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Elastic conjugate gradient methods to solve iteration problems
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Abstract
Using the conjugacy condition and second-order Taylor expansion, we present a new 

formula in this paper. The novel formula, unlike traditional conjugate gradient approaches, 
utilizes information on available function values and gradients. The worldwide convergence 
findings of the formula are discussed, and numerical data show that this technique works. 
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1.  Introduction

Unconstrained optimization techniques address the iterative 
approach of getting the minimum value for the following issues:

( ),   (1)nMin f x x R∈

where : nf R R→  is smooth function, see [1]. Conjugate gradient(CG) 
techniques are a common sort of iterative approach for solving (1) among 
the several iterative methods available. If 

kg  is the gradient of ( ),kf x  then 
the approach for solving (1) iteratively is as:

1 (2)k k k kx x da+ = +
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the search direction denotes by kd  and the step size denotes by ,ka  in the 
quadratic case,

(3)
T
k k

k T
k k

g d
d Gd

a = −

Different line search criteria, such as Wolfe conditions, can also be 
used as an alternative:

( ) ( ) (4)T
k k k k k k kf x d f x g da da+ ≤ +

 ( )  (5)T T
k k k k k kd g x d d ga s+ ≥

where 0 1,d s< < <  see [2]. The search direction 1kd +  is defined by:

1 1 (6)k k k kd g sb+ += − +

where kb  is referred to as CG-coefficient. The CG-coefficient is an 
important component in conjugate gradient approaches in all subjects. 
[3]–[7] provide other equations for getting conjugate parameters. We 
will concentrate on the well-known Hestenes-Stiefel and Fletcher-Reeves 
approach, in which the formulas are: 

1 1 1 1, (7)
T T

FR DYk k k k
k kT T

k k k k

g g g g
g g d y

b b+ + + += =

where 1 .k k ky g g+= −  The Hestenes-Stiefel formula always meets the 
conjugacy condition:

1 0 (8)T
k kd y+ =

More details can be found in [8]. Wu and Chen (known as the WC 
technique) [9] obtained the following CG formula by modifying Hestenes-
Stiefel to meet the descent property, as:

1 1 12( )
(9)

T T
WC k k k k k k
k T T

k k k k

y g f f g s
d y d y

b + + +− +
= +

The conjugacy criterion of Perry [10] is satisfied by the following 
formula:

1 1 (10)T T
k k k kd y s g+ += −

As a result, efforts have been made to develop global and numerically 
efficient conjugate gradient algorithms. We also claim that the search 
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instructions meet the necessary conditions for an acceptable descent if and 
only if:

2

1 1 1 (11)T
k k kg d c g+ + +≤ −

where is a nonnegative constant. In [11] provides a more detailed 
performance profile that may be used to investigate the convergence 
analysis of our suggested technique. Finally, numerical studies show that 
Wu and Chen [9] appear to be more successful than the existing family of 
methods. The positive numerical findings prompted us to examine other 
changes that we felt would increase numerical performance. This method 
of approaching optimization problems has been published in several 
papers [12]–[16].

A unique parameter conjugate is obtained using the second-order 
Taylor expansion. The derived method looks into both theoretical and 
numerical results.

2.  Our new formulas

Taylor expansion is the source of this derivation. Consider the 
quadratic model in the vicinity of the point:

1
1 ( ) (12)
2

T T
k k k k k k kf f s g s Q x s+ = + +

The gradient of a second-order Taylor expansion form shows this:

1 ( ) (13)k k k kf g Q x s+∇ = +

We got the following results using (13) in (12):

1
1 ( ) (14)
2

T T
k k k k k k ks y f f s Q x s++ − =

As a result of the preceding equation and equation (3), we may 
deduce:

2

1

( )1( ) (15)
2 ( ( ))

T
T Tk k
k k k k k kT

k k k k

g s
s Q x s s y

s y f f
r

+

= =
+ −

where:
2

1

1

( )1 (16)
2 ( ( ))

T
k k

k T T
k k k k k k

g s
s y s y f f

r
+

=
+ −
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Equations (13) and (10), together, lead to the following conclusion:

1 (17)T T T
k k k k k k kd y s y s gr+ = − −

Furthermore, 
1 1k k k kd g sb+ += − +  and (17) suggest that:

1 (18)T T T T
k k k k k k k k k kd y g y s y s gb r+= − −

As a result,

1 (19)
T T T
k k k k k k k

k T T T
k k k k k k

g y s y s g
s y s y s y

r
b += − −

Exact line search in (14), followed by (16), results in:
2

2

1

( )1 (20)
2 ( ( ))

T
k k

k T T
k k k k k k

g s
s y s g f f

r
+

=
− + −

and
2

3

1

( )1 (21)
2 ( ( ))

T
k k

k T T
k k k k k k k

g s
s y g g f f

r
a +

=
+ −

This formula is referred to as the BR. Below is the BR conjugate 
gradient algorithm.

Algorithm BR.

Initialization: Given 0
nx R∈  and the parameters 0,e > (0,1),d ∈  ( ,1),s d∈

Set 0,k =  0 0 .d g= −

 Stage 1. If kg e≤   then stop.

 Stage 2. Compute ka  by a suitable line search.

 Stage 3. New point 1 ,k k k kx x da+ = +  and compute kb  by (18).

 Stage 4. Calculate the search direction 1 1 .k k k kd g sb+ += − +  

 Stage 5. Let 1k k= +  and go to stage 2.
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3.  Convergence analysis:

This section focuses on the BR method’s convergence feature. We 
make the following assumptions:

i.	 ( )f x  is bounded on the set 0{ : ( ) ( )}.nx R f x f xY = ∈ ≤

ii.	 g is Lipschitz continuous, i.e. a positive constant L exists such that:

( ) ( ) , , (22)ng z g u L z u z u R− ≤ − ∀ ∈

There is a constant that lies behind these function assumptions ¥ 0≥  
such that ( ) ¥.f x∇ ≤   See [2]. The adequate descent requirement plays a 
vital effect.

Theorem 1: If 
1kd +
 is created using a novel algorithm, 2

1 1 1
T
k k kd g c g+ + +≤ −    

holds. 

Proof: Since 0 0 ,d g= −  we obtained 2
0 0 0 0.Tg d g= − ≤   Let 0T

k kg d <  for all 
.k n∈  When we multiply (6) by 1 ,T

kg +  we get:

2 1
1 1 1 1 (23)

T T
T Tk k k k
k k k k k kT T

k k k k

s g g y
d g g s g

s y s y
r +

+ + + +

 
= − + − − + 

  
 

We have the following from (23) and (13):

2 1 1
1 1 1 1 (24)

T T
T Tk k k k
k k k k kT T

k k k k

g y s g
d g g s g

s y s y
+ +

+ + + +

 
= − + − 

  
 

By Lipschitz condition, we note that:

1 1 (25)T T
k k k ky g L s g+ +≤

From equation (24) and equation (25), we obtained:

2 1 1
1 1 1 1 (26)

T T
T Tk k k k
k k k k kT T

k k k k

s g s g
d g g L s g

s y s y
+ +

+ + + +

 
≤ − + − 

  

Taking advantage of the inequality:
2

2 1
1 1 1

( )
[ 1] (27)

T
T k k
k k k T

k k

s g
d g g L

s y
+

+ + +≤ − + −

As a result of (27), we get:
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2

1 1 1 0 (28)T
k k kd g g+ + +≤ − <

	The next lemma proved in [17] for any conjugate gradient algorithm 
using the Wolfe conditions.

Lemma 1: Any conjugate gradient technique (2) uses ka  from the Wolfe 
line search and kd  as a descent. a taken to be a descent direction. Assuming 
assumptions (i) and (ii). 

2
1 1

1If : (29)
k kd> +

= ∞∑
 

1then   lim(inf ) 0 (30)kk
g +→∞

= 

In [17] is where you’ll find the proof. 
The convergence property result of the new Algorithm is shown in 

the next theorem.

Theorem 2: Assume Assumptions is correct. If f is a uniformly. convex. function, 
that is, if a constant 0m >  exists such that:

2( ( ) ( )) , , (31)T nf z f u z u z u Rm∇ −∇ ≥ − ∀ ∈ 

then:

1lim(inf ) 0 (32)kk
g +→∞

= 

Proof: By definition 
kb  and (15) that:

1 1 (33)
T T
k k k k

k T T
k k k k

g y v g
d y d y

b + += −

k ky L s≤   

 
is obtained by using (19), while 2T

k k ks y sm≥    is obtained 
by using (29). When we apply the Cauchy inequality to the previous 
inequalities, then (34), we obtain:

1 1
2 2

1 ¥| | (34)k k k k
k

kk k

L s g s g L
ss s

b
mm m

+ +  +
≤ + ≤  

 

       

 
   

As a result of utilizing (32) in (6), we get:
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1 1 | | ¥
1 ¥ ¥ ¥ ¥( 1)¥ (35)

k k k k

k
k

d g s
L L Ls

s

b
m

m m m

+ +≤ + ≤

 + + + +
+ ≤ + ≤ 
 

     

 

 

demonstrating that (30) is correct.

4.  Numerical results 

Compares the numerical results of the BR and FR algorithms. The 
Fortran language was used to create the algorithms. We utilized the 
following parameters in our implementation: 1 0.001d =  and 2 0.9,d =  
with 6

1 10kg −
+ ≤   as the termination criterion. The performance of the 

algorithms is displayed using Andrei’s [18] performance profile. NI and 
NF stand for the number of iterations and objective function evaluations, 
respectively, and are used to compare numerical performance. The breadth 
of optimization study is seen in [19]-[25]. This technique is shown to be 
efficient for the test issues using numerical behavior comparisons with  
FR-CG (see Table 1 and Table 2).

Table 1
Nnumrical results for FR and New methods

BR3 (21)BR2 (20)BR1 (16)FR algorithm
NFNINFNINFNINFNInP. No
80398039844193471001
1256796479853131781000
66317034803788431002
72357235823992461000
573512797058341024611003

FailFailFailFailFailFailFailFail1000
60376442613967371004
925895599561115731000
1638316383163832311241005
4392324392324552407114451000
713771377137110711006
72407340935384471000
52225222522265321007
954299449542116531000
25132714281425131008

Contd...
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23112311231129151000
116741258113591123741009
4632754852904502706163701000
FailFail543010036012026910010
68552134174566501967981000
412242224527804910011
3116311743221661291000
271427142714251210012
23122312231223111000
39213921372015612210013
4222382140221661301000
462246224622462210014
51255125522552261000
65376438653814711210015
6740633866401451101000

31881414507814843133145957712450Total

Problems numbers indicant for: “1. is the Extended Rosenbrock, 2. 
is the Extended White & Holst, 3. is the Hager, 4. is the Generalized Tri 
diagonal 2, 5. is the Quadratic Diagonal Perturbed, 6. is the Extended 
Wood, 7. is the Extended Quadatic Penalty QP2, 8. is NONDIA (CUTE), 9. 
is the Partial Perturbed Quadratic, 10. is the EDENSCH (CUTE), 11. is the 
DENSCHNC (CUTE), 12. is the DENSCHNB (CUTE), 13. is the Extended 
Block-Diagonal BD2, 14. is the FLETCHCR (CUTE), 15. is the Generalized 
quarticd GQ2”. 

Table 2
Algorithm ratio New HS cost.

BR3 (21)BR2 (20)BR1 (16)FR algorithm
57.71%60.57 %59.55 %100 %NI
55.24 %87.99 %54.28 %100 %NF

Conclusion

The goal function value was incorporated in the new equations, 
although the value decreased when compared to traditional CG 
approaches. The formula’s global convergence findings are explained, and 
numerical results demonstrate that it is a very efficient formula. Clearly, we 
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have found new proposed algorithm best FR algorithm in about (40-43%) 
NI and (13-46%) NF. The performance percentage of our new proposed 
algorithm is best than the FR algorithm.
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