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1. Introduction  
Lowen [17] showed how approach        is frequently        behind 

other theories, and how getting it to the foreground and implementing it 
consistently enhances the theory, and he explained how contractions, continuous 
functions, compact sets, and convergent sequences are commonly            in 
topology and         , as in many mathematical theories. Lowen [21] has both a 
               a compactification                 an  ppropriate 
            of approach. as well as the notion of contraction by an approach 
system. R. Lowen and K. Robeys [14,15] established some basic definitions and 
theorems in approach space which is a             and metric space extension. 
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More information about approach space can be found in [13]. M. Sion and W. 
Haute [25] investigated an alternative notion of approach spaces based on a 
roach cores. [27] presented the relationship between approach space and metric 
space which is called a sober metric approach space. In [12,23] authors 
considered distances. Functional analysis applications of approach theory are 
discussed in [16,18-20]. A new kind of approach space made by [2]. 
Furthermore, Abbas and Hussein worked the completion normed approach space 
in [1]. Additional details are available in [3-11,22,24,26]. This research looks 
into the regularity of functionals between sets. In section 2, using the concepts 
of Dh-functional and tower, the definitions of Dh-functional and proximit space 
are presented. The examples of this idea are studied. In section 3, we receive the 
most important theorems concerning this object. 
 
2. Preliminaries  

All of the subsets of the set  ̃ is symbolized by   ̃. 
 
Definition 2.1: [15] If the function    ̃    ̃  ,   - mollifies the following 
conditions, it is said to be a distance on  ̃ for all  ̃   ̃ and  ̂  ̂    ̃  
(D1)   ( ̃ * ̃+)     
(D2)  ( ̃  )     
(D3)  ( ̂  ̂   ̂)     ( ( ̂  ̂)  ( ̂  ̂))  
(D4)    ,   -   ( ̂  ̂)   ( ̂  ̂( ))    where  ̂( )  * ̂   ̃   ( ̂  ̂)   +. 
 
Definition 2.2: [15] A collection of functions      ̃    ̃ ,      is said to be 
a tower on  ̃ if the following conditions are fulfilled for every       : 
(To1)   ̂    ̃   ̂    ( ̂)  
(To2)   ( )    

(To3)   ̂̀  ̂̀       . ̂̀   ̂̀/    . ̂̀/    . ̂̀/  

(To4)   ̂   ̃    (  . ̂̀/)      . ̂̀/  

(To5)   ̂̀    ̃    ( ̂)   
   
  ( ̂)  

Take note that with (To3) and (To5), we get  
  ̂   ̂   ̃            ( ̂)    ( ̂). 

 
Definition 2.3: [15] An operator      ̃    ̃  that determines the qualities of a 
pretopology on a set  ̃ for all  ̂  ̂    ̃  is determined by an          that 
determines the properties of an operator on a set. 
1.  ̂    ( ̂) 
2.   ( )     
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3.   ( ̂   ̂)    ( ̂)    ( ̂)  
 
 This operator is said to be a pretopological closure operator. We call a set 

 ̃ with a pretopology a pretopological space. 
 

Proposition 2.4: [15]  
1. If (  )     is tower, then  ε       is a pretopological closureoperator, 

and (To4) and (To5) are true. 
2. If    is a pretopological closure operator, and (To4) and (To5) are fulfilled, 

then    is a is a topological closure operator, for each    ,    is a 
pretopological closure operator, and (To4) and (To5) are true. 

3. If    is a is a topological closure operator, for every ε  ,    is a 
pretopological closureoperator, and (To4) and (To5) are fulfilled, then 
(  )     is tower. 
 

3.  Proximit Metric Space 
The relation between metric and proximit space, Dh-functional, and Lo-

tower are presented in this section. 
 

Definition 3.1: We say that      ̃    ̃  ,   - is a Dh-functional on a set 
 ̃ to satisfy the next: for each  ̂̀  ̂̀  ̂̀   ̃ : 
(h1)  . ̂̀   ̀̂ /   .  ̀̂   ̂̀/  

(h2)  ̂̀    or  ̂̀          . ̂̀  ̂̀/    

(h3)  . ̂̀   ̀̂ /          ̂̀    ̂̀      

(h4)  . ̂̀  ̂̀   ̂̀/     * . ̂̀  ̀ ̂ /   ( ̂̀  ̂̀)+ 

(h5)  .  ̂̀  ̂̀/    . ̀ ̂  ̀ ̂/           ,   - 
 
For every  ̂̀    ̃    ,   -, we write   . ̂̀/   * ̃   ̃    (* ̃+  ̂̀)  

 +. Therefore the triple ( ̃     ) is called proximit space. 
 
Example 3.2: Let  ̃   ,   -, define    ,   -   ,   -  ,   - by  

 . ̂̀  ̂̀/  {
   ̂̀  ̂̀           
   ̂̀  ̂̀        

    
 ̈  ̂̀

    
 ̈  ̂̀

  ̈   ̈  ̈  ̈   
 

Then ( ̃     ) is proximit space. 
Solve: Let  ̂  ̂  ̂   ,   - 
(h1)  Let  ̈  ̈<  
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 ( ̂  ̂ )      
 ̈  ̂

     
 ̈  ̂

  ̈   ̈      
 ̈  ̂

     
 ̈  ̂

  ̈   ̈   ( ̂  ̂) 

If  ̂  ̂          , then  ( ̂  ̂)     ( ̂  ̂). 
If  ̂  ̂        , so  ( ̂  ̂)     ( ̂  ̂)   

(h2)  If  ̂  ̂          , thus  ( ̂  ̂)      
 ̈  ̂
     
 ̈  ̂

| ̈   ̈|    

If  ̂,  ̂        , then  ( ̂  ̂)    
(h3) Let  ( ̂  ̂)   , so     

 ̈  ̂
     
 ̈  ̂̀

  ̈   ̈   . Therefore  ̈   ̈, thus 

 ̈    ̂̀    ̂̀. Then  ̂̀   ̀̂   . 
(h4)  Let  ̂̀,  ̂̀ be         

 . ̂̀   ̀̂    ̂/      
 ̈  ̂

     
 ̈  ̂  ̂

  ̈   ̈       { ( ̂  ̂)  ( ̂  ̂)} 
If  ̈  ̈      
 ( ̂  ̂   ̂)      

 ̈  ̂
     
 ̈  ̂  ̂

     

     
 ̈   ̂

.   {     
 ̈  ̂

  ̈   ̈      
 ̈  ̂

  ̈   ̈ }/
    .     

 ̈  ̂
     
 ̈  ̂

  ̈   ̈      
 ̈  ̂

     
 ̈  ̂

  ̈   ̈ /
    ( ( ̂  ̂)  ( ̂  ̂)) 

If  ̂  ̂          ,  ( ̂  ̂   ̂)       * ( ̂  ̂)  ( ̂  ̂)+ 
(h5) If  ̈  ̈   ,  ̂  ̂   ,   -     ,   -  

 ( ̂  ̂)      
 ̈  ̂

     
 ̈  ̂

          
 ̈  ̂ 

     
 ̈  ̂ 

  ̈   ̈     
  ( ̂   ̂ )      

If  ̂  ̂               ,   -  
 ( ̂  ̂)      

 ̈  ̂
     
 ̈  ̂

  ̈   ̈     ( ̂   ̂ )       

If  ̂  ̂             ,   -  
 ( ̂  ̂)      

 ̈  ̂
     
 ̈  ̂

  ̈   ̈     ( ̂   ̂ )       
 
Example 3.3: Let   be a set of real numbers, then (       ) is a proximit 
space. 
 
Solve: Let           ,   - be a function defined by  

 . ̂̀   ̀̂ /  {
   ̂        ̂   

    
 ̈   ̂

    
 ̈   ̂

 ( ̈  ̈)  ̂          ̂    

Let  ̂  ̂  ̂       such that  ̈  (          )  ̈       
(          )    ,  

(h1)  If  ̂̀        ̂̀     
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 . ̂̀  ̂̀/      
 ̈  ̂

    
 ̈  ̂

 ( ̈  ̈)      
 ̈  ̂

    
 ̈  ̂

 ( ̈  ̈)   ( ̂  ̂) 

(h2)  If  ̂     . ̂̀  ̂̀/      
    ̂

    
 ̈  ̂̃

 (   ̈)    

If  ̂̀   ,  . ̂̀  ̂̀/     
 ̈   ̂

    
   ̂

 ( ̈  )    

 (h3) If   ( ̂  ̂)   , so    
 ̈  ̂ 

   
 ̈  ̂

 (  ̈  ̈)   . Then  ̈   ̈    ̈   ̂  
 ̂ Hence  ̂   ̂   . 

(h4)  ( ̂  ̂   ̂)     
 ̈  ̂

    
 ̈  ̂  ̂

 (  ̈  ̈)   

    
  ̈  ̂́

.   {    
  ̈  ̂

 (  ̈  ̈)      
 ̈   ̂

 (  ̈  ̈)}/   

    {    
 ̈  ̂

    
 ̈  ̂

 (   )     
 ̈  ̂

    
 ̈  ̂

 (   )}     { ( ̂  ̂)  ( ̂  ̂)} 
(h5) Let     ,   - 

 . ̂̀  ̂/     
 ̈  ̂

    
 ̈  ̂

 ( ̈  ̈)   ( ̂  ̂)
    
 ̈  ̂ 

   
 ̈  ̂ 

 (  ̈  ̈)      

  ( ̂   ̂ )     . 
Proposition 3.4: (1) Any (and all) of the following structures determine the 
finest (discrete) proximit space         ̃   
1. Dh-functional:     ̃    ̃  ,   - where       ̃ and  ̂̀  ̂̀   ̃,  

 . ̂̀  ̂̀/  {   ̃   ̂   ̂
  ̃   ̂     ̃   ̂ 

2. Tower: (   )     where      and  ̂̀  ̂̀   ̃     ( ̂)   ̂   ( ̂)   ̂.  
(2)  Using any (or all) of the following structures, determine the coarsest 

(indiscrete or trivial) proximit space           ̃  
1. Dh-          :     ̃    ̃  ,   - such that   ̂  ̂   ̃   

 (  ̂   ̂)  {   ̂        ̂       ̂        ̂    

2.  Tower: (   )     where       and   ̂   ̃  

   ( ̂)  {  ̃  ̂    
   ̂     

 
Proposition 3.5: Every metric space is proximit space. 
 
Proof: Given a metric space ( ̃  ), define      ̃    ̃  ,   - by 

  (  ̂   ̂)  {
   ̂        ̂   

    
 ̈   ̂

      
 ̈  ̂

 ( ̈  ̈)   ̂          ̂    
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Then    is distance on  ̃ and ( ̃   ) is said to be proximit distance 
generated by   or proximit metric space. Let  ̂̀  ̂̀ ̂    ̃  
1. If   ̂         ̂    

  (  ̂    ̂ )        ̈  ̂
     
 ̈  ̂

d( ̈  ̈)      
 ̈  ̂

     
  ̈  ̂

 ( ̈  ̈)    ( ̂  ̂)  
If  ̂   ,   (   ̂)    and if  ̂   ,   ( ̂  )   . 

2. If    ( ̂  ̂)   , so     
 ̈  ̂

     
 ̈  ̂

 (  ̈  ̈)   . Then  ̈   ̈   ̈   ̂  
 ̂. Hence  ̂∩ ̂   . 

3. If   ̂    ̂   . Then  
   (  ̂   ̂   ̂)      

  ̈  ̂
    

  ̈  ̂̂  ̂
 (  ̈  ̈)

    
  ̈  ̂

.   {     
 ̈  ̂

 (  ̈  ̈)     
  ̈  ̂

 (  ̈  ̈)}/ 

    .     
  ̈  ̂

      
 ̈  ̂

 (  ̈  ̈)     
 ̈  ̂

    
  ̈  ̂

 (  ̈  ̈)/. 

     {   ( ̂  ̂)    ( ̂  ̂)} 
If  ̂   . We get  
   (  ̂    ̂    ̂ )       *   +     *   (  ̂   ̂)    ( ̂    ̂ )+. 
If  ̂   . Then  
   ( ̂  ̂   )       *   +     {   ( ̂  ̂)    ( ̂  )}  

5.  Let     ,   -    ̂   ̂    . If   ̂≠        ̂    
   (  ̂    ̂ )      

 ̈  ̂
     
 ̈  ̂

 (   )      
 ̈  ̂ 

    
  ̈  ̂ 

 ( ̈  ̈)     
   ( ̂   ̂  )       

If  ̂     then    ( ̂  ̂)    and 
  ( ̂   ̂  )          

 ̈  ̂ 
    
 ̈  ̂ 

 ( ̈  ̈)      
     
 ̈  ̂ 

    
 ̈  ̂ 

 ( ̈  ̈)            
If  ̂     we get   ( ̂   ̂  )          

 ̈  ̂ 
    
  ̈  ̂ 

 ( ̈  ̈)       
      

  ̈  ̂  
    
 ̈  ̂ 

 ( ̈  ̈)          
 
Theorem 3.6:    (  )                      ̂        
 (  ̂    ̂ )     {    *        ̂    ( ̂ )+    *        ̂    (  ̂ )+} 

         ̂  ̂    ̂ is a Dh-functional on  ̂.  
 
Proof: Let  ̂  ̂    ̂ 
(h1)  ( ̂  ̂)     (   *         ̂    (  ̂ )+     *       ̂    (  ̂ )+) 

     (   *        ̂    ( ̂)+     *      ̂    ( ̂)+) 
  ( ̂  ̂) 
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(h2)  if  ̂   , we have 
 ( ̂  ̂)     (   *          ( ̂)+    *       ̂    ( )+) 

     (   *          ( ̂)+     *       ̂   +)    
If  ̂   , we have 
 ( ̂  ̂)     (   *       ̂    ( )+    *          ( ̂)+) 

    (   *       ̂   +     *         ( ̂)+)     
(h3) Let  ̂  ̂    , if  ( ̂  ̂)   . We get 

   (   *       ̂    ( ̂)+    *       ̂    ( ̂)+ )   , 
then (   *      ̂    ( ̂)+    *       ̂    ( ̂)+)   . Thus  

   *      ̂    ( ̂)+         *       ̂    ( ̂)+     
So that  ̂   ̂    ( ̂)         ̂   ̂    ( ̂)   . Take      , 
then  ̂    ( ̂)   ̂ and  ̂    ( ̂)   ̂. So that  ̂   ̂   . 
(h4) Let  ̂  ̂  ̂    ̂, 

  ( ̂  ̂  ̂)     {   *      ̂    ( ̂  ̂)+    *       ̂    ( ̂)+} 
    {   *       ̂    ( ̂)    ( ̂)+    *      ̂    ( ̂)+} 
    {   *      ̂    ( ̂)     ( ̂)+    *      ̂    ( ̂)+} 
    {   {   *      ̂    ( ̂)+    *       ̂

   ( ̂)+     *      ̂    ( ̂)+    *      ̂    ( ̂)}} 
    { (  ̂   ̂ )  (  ̂   ̂ )} 

(h5) Let   ̂  ̂     ̂, let     ,0  - 
 (  ̂    ̂ )     *   *      ̂    (  ̂ )+    *      ̂    ( ̂)++ 
    *   *      ̂    ( ̂ )+    *       ̂    ( ̂ )++      

   ( ̂   ̂ )       
 

Theorem 3.7:        ̃    ̃  ,   -    an Dh-           on ̃ for all 
      . Then the family    defined by   ( ̂)     * ̂   ̂ + is a tower on 
 ̃   
 
Proof:  
(To1) Let   ̂    ̃ , let     . Suppose that  ̃   ̂, since   ̂  ̂  such that 

  ( ̂)   ̂ . We have  ̂    ( ̂). 
 (To2) Let      ̂    ̃ . If   ̂  , we obtain 

  ( ̂)   ̂  { ̃   ̃  (* ̃+  ̂)   }  
But  ̂   , then  (* ̃+  )   . Hence   ( )   . 

(To3) Let  ̂  ̂    ̃ , let     .  
Assume  ̃    ( ̂   ̂), then  ̃  ( ̂   ̂) . So that  

 ( ̂   ̂)  { ̃   ̃   (* +  ̂   ̂)   } 
 { ̃   ̃    * (* ̃+  ̂)  (* ̃+  ̂)+    } 
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 { ̃   ̃  (* ̃+  ̂)     (* ̃+  ̂)   } 
  { ̃   ̃   (* ̃+  ̂)   +  * ̃   ̃   (* ̃+  ̂)   } 

   (  ̂ )    ( ̂) 
(To4) Let  ̂    ̃ , let       . Assume  ̃    (  ( ̂)), then  ̃  (( )( ))( ) 

such that  
(( ̂)( ))( )  * ̃   ̃  (* ̃+  ̂ )   +  * ̃   ̃  (* ̃+  ̂)     +

     ( ̂) 
(To5) Let  ̂    ̃ ,     . Assume that  ̃    (  ̂ ), then  ̃   ̂  such that  

 ̂  * ̃   ̃  (* ̃+  ̂)   +. Take    , since   ( ̂)     * ̂   ̂ + . 
Then  ̃   

    
  ( ̂). 

 
Lemma 3.8: Let  ̃ be a set and       ̃     ̃  ,   -, then the      statements 
are             
(1)   is a Dh-              ̃  
(2)   fulfills (h1)-(h4)     

(h5.1)          ̂   ̂    ̃     ,   -   ( ̂   ̂ )    ( ̂  ̂( ))     
(3)   fulfills (h1)-(h4)     (h 5.2)    ̂    ̂    ̂    ̃    ( ̂̀   ̂ )    ( ̂̀   ̂ )  

   
    ̂

  (* +  ̂)  

( )   satisfies (h1)-(h4)     (h5. )     ,  ̂   ̂, ̂     ̃    
 ( ̂̀   ̂ )    ( ̀ ̂   ̂̀)     

   ̂
  (* +  ̂)     

   ̂
  (* +  ̂)  

 
Proof: (1) (2) From (1), we can deduce that (h1)-(h4) is fulfilled. We 
demonstrate that (h5.1) is valid. 

Since  ( ̂   ̂ )    ( ̂   ̂ )         ,   -, but  ̂   ̂    ̂   ̂ .  
Thus  ( ̂  ̂)    ( ̂  ̂)      , since   ,   -      ̂   ̂ . We 

find  ( ̂   ̂ )    ( ̂  ̂ )   . 
(2) (1) Suppose that   is satisfy (h1)-(h4), we show that (h5). 
Let  ̂  ̂    ̃      ,   -. Take  ̂   ̂  and   ̂   ̂ , we have 

 ( ̂  ̂)    (    ̂ )       
(3)   (4) Let  ̂   ̂   ̂  ̂    ̃   set  ̂   ̂, we have (4). 
(4)   (3) Given  ̂   ̂   ̂    ̃ . Set  ̂   ̂̂, we obtain (h5.2). 
(1)   (4) Suppose that (1) is satisfy and let  ̂  ̂  ̂  ̂ belongs to   ̃  Take  

     *  ,   -   ̂   ̂( )+  
    

     *  ,   -   ̂   ̂( )+ 
Then 

 ( ̂  ̂)    ( ̂   ̂ )        ( ̂  ̂)     
   ̂

 (* +  ̂)     
   ̂

  (* +  ̂)  
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(4)   (1) Let  ̂  ̂    ̃ ,      ,   -, Take  ̂   ̂( )  ̂   ̂( )  
 ( ̂   ̂ )   ( ̂  ̂)     

   ̂
  (* +  ̂)     

   ̂
  (* +  ̂) 

   ( ̂   ̂ )      .  
 
Definition 3.9: A function      ̃    ̃  is called an Lo-tower on  ̃ such that 
 ̃ is a set and for all      so that the following conditions are fulfilled:  
(Lo-T1)                 ( ̂)      

   
  ( ̂), 

(Lo-T2)           ̂  ̂  ̂    ̃             ( ̂)   ̂      ({ ̃})  
 ̂          ̃   ̂, then     ( ̂)   ̂. 
 

Theorem 3.10: If  ̃ is      , then  
(1)  If   is an Dh-functional on  ̃  and for each      such that  ( ̂)   ̂ if 

and only if  ( ̂̀  ̂̀)   ,      (  )     isan L-           ̃  
(2)  If (  )     is Lo-tawer on   ̃,     ( ̂   ̂ )     *        ( ̂)   ̂+ is 

Dh-functianal on   ̃ 
 
       Let   be Dh-functional and let      such that   ( ̂)    ̂  
 ( ̂  ̂)   . 
(     ) Let  ̃    ( ̂),  ̃    ̂  then  ̃   ̂  such that 

 ̂  * ̃   ̃  (* ̃+  ̂)   +. 
Since  ( ̂  ̂)   , then for    ,    * ̃   ̃  (* ̃+  ̂)     +. Thus  
  ̃     * ̃   ̃  (* ̃+  ̂)   +, then  ̃      

   
  ( ̂). So 

   ( ̂)      
   

  ( ̂). 

(Lo.T22) Let  ̂   ̂   ̂   ̃                 ̃    ̂  such that   ( ̂)    ̂   
   ({ ̃})   ̂ if andonly if  ( ̂   ̂ )      ({ ̃}  ̂)   . 
Suppose that  ̃      ( ̂) implies  ̃       * ̃   ̃  (* ̃+  ̂)    

 +, but   is symmetric. Then  ( ̂   ̂)    from condition (h4). We obtain 
 (  ̂   ̂   ̂)     *   +, take * ̃+   ̂    ̂     .  

So that  (* ̂+ * ̃+)      ̂    ̂ , hence  (* ̃+ * ̂+)    . Therefore 
 ̃    ({ ̃})   ̂, implies that  ̃   ̂. 

 (h1) Let  ̂̀  ̂̀    ̃ , set  ̂   ̂   ̂   ̂   
 . ̂̀  ̂̀/     *        ( ̂)    ̂ +     *       ̂   ̂+ 

    *       ̂   ̂ +     *        ( ̂)   ̂+   ( ̂  ̂) 
(h2) Let  ̂  ̂    ̃ , if  ̂   , we get  

 ( ̂  ̂)     *        ( )   ̂+     {         ̂}     
If  ̂   , we have  ( ̂  ̂)     *        ( ̂)   +    
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(h3) Let  ( ̂   ̂ )   ,  ̂   ̂ so * +     *        . ̂̀/   ̀ ̂ +. Then 
    
 ̃  ̂

  (* ̃+   ̂ )    and    
 ̂  ̂

 ( ̂ { ̃})   , so that  ̃   ̂ and  ̃   ̂. 

Hence  ̂   ̂     
(h4) Let  ̂  ̂   ̂    ̃ , 

 ( ̂  ̂   ̂)     *        . ̂̀ /    ̂̀   ̂+ 
     *         . ̂̀/   ̀ ̂      ( ̂)   ̂+ 

    *        *  ( )    ̂    ( ̂)   ̂+ +  
    [   {        ( ̂)   ̂}    *        ( ̂)   ̂+] 

    { .  ̀̂    ̀̂ /   (  ̂   ̂)}  
(h5) Let  ̂   ̂     ̃ , let     ,  - 
 (  ̂  ̂)     {        ( ̂)    ̂ }     *        ̂   (* ̃+  ̂)   +  
  ( ̂  ̂ )     .  

 
5. Conclusion 

In order to study the concept of a new kind of proximit space, the 
relationship between Dh-functional and the tower, as well as certain 
fundamental facts and instances, are used. It is shown to also include proximit 
space-related theorems. We also show the relation between proximit and metric 
space. 
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