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Abstract

The soft set theory proposed by Molodtsov is a recent mathematical approach for
modeling uncertainty and vagueness. The main aim of this paper is to introduce the concepts
of soft group space of dispersive soft group space and soft fixed point. Finally, the concept of
dispersive soft group space was introduced and some properties related to it.
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1. Introduction

In 1999[4] the soft set theory introduced by Molodtsov. Although this
theory has not had a long history, it has created a wide range of applications in
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many disciplines. Especially, this theory has been studied by mathematicians in
different ways such as algebraic, topological and categorical
[1,2,3,6,7,8,9,10,11,12]. In this paper soft action is defined and studied, some
important examples and properties are presented. Some concepts related to the
soft action such as soft stabilizers, soft orbit are defined. Finally, the concept of
dispersive soft group space is introduced.

2. Preliminaries

In this section, we review some main concepts and properties of soft
topological group, soft action and soft group space for the sake of completeness.
LetX be an initial universe set and let £ be a set of parameters. Let P(X) denotes
the power set of X.

Definition 2.1: [5] Let (F, E) be a soft set over G and Tbe a soft topology over
G, then (G, T, F, E) is called a soft topological group (Stg) iff (F(w), Tr(y)) is a
topological group onF (w) for all w € E, where Tr(w) is the relativized topology
on F(w) induced from T,,.

Definition 2.2:[5] Let (G, T, F, E) be a Stg and let (H,T, E) be a Sts over X. A
left soft (continuous) action of (G, T,F,E) on (H,T,E) is a continuous map
¢o: F(w) X H(w) = H(w) such that for all w € E:

(i) @u(eg x) ==« forall x € H(w)

(i) 9u(9, Pu(g * %)) = ¢u (g9 * %), forall g, g *€ F(w) and x € H(w).
In similar way, a right soft action is defined.

Note that the difference between the left and right soft action is not a trivial
one, however there is a one to one correspondence between them as follows:

If ¢, is a left soft action of(G,T,F,E) on (H,T,E), then ¢,:H(w) X
F(w) » H(w) defined by ¢,(x,g) = ¢,(g 1, x) is a right soft action of
(G,T,F, E ) on (H [ E ), and similarly for right soft action. Thus, for every left
soft action is a conjugate right soft action and vice versa. So, every theorem that
is true of left soft action has a conjugate theorem for right soft action.

Because of this, we will usually use a left soft action.

The soft topological space (H,T, E) is called "Soft Group space" which is

denoted by (SG-space).

Definition 2.3: [5] Let (G,T,F,E) be a Stg, then for all x € H(w) the set
0rb,(x) = {p,(g,%): g € F(w)} forall w € E is called the soft orbit of x.

Definition 2.4: Let (H,T,E) be a SG-space, for any point x € H(w), then for
allw € E:
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(i) Jo(*) ={y € H(w): there is a net {gg}pe, in F(w) and there is a net
{Xp}pen in H(w) with gg — oand yz — x such that ¢, (gg, xg) = %} is
called first soft prolongation limit set of H(w).

(i) A,(x) ={y € H(w): there is a net{gg}peq in F(w) with gg — cosuch
that ¢, (gp, x) — ¢} is called soft limit set of H(w).

It is clear that the set A, (x) is a subset of ], (x) forall w € E.

Definition 2.5:[5] Let (H,T,E) be a SG-space, then the set Stab, (x) = {g €
F(w):9,(g,x) = x} for all € E is called the soft stabilizer of x.

3. Dispersive soft group space

In this section, we will describe the concept of dispersive soft group space
and exemplify it. In addition, we will establish some characterizations about it.

Definition 3.1: A SG-space(H,T,E) is called Dispersive soft group space
(briefly DSG-space) if for each two points x,4¢ € H(w), there are open
neighborhoods M, N of x and yrespectively such that the set ((M,N)) =
{geF(w): ¢, (g, M) N N # @} is relatively compact in F(w).

Example 3.2: Let G = (Z,, +,) with discrete soft topology T, E={w;, w,} and
let (F, E) be a soft set over G such that F(w,) = Z,, F(w,) = {0}, let (X,T") be
a discrete Sts over Zsuch that H(w,) = H(w,) =Z,. If we defined
Po,: F(w1) X H(wy) = H(w,) by ¢, (x,9) =x+,4 and ¢,,:F(w;) X
H(wz) = H(w2) by ¢u, (%, %) = 4.

Then (H,T, E) is DSG-space.

Theorem 3.3: Let (H,T',E) be a SG-space, then the following statements are
equivalents:

(i) (H,T,E)is DSG-space.
(i) Jp(x) = @ for all x € H(w).
(i) ¢ & J,(x) forall x,4 € H(w).

Proof:
@ - i)

Suppose J, (x) # @, then there is ¢ € H(w) such that ¢ € J, (x).

Then, there is a net {gg}geq in F(w) and a net {¥g}geq in H(w) such that
gp — ©and g — x such that ¢, (gg, Xg) = %-

Since (H,T, E) be DSG-space, then there are open neighborhoods M, N of
x and ¢ respectively such that ((M, N)) is relative compact in F (w).

Since yz - x and ¢, (gp, Xg) = 4. then there is B, € Q such that yz € M

and ¢,,(gp, xp) € N forall B = By, hence ¢, (gp, Xp) € ¢, (gp, M)



1026 H. A. HUSSEIN, S. H. HAMZAH AND H. K. ABDULLAH

Therefore gz € (M, N))

Then {gp} has a cluster point g € F(w) and this is contradiction.

Then J,(x) = 0.

(i) > (iii)

Clear
(ii)) - (0)

Suppose that (H,T,E) be not a DSG-space, then there are two points
%,14 € H(w) such that for all open neighborhoods M of x and N of y, the set
((M, N)) isn’t relative compact in F(w).

Thus, there is a net {gg}geq in F(w) such that gg — .

Since ¢, (g, M) NN # @ forall € 0.

Then there is xz € M such that ¢,,(gg, xp) € N forall g € (2

Hence {xz} and {¢,(9p, xp)} are nets in H(w) such that yz — x and
P (9p Xp) = Y-

Then ¢ € ], (x) and this contradiction.

Hence (H,T, E) is DSG-space.

Corollary 3.4: If (H,T,E) is DSG-space, then A,(x) = @, for all x € H(w)
and w € E.

Proof:Since (H,T,E) is DSG-space, then by theorem (4.4.3)(ii) J,,(x) = @, for
all x € H(w).

Since A, (x) € J, (%) for all x € H(w) see (4.2.14).

Then A, (x) = @ forall x € H(w) and w € E.

Remark 3.5: The converse of corollary (3.4) isn’t be true, consider the
following example:

Example 3.6: Let £ = {w}, G = (Q,+) with relative usual topology T, let
(F, E) be a soft set over G such that F(w) = Q. If X = G

If we defined ¢,,: F(w) X H(w) = H(w) by ¢,(g,x) = g + x.

Let ¢ € A, (x), then there is a net {gg}geq in Q with gz — oo such that
9u(9p.%) > 4.

Then gz + x — oo this contradiction, then A,,(x) = @.

But Q isn’t compact, then (H, T, E) isn’t DSG-space.

Definition 3.7: Let (H,T, E) be a SG-space. A point x € H(w) is called a fixed
point if Orb,,(x) = Stab,,(x) = {x} forall w € E.

Example 3.8: Let G = (R,.) with discrete topology, £ = {w;, w,}. Let (F,E)
be a soft set over Gdefined by F(w,) = F(w;) = H(w,) = H(w,) = {1}, and
defined ¢,:F(w) X F(w) = F(w) by ¢,(g,h) =h, for all w€E, then
(H,T,E) is SG —space has fixed point {1}.
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Definition 3.9: Let (G, T, F, E) be a Stg, a subset U of F(w) is called Syndetic if
there is a compact subset V of F(w) such that F(w) = ¢, (U,V) forall w € E.

Definition 3.10: Let (H,T,E) be a SG-space, a point x € H(w) is called
periodic point if Stab,,(x) is syndetic in F (w) forall w € E.

Example 3.11: If (G, T,F,E) be a compact Stg, then every point in H(w) is
perodic.

Theorem 3.12: If (H, T, E) is DSG-space, then:
(i)  There is no fixed point.
(i)  There is no periodic point.

Proof:
(1)  Suppose that x € H(w) be a fixed point.
Since (H,T, E) is DSG-space, then there are neighborhoods M, N of x in
H(w) such that ((M, N)) is relatively compact in F (w).
Since x is a fixed point, then ((M, N)) = F(w).
Then F(w) is compact for all w € E, but this is contradiction.
Then (H,T, E) has no fixed point.
(i) Suppose that x € H(w) be a periodic point.
Then, Stab,, (x) is syndetic in F(w).
That is there is a compact subset U of F(w) such that F(w) =
Pu(Stab, (x),U)
Since Stab,,(x) is compact from (4.4.15(ii)), thus F(w) is compact for
allw € E this is contradiction
Then (H,T, E)has no periodic point.

Theorem 3.13: If (H,I',E) be a DSG-space, let (K,E) be a soft closed
subgroup of (F,E) over G and let Y be an open subspace of H(w) which is an
invariant under K(w). Then Y is DK —Space.

Proof:Let x,4 €Y, then x,4 € H(w).

Since (H,T,E) is DSG —space, then there are open neighborhoods M and
N ofx and ¢ respectively in H(w), such that ((M, N)) is relatively compact in
F(w).

LetU=MnYandV =NnNnY.

Since Y is an open subspace of H(w), then we have U and V to be open
neighborhoods of x and ¢ respectively in Y.

Since ((U,V)) € ((M, N)), then ((U,V)) is relatively compact in F (w).

Since K(w) is a closed subgroup of F(w), then ((U,V)) is relatively
compact in K (w).

Then Y is DK —space.
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Corollary 3.14: If (H,T',E) be a DSG — space and Y be an open subspace of
H(w) which is an invariant under F (w), then Y is DG-space.

Corollary 3.15: If (H,T,E) be a DSG-space and (K,E) be a soft closed
subgroup of (F,E), then H(w) is DK —space.

Theorem 3.16: Let (I, f,)) be a morphism from SG-space (Hy, I3, E) into SG-
space (Hy, Iy, E) such that f,,: Hy (w) = H,(w) behomeomorphism for allw € E.
If (Hy, I, B) is DSG-space, then so is (Hy, Iy, E).

Proof: Let 4, 4y, € Hy(w).
Since f,, is surjective, then there are x;,x, € H;(w) such that f, (x;) =
Y1, fo(22) = Yo R
Since (H,,T'3,E) is DSG-space and x4, x, € H;(w), then there are open
neighborhoods M and N of x,and x, respectively in H; (w) such that ((M, N))
is relatively compact in F; (w).
Since f,, are homeomorphism for all w € E, then f,,(M), f,,(N) be open
neighborhoods of 44, 4, respectively in H, (w).
Since f,, be injective and equivariant functions for all w € E, then g €
((M,N)) o e,(gM)NN+0
© fol@u(gM)NN) # 0
< fo(9u(g, M) N f,(N) # @
© 9(9, foMD) N f,(N) # 0
o g € ((f,(M), f,(N))).
Hence (M, N)) = ((fo (M), f, (N)).
Since ((M, N)) is relatively compact in F; (w).
Then ((f,,(M), f,,(N))) is relatively compact in F,(w)
Thus (H,,T',, E) is a DSG-space.

Theorem 3.17: If (H,T',E) and (K,I',E) are two SG-spaces, if (H,T',E) is a
DSG-space, then so is (H X K, Qrad,ﬁ).

Proof: Let (H,T, E) be a DSG-space.

Let (hy, kq), (hy, ky) € H(w) X K(w).

Then hy, h, € H(w) and kq, k, € K(w).

Since (H,T,E) is DSG-space, then there are open neighborhoods M, N of
hy and hyrespectively in H(w) such that ((M,N)) is relatively compact in
F(w).

Then M X K(w) and N X K(w) are open neighborhoods of
(hy, k1), (hy, k) respectively in H(w) X K(w).

Since ((M,N)) = ((M X K(w), N x K(w))

Then (M X K(w), N X K(w)) is relatively compact in F(w).

Then (H X K, l"pmd,ﬁ) is DSG —space.
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