢(2"x,,2"x,) e
2m2" 2m2"

n—w
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2limgo(Z”x1,2"x1,2"x2,2"x2,(4—a)r)

n—o0

n—w

2"2"(4-a)t
o )

= limgo(xl,xl,xz,xz,
Since O<o<4,

:l_l}).{.}(p(xllxlllex2lr):1'

n—w

) 22" (4—-o)t
limg xl,xl,xz,xz,T

This means that d(y(y,, v,), p(v,, ¥,)) = 0 and y = p is a symmetric bi-
additive mapping from A x A into A.

3. Conclusions

In this note, we have studied the stability in the Hyers-Ulam-Rassias
sense, making use of Banach’s Fixed Point Theorem, in the fuzzy norm
space, of (1). We have seen that this method is easy to use and it provides
the desired results.
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