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Abstract
The coefficient conjugate is often the subject of conjugate gradient techniques. In this 

work, we use the quadratic function to unconstrained optimization problems and construct 
an unique coefficient conjugate gradient method. Based on a novel coefficient conjugate, we 
provided a search direction and fascinating conjugate gradient approach. We demonstrate 
that, given the appropriate circumstances, the proposed technique is universally convergent. 
Our numerical findings show that this method is effective for unconstrained optimization 
problems.
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1.  Introduction

In tackling iteration problems, the conjugate gradient method has 
several advantages. Typically, an unconstrained optimization problem is 
stated as follows: 

n( )  ,  x R (1)Min f x ∈

where f is smooth-function, see [1]. Iteratively, the conjugate gradient 
approach is of the form:

*	E-mail:	basimah@uomosul.edu.iq (Corresponding Author)
†	 E-mail:	abdulameer2023@gmail.com

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
Vol. 26 (2023), No. 6,  pp. 1219–1229
DOI : 10.47974/JIM-1620

http://www.tarupublications.com
dx.doi.org/10.47974/JIM-1620


1220� B. A. HASSAN AND A. A. SAAD

1 (2)k k k kx x da+ = +

while kd  is search direction and ka  is precise step size, in the quadratic 
case,
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It is required to employ an iterative technique for generic nonlinear 
functions [2], [3]. In this study, we determine the step length using the 
standard Wolfe criteria:

( ) ( ) (4)
 ( )  (5)

T
k k k k k k k

T T
k k k k k k

f x d f x g d
d g x d d g

a da
a s

+ ≤ +

+ ≥

where 0 1,d s< < <  [4] contains further information. The formula for 
computing search directions is as follows:

1 1 (6)k k k kd g sb+ += − +

where kb  is chosen in such a way that kd  and 1kd +  must satisfy the 
conjugacy property. Fletcher-Reeves (FR) [5] and Dai-Yuan (DY) [6] are 
two instances of well.known kb :

1 1 1 1, (7)
T T

FR DYk k k k
k kT T

k k k k

g g g g
g g d y

b b+ + + += =

Alternatively by using other formulas (e.g. see [7-10]), although some 
CG methods are theoretically effective, others are successful quantitatively. 
If the goal function is strictly convex quadratic, all of these techniques are 
equal. When applied to generic non-quadratic functions, however, they 
behave differently, as shown in [11]. The CG approach was then applied 
to generic unconstrained optimization problems in [5]. As CG techniques 
do not need the storage of matrices, they are now widely accepted to 
be particularly advantageous for addressing large-scale unconstrained 
optimization problems. The primary driver for the development of these 
methods was the need to hasten the Newton method’s convergence. 
The quasi-Newton direction, according to its theory, approximates the 
direction offered by the quasi-Newton technique to replicate the quasi-
Newton method (6). As a result, we aim to find a kb  parameter such that:

1
1 1 1 (8)k k k k kQ g g sb−

+ + +− = − +



EXPLAINING NEW PARAMETERS CONJUGATE ANALYSIS� 1221

where 1kQ +  is a Hessian matrix, see Nazareth [12]. The goal of these new 
works is to develop a search direction that meets the adequate descent 
requirement and has global convergence. So that the original conjugate 
gradient techniques, benefits can be maximized. Give a thorough overview 
of these strategies and explain their convergence characteristics. Several 
cutting-edge optimization techniques have been described in this area 
[13]–[16].

A brand-new conjugate gradient technique was created and 
investigated on the basis of the quadratic function. Numerical tests have 
proven that the recommended strategy is superior than the existing FR 
method.

2.  Derivations of some new coefficient conjugate

Information about f acquired during iteration is used in more efficient 
methods. One method to make use of this data is to create a function 
estimate that we can easily reduce. A quadratic function with a minimum 
can be used for this purpose. Let’s say we want to approximate f with: 

1
1 ( ) (9)
2

T T
k k k k k k kf f s g s Q x s+ = + +

where ( )kQ x  is the second-order derivatives Hessian matrix. To get the 
derivative of equation (9), as: 

1 ( ) (10)k k k kf g Q x s+∇ = +

We get, by butting (11) into (10).

1
1 ( ) (11)
2

T T
k k k k k k kf f s y s Q x s+ = − +

As a result:
2

1
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The resulting matrix )( kxQ  should be as follows:
2

1

( )1( ) (13)
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where nI  is identity matrix. Put ( )kQ x  in the equation (8), we get:
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Using the main property, exact line-search in (11), then (14) reduces 
to:

2
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these formulas, also known as BD1, BD2 and BD3.The following are 
the steps of a new type of parameter CG-technique. The following is a 
summary of the new algorithms:

Stage 1. Set 1 ,nx R∈  1 1d g= −  and 0.k =

Stage 2. If 0kg =   then stop. 

Stage 3. Evaluate. ka  satisfy-the (4) and (5).

Stage 4. Compute kb  as given in formula (17).

Stage 5. Generatethe search directionas 1 1 .k k k kd g db+ += − +

Stage 6. Set 1k k= +  and go to step2.

3.  Convergence analysis

To investigate New global convergence features, we start with the 
following assumptions :

1.	 The 1{ / ( ) ( )}nx R f x f xW = ∈ ≤  level set is limited.

2.	� “The gradient of function g is Lipschitz continuous in some 
neighborhood L  of ,W  i.e. there exists a constant L > 0 such that”:

( ) ( ) , , (17)g o g L o ot t t L− ≤ − ∀ ∈   
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Theorem 1: If the assumption holds, then the search-directions generated by (6) 
and (14) are descent directions.

Proof: Using induction. Since 0 0 ,d g= −  we grt 2
0 0 0 0.Tg d g= − <   Assume-

that 0T
k kd g ≤  is true, and then multiply (6) by 1 ,kg +  to get:

1
1 1 1 1 11 (18)

T T
T T Tk k k k
k k k k k kT T

k k k k k

d d y g
d g g g s g

s y s yr
+

+ + + + +

 
= − + −  

 

Using k k ks da=  in above equation, we get:

1
1 1 1 1 12   1     (19)
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Note that  T T
k k k ks y L s s≤  and 1 1

T T
k k k ky g L s g+ +≤  from Lipschitz condition, 

by affixing:
2
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1 1 1 1 2

( )1  1   (20)
T

T T k k
k k k k T

k k k k

L s g
d g g g

L s yr a
+

+ + + +

 
≤ − + − 

 

Obviously, it follows that: 
2 2

1
1 1 1 1 2
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As a result of (21), we have:

1 1 0 (22)T
k kd g+ + ≤

the end of our proof.
A theorem crucial for determining global convergence was established 

by Dai et al. [17].

Lemma 1: Let (2) generate sequences ,k kx d  fulfill the descent property, and ka  
satisfy the convergence property (4-5). If:

2
0 1

1 , (23)
k kd≥ +

= ∞∑
 

Then:

1lim inf 0 (24)k
k

g +
→∞

= 

In [17] proves this lemma. We begin by introducing our main theorem 
for this work.
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Theorem 2: Suppose that each and every assumption is true. Let’s use the New 
approach to generate the sequences { }, { }k kx d  and ( ) .g x G≤   If step size ka  
meets Wolfe’s requirements, we have:

lim inf 0 (25)kk
g

→∞
= 

Proof: From the direction of search (6) and the definition of kb  by (17) we 
get:
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where / .T T
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Appling Lemma 1, implies that lim inf 0.kk
g

→∞
= 

4.  Numerical results 

Below, we’ll examine a few numerical instances. It is important 
that the methods suggested in Theorems 1 and 2 result in a solution. 15 
samples from the CUTEr [18] library were used to assess the numerical-
performance of the-suggested techniques. Table 1 contains a list of all the 
issues and aspects that were looked at throughout the study. The terms 
total iterations, total restarts, and total function evaluations, respectively, 
are denoted by NOI, IRS, and NOF. Testing was done on the conjugate 
gradient algorithms FR and New Formula (5). The inequality 6

1 10kg −
+ ≤   

is used as a termination condition. Both tactics were put to the test using 
the Wolfe line search. The area of optimization study is much broader than 
in [19-22].

Their relative performance characteristics are shown in Table 1 
and Table 2. As seen in Table 1 and Table 2, New performs well and is 
comparable to the FR technique.
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Table 1 
The FR and New approach numerical results.

BD3 (16)BD2 (15)BD1 (14)FR algorithm
NFNINFNINFNINFNInP. No
77368840914193471001
873891398337131781000
96449343944388431002
103519646893992461000
5032493052321024611003

FailFailFailFailFailFailFailFail1000
67446037593867371004
109681096710064115731000
166832541272541272311241005
FailFailFailFailFailFail7114451000
85431035511258110711006
12563110591216484471000
50215021502165321007
863492379137116531000
23122312231225131008
25123919241229151000
137911409013287123741009
5083075023055053046163701000
6024948286374812026910010
1423559951389451967981000
392128153519804910011
2412241224121661291000
231123112311251210012
23112311231123111000
29152814281415612210013
3016291530151661301000
462246224622462210014
54235226522652261000
62397247624014711210015
7146664163391451101000

29391279293713203292131871842074Total
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Problems-numbers indicant for : “1. is the Extended Rosenbrock, 
2. is the Extended White & Holst, 3. is the Hager, 4. is the Generalized 
Tridiagonal 2, 5. is the Quadratic Diagonal Perturbed, 6. is the Extended 
Wood, 7. is the Extended Quadratic Penalty QP2, 8. is NONDIA (CUTE), 9. 
is the Partial Perturbed Quadratic, 10. is the EDENSCH (CUTE), 11. is the 
DENSCHNC(CUTE), 12. is the DENSCHNB (CUTE), 13. is the Extended 
Block-Diagonal BD2, 14. is the FLETCHCR (CUTE), 15. is the Generalized 
quartic GQ2”.

Clearly, we have found new proposed algorithm best FR algorithm in 
about (37-39%) NI and (40-55%) NF. The performance percentage of our 
new proposed algorithm is best than of the FR algorithm.

Table 2
Algorithm ratio New and FR expense. 

BD3 (16)BD2 (15)BD1 (14)FR algorithm
61.66%63.64 %63.54 %100 %NI
40.91%40.88%45.82%100 % NF

Conclusion

In this study, a new conjugate gradient method called the quadratic 
model is used to find the parameter. Traditional methods determine the 
search direction based on the gradient of the goal function. Nonlinear 
conjugate gradient techniques that take into consideration objective 
function information are presented in this work. Numerical examples 
show that one of the ways is just as effective as or even more effective than 
conventional techniques. Future research will focus on finding strategies 
to speed up these processes as well as new convergence analysis.
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