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Abstract

Fuzzy partial integro-differential equations have widespread applications in the natural
and applied sciences and engineering. The fuzzy T-transform transform is proposed as a new
method for solving fuzzy partial differential equations in this research. Using very broad
H-differentiability ideas, a formula for the first and second order fuzzy partial derivative has
been derived. After an introduction to fuzzy partial T-transforms, fuzzy partial differential
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equations are developed. Finally, a working example has been presented to showcase the
efficacy of the suggested approach.
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1. Introduction

Differential equations may be used to simulate a wide variety of
physical events. Building an accurate differential equation model for
such problems, however, requires time-consuming and impracticable
approaches. A fuzzy mathematical method seems to be the most
appropriate here. For the last several decades, scientists and engineers
have relied heavily on fuzzy differential equations (FDEs). The concept
and mathematics of fuzzy sets were first introduced by L. A. Zadeh in
[17]. The concepts of fuzzy derivatives and fuzzy integration were first
explored [3,10, 13], subsequently [2,3,1,8, 14, 18], and finally [3,10, 19, 20].
Partial Differentia | Equations (PDEs) are a kind of mathematical equation
that has many applications in the natural sciences, including chemistry
and biology. A partial differential equation is a mathematical formula used
when dealing with a large number of variables and their derivatives. When
it comes to fixing issues in the real world, ordinary differential equations
don't always deliver. This is because keeping track of all the moving parts
need to observe an event may be rather challenging. For instance, modeling
the flow of heat via a wire necessitates taking both spatial and temporal
factors into account concurrently. It has been demonstrated that the partial
differential equation has both analytical and numerical solutions by a
number of authors [4, 6]. As fuzzy integrals simplify the original function,
they may be utilized to solve linear partial differential equations [1,9]. This
paper’s parts are listed in the following order at the conclusion. Partition
T-transform findings for first- and second-order fuzzy partial derivatives
are presented in this study, along with some introductory concepts in
fuzzy sets and fuzzy functions. A system of partial equations may be
solved using these formulae.

2. Basic concepts

Definition 1: [7] A fuzzy number expressed in parametric form o is a
pair (w,®) of functions.
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(), @(1¥), 0<9 <1, which satisfies the following requirements:

1. () is abounded left continuous that doesn’t decrease. Function in
(0, 1], and continuing right at 0.

2. () is a right continuous at and abounded non-increasing
continuous left function in (0, 1] at 0.

3. o®) <o), 0<9<]1.
Theorem 1: [15] Let f:R—E and it is portrayed by [f(@;9), f(@;)]. For
any definite © € (0,1] suppose that f(@;9) & f(@;0) are Riemann-integrable
functions on [d, c] for every ¢ 2d, and consider two positive functions. 3, and

=
‘519

such that j|fw((ﬁ;19)| dw <3, and jlfw(af;ﬁﬂ dw 33_0 for every c2d.
d d
Then, f(@) is inadequate fuzzy Riemann-integrable on [a,) Additionally, we
have: | f(@) d@ =[] fw(@;0) do, | fv(@;9) do).
d d— d

Definition 2: [12] Let u:(d,c)x(d,c)—>E, is side to be first order
H-differentiableat J, € (d,c), with respect to 0, If such a thing exists

1. 3w(o, +h,t)Ou(s,,t),Iw(s,,t)ou(d, —h,t) the ensuing limit holds

then lim
h—0" h h—0"

W(Sy+,HOW By ) s W(So HNOW(Sy—ht) & 3
=lim ; —%w(@),t) or %u(BO,t)

0

%u(50,t) belongto E such that:

in Vh>0 those who are small enough in

2. Jw(S,,H)Qu(S, +h,t), Fw(5, —h,t)Ou(s,,t) then the following limit

hold lim w(éo YOS +ht) _ 141, wbo=hHOuby,t) _ iw(5 b
h—0* —h h—0* —h 06 0

Vh>0 those who are small enough.
Definition 5: Assume u =u(@,t) a continuous If  is a real parameter and
fuzzy-valued function, the function’s fuzzy T-transform follows u. Denote

by i(w ,V) is defined as follows:
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T:(@,9) = Tlu(@, )] = s[ e = u(@, it = lims [ = u(, tydt,
T—0
0 0
Ti(@,s)=|lims[e (@, bt lims [ e " i7(, byt |
0 0

when ever there are limits. The ¢#— cut representation of Ta:(@,s) is
given as:

Ti(@,s;9) =T [w(@,t;9)] = [y (ww(@, 1)), y @@, )],

Theorem 2: [5] Let u:(0,0)x(0,0)—>E be a function and denote by
[w@, D)’ = [w@,t;0),u(@,t;)]. Such that w(@,t;¥) and u(@,t;®) are 1*
order differentiable functions with regard to t, then:

1. If u(w,t) is the first form differentiable function, then:

[g u((if,t)T _ [%g(tv, t;ﬂ),%ﬂ(w,t;l‘})},

2. If u(m,t) is the second form differentiable function then :
B

] o — qy 0 i
[5 w(af,t)} [a uw(m,t,ﬁ),agw(m,t,ﬁ)j‘.
3. Fuzzy partial derivative formulae for the first and second orders.

Theorem 3: Let w:(0,00)x(0,0) — E continuous fun. with fuzzy values, and

1, a portion of u its derivative with regard to t. suppose that se" >y (@ 1)
ﬂ]’ld Se—(i%/;+sins
then:

)tut(m,t) are inadequate Uncertain Riemann-integrable on [0, ],

1. Suppose w is a differentiable function of the first kind with respect
to t.

T [u,(@, )] = (i¥s +sins)T [u(@, ) |STu(@, 0),

2. If uis a differentiable function of the second kind with respect to .

T [u,(@,t)] = —su(@,0)S(—i/s +sins)T,[u(@, t)].

Proof: Since u,(@,t) is a continuous fuzzy-valued function, then the
following two situations apply:
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Case 1: Since u is the first arbitrary form differentiable function ¢ €[0,1],
From Theorem 4/1:

T [wu,(@)] =y, [wu,(@,t;9)], v [wu,(@,t;9)]. €))
From Theorem 3/1:
v,lu,(@,9)] = s +sins)y, [uw(@, t;9)]-su(@, 0,9),
y,[i,(@,9)] = (i35 + sins)y, [7(@, £; )] - sii(@, 0; ). 2)

Substitute (2) in (1), then:
T, [, (@)] = (/s +sins)y, [w(@, t; )] - su(@, 0;9),
(i35 +sinsyy [@(@, t;9)] - su(@, 0; ).
By Theorem 1:
T [u,(@,1)] = (i¥s +sin )T, [u(@, )|Ssu(@, 0).

Case 2: Since u is a differentiable function in its 2 form for any random
¥ €[0,1] From Theorem 4/2:

T [wu (@)] =y, [wi,(@,t;9)], v [wu,(@,t;9)].
By same way, then:

T [u,(@,1)] = —su(@,0)S(-ix/s +sins)T [u(@, 1)].

Theorem 4: u:(0,00)x(0,0) >E be continuous fuzzy-valued function
Assume that, u,u, are fuzzy partial derivatives of fuzzy T-transforms, which are
continuous fuzzy-valued functions. with respect to t. about second order will be:

1. If uand u, are the first form differentiable functions with respect to ¢,
then:
T [u, (,)] = (s +sin s’ T [u(@, £)]9s(i%s + sin s)u(@, 0)Osu, (,0),

2. If u is the first form differentiable function with respect to ¢ and u,
second form differentiable function with respect to ¢, then:

T[u,(@,t)]= —s(z\/;+s1ns)u(a7 0)S(—i/s +sins)* T,[uw(®,t)]Ssu,(@,0)

3. ifis a first u-form differentiable function with respect to t and if is a
second u-form differentiable function with respect to ¢, then:
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T [u,(@,)] = —5(i3/s +sins)u(@, 0)O(-i¥/s +sin )’ T [u(@, t)]—su,(@,0),

4. If u and u, are the second form differentiable functions with respect
to t, then:

T [u, (@,1)] = (i¥s +sin s T [u(@, )|Os(i¥/s + sin s)u(@, 0) — su, (@, 0).

Proof: We will prove two cases as follows:
Case 1: Since u and u, are the first form differentiable functions with
respect to ¢, for any arbitrary @ €[0,1], From Theorem 4/1:
Tlu, @)1= vlu,@,t;9)] 7,0, (@,t0)]
T{u,(@)] = (i¥s +sins)?y, (@, £;0)] - s(i¥s +sins)u(@, 0;8) —su, (@, 0;9),
(i35 +sins)y [@(@, ;)] - s(i¥s + sin s)ia(@, 0;9) — 571, (@, 0; ).

By Theorem 1:
T [u, (,)] = (s +sin s T [u(@, £)]0s(i%/s + sin s)u(@, 0)Osu, (@, 0).

Case 2: Since u is the first form differentiable function with respect to t and
u, is a differentiable function in its second form for any random ¢, for any
arbitrary ¢ €[0,1], From Theorem 4/2:

Tlu,@)]=v,[u,@,59)], vu,(@,t0)]

By Theorem 1:
T [u, (@,t)] = —s(i¥s + sinsyu(@, 0)S(~i¥/s +sin s)* T (@, £)Ssu, (@, 0).

Example: Consider the following fuzzy system partial differential
equation:

u,+w,=1; LC. (i) u(@,0)=2+9,2-9),w(®@,0)=(2+9,4-1)
w, +u,=0; B.C. (i) u(O,t):(2+19,4—19)£]imexist, w(w,0)
=(8,2-9) }Uim exist.

Both sides of the final system equations are T-transformed.
Tuy @, H]+ T [w (@, )] = T[1],
Tw, (@, ]+ T [u,(@,1)]=0.
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We get the following cases:

Cases (1&3) or (2&4).

%iﬂ[u(w, )]+ (i%@ +sins)T,[w(@, t)|Ssw(@,0) = ;,

i¥s +sins

%iﬂ [w(@, )] +(ifs +sin )T [u(@,t)1esu(@,0)=0 .

Then:
Oy [u(@, )]+ (35 +sins)y, [w(@, )] - sw(@,0) = ——>——,
ow i3s +sins
iyt[ﬁ(af,t)] +(i¥s +sinsyy, [@(@, )] - sw0(®@,0) = ————.
ow i3fs +sins
(@, 0]+ (s +sin o) [u(@, D] - 5u(@,0) =0
o

(@, )] +(i¥s +sins)y, [i(®, )] - sit(@,0) = 0.
Solving the remaining partial equations of the system from the given

beginning conditions:

w@,t;0)=2+Nk(t-o)-2+)k(t-@)+(2+9),

w(m,t;0)=(4-0) k(t-0)-2-k(t-o@)+(2-9).

w(@,t;3)=t+2+3)+2+Nk(t—@)- 2+ )kt — @),

w(w,t;0)=t+(4-0)+(4-k(t-o)—(2-Dk(t - ).

Cases (1&4) or (2&3).

iTt[u(CU, )] - sw(w, 0)9(1‘%/; +sins)T, [w(@,t)]= ;,

oo ix/s +sins

%Tt[w(m, )] -su(@,0)(-iV's +sins)T, [w@ ,)]=0.

Then:
wo, ;)= 2+3)+9k(t-o)-tk(t—o)—(2+3)k(t-@),
u(w, ;) =2-3)+Q2-%)k(t—o)-tk(t —@)— (4 —)k(t — @).
(@,5;,9)=0k(t-o)-tk(t—@)-2+I)k (t—-@)+t+(4-1),
(

w
D@, t;0) = (2 - OWk(t — @) th(t - @) —(4— Dk (t—B)+t+2+).
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4. Conclusion

We apply these theorems to solve a partial system problem, and
we also get the fuzzy derivatives of the fuzzy partial T-transform at the
generalized order.
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