Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 26 (2023), No. 6, pp. 1053-1064

DOI : 10.47974/JIM-1605

A new type of metric space via proximit structure

Dhuha Abdulameer Kadhim *
Department of Mathematics
College of Education for Girls
University of Kufa

Kufa

Iraq

Boushra Y. Hussein '
Department of Mathematics
College of Education
University of Al-Qadisiyah
Iraq

Abstract

The relationship between Dh-functional and the tower, as well as certain fundamental
facts and examples, are used to investigate the idea of a new type of proximit space.
Theorems relating to proximit space should also be included. Additionally, we demonstrate
how proximit and metric space are connected.
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1. Introduction

Lowen [17] showed how approach theory is frequently hidden behind
other theories, and how getting it to the foreground and implementing it
consistently enhances the theory, and he explained how contractions, continuous
functions, compact sets, and convergent sequences are commonly dealt with in
topology and analysis, as in many mathematical theories. Lowen [21] has both a
completion and a compactification construction in an appropriate
subcategory of approach. as well as the notion of contraction by an approach
system. R. Lowen and K. Robeys [14,15] established some basic definitions and
theorems in approach space which is a topological and metric space extension.
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More information about approach space can be found in [13]. M. Sion and W.
Haute [25] investigated an alternative notion of approach spaces based on a
roach cores. [27] presented the relationship between approach space and metric
space which is called a sober metric approach space. In [12,23] authors
considered distances. Functional analysis applications of approach theory are
discussed in [16,18-20]. A new kind of approach space made by [2].
Furthermore, Abbas and Hussein worked the completion normed approach space
in [1]. Additional details are available in [3-11,22,24,26]. This research looks
into the regularity of functionals between sets. In section 2, using the concepts
of Dh-functional and tower, the definitions of Dh-functional and proximit space
are presented. The examples of this idea are studied. In section 3, we receive the
most important theorems concerning this object.

2. Preliminaries
All of the subsets of the set X is symbolized by 2%,

Definition 2.1: [15] If the function §:X x 2% [0, o] mollifies the following
conditions, it is said to be a distance on X for all @ € X and A, B € 2X

(D1) 8(a,{a}h) =0,

(D2) 6(a, ) = oo,

(D3) §(a,A U B) =min(5(a,A),5(aB)),

(D4) Ve € [0,00]: §(&,A) < §(@8,A®) + &€ where A® = {d € X: §(8,A) < ¢}.

Definition 2.2: [15] A collection of functions t,: 2% - X , € € R is said to be
a tower on X if the following conditions are fulfilled for every €,y € R*:

(Tol) VA € 2%: A c t,(A),
(To2)t.(9) =0
(To3) VA, Be2X: ¢, (c/l U @) =t (c/l) Ut, (@)
(Tod) VAE2X st (t, (A)) € tory (A)
(To5) VA € 28 t,(A) = N t,(A).

e<y

Take note that with (To3) and (To5), we get
VA cBcX Va<peR:t,(A)ctz(B).

Definition 2.3: [15] An operator cl: 2% - 2% that determines the qualities of a

pretopology on a set X for all A, B € 2% is determined by an operator that
determines the properties of an operator on a set.

1. AcclA)
2. cl(®) =0,
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3. c(AUB)=cl(A)ucl(B).

This operator is said to be a pretopological closure operator. We call a set
X with a pretopology a pretopological space.

Proposition 2.4: [15]

1. If (tg)eem+ is tower, then Ve€ R¥,t, is a pretopological closureoperator,
and (To4) and (To5) are true.

2. Iftg is a pretopological closure operator, and (To4) and (To5) are fulfilled,
then t, is a is a topological closure operator, for each € >0, t. is a
pretopological closure operator, and (To4) and (To5) are true.

3. If ty is a is a topological closure operator, for every >0, t. is a
pretopological closureoperator, and (To4) and (To5) are fulfilled, then
(te) cesz+ 18 tower.

3. Proximit Metric Space
The relation between metric and proximit space, Dh-functional, and Lo-
tower are presented in this section.

Definition 3.1: We say that p: 2X x 2% [0, 0] is a Dh-functional on a set
X to satisfy the next: for each A, B, C€2X:

(hl)p(ﬁ,ﬁ.)=p(§.,ﬁ)
() A=0orB=0 thenp(cfi,%) = o0

03)p(AB.)=0thenAn.B = ¢
hd) p (:fi,@ ) é) = min{p (c/i, ﬁ ),p(ﬁ, é)}

(h5) p (’Jl,ﬁ) <p (c/ﬂ},é?]) +¢& +nVe,n € [0, ]
For every A € 2%, & € [0,0], we write ¢, (cfz) ={aeX|pda} A <
€}. Therefore the triple (X, p, t,) is called proximit space.

Example 3.2: Let X = [0, 0], define p: 2[0®] x 2[0°] - [0, 0] by
Oﬁ, ?§ unbounded

= ooc/i, B bounded
inf _inf |4 — 4|4, 71 < o0
€A HEB
Then (X, p, t,) is proximit space.
Solve: Let A, B, € € 201
(h1) Let 41, s1<co

@)
~—

p (A,
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p(A,B.) = inf,_ inf |4i — 71| = inf_ 1nf |11 —4i| = p(B,A)

AEA meB MEB
If A, B unbounded, then p(A,B) = 0 = p(B, A).
If A, B bounded, so p(A, B) = o = p(B, A).
(h2) If A, B unbounded, thus p(A, B) = inf inf |3 — 41| = o

3eA meB
If A, B bounded, then p(A,B) = 0
(h3) Let p(A,B) =0, so inf inf|7i — 71| =0. Therefore 4i = 4, thus
AEA 41 eB
#i €.AN B.ThenANB # Q.
(h4) Let A, B be bounded
p(cﬁ,%\ U.é) = inf inf |4 — | = 0 = min{p(A, B), p(A, C)}

€A MmeBUC

If 7, m < oo,
ABUC f f
p( ) 1ndq mlen f |n—m|
= irel‘fﬁ (mm{ 1__an|/n — 7, 1_an|% — ml})
=m1n(1nf inf |7 — 71|, inf 1nf |7 — /ml)
€A mEB €A it

mln(p(a‘l,B),p(a‘l, C))
If A, B unbounded, p(A, B U €) = o = min{p(A, B), p(A, C)}
(hS) If4i, 41 < oo, A, B € 219%], ¢, € [0, o0]
2 N — - f - f _ < . f . f .o _ .
P(AB) = Jof, Infln—ml < Jof, Juflri =l + e+
=p(A5EB") +e+7
If A, B unbounded, g,1 € [0, ]

p(A,B) = inf, inf |n M| =0 < p(ASB") +e+1
€

If A, B bounded, &,1 € [0, 0]
p(A,B) = inf_inf |7i —4it| = o0 < p(A%,B") + ¢ +1.
AEA meEB

Example 3.3: Let R be a set of real numbers, then (R", p,t,) is a proximit
space.

Solve: Let p: 2% x 2%" - [0, o0] be a function defined by
wA.=@orB.=0

p(ﬂB ) 1nf m%d(/r'i,frii);@.#:(bandﬁ.i(b

€B,

Let A, B, ¢ € 2%" such that 7 = (ny, 1y, ..., 0y), 41 =
(my, m,, ..., my) € R,

(h1) IfA # @ andB # 0,
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p(ﬁ,ﬁ) = inf_inf (s, ) = inf_inf d(st, 7)) = p(B,A)

AEA MEB
(h2) Ifd =0,p(AB) = inf - inf d(9, ) = o

13 =90, p(A3B) = Inf inf d(i,0) = o

(h3) If p (A,B) =0, so inf infd(sin,#i2) = 0. Then 4 = 7t = 7 € AN
. i . AEA mEB
‘B.Hence AN B + 0.

(h4) p(A,BU€) = inf inf d(sin,7r) =

AEA meBUC

= ian(min{ inf_d(nn,#), jrrllgéd(ﬁn,m)}) =

rineA nin€B
= i i , f f ’ = i A; B ) "’ >
min {;2‘2 %réf@d(/n, m) ;161‘/1 }y{é@d(’n m)} min{p(A, B), p(A, &)}

(h5) Let g, € [0, o]
NP — <
p (JZ,B) ;251 ;Lréf d(#,m) p(cﬂ B)

= inf inf d(#sin,7) +¢e+7

necﬁls 7 €eBN
= p(ﬂE,B”) +e+7.
Proposition 3.4: (1) Any (and all) of the following structures determine the
finest (discrete) proximit space in set X:

1. Dh-functional: p: 2X x 2% [0, 0] where Va € X and a‘i,fﬁ cX,
55 0aeANB
p(cA,B)z{ AEANB
od & Aord ¢ B
2. Tower: (t;),eq+ Where Ve € Rand A, B c X, ¢, (A) =A,t.(B) =B.
(2) Using any (or all) of the following structures, determine the coarsest
(indiscrete or trivial) proximit space on a set X:

1. Dh-functional: p: 2X¥ x 2% — [0, 0o] such that VA, B c X,
— 0A.#+ @and B #
) - (g StB 0
wA=QorB=0
2. Tower: (t; ) eq+ Where Ve € R and VA c X,
5 XA+0
o () -
{ =540

Proposition 3.5: Every metric space is proximit space.
Proof: Given a metric space (X, d), define p,: 2X x 2% 5 [0, o] by

S 0, A=0orB=0
pa(A-B) = | inf inf d (s, 1), A % ® and B.# 0

AE.A MmEB
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Then p, is distance on Xand (X, p,) 1s said to be proximit distance
generated by d or proximit metric space. Let c/l BE € 2%

1. IfA+#@andB.+0
pa(A.,B.) = inf infd(si, 71) = 1nf 1nf d(m i) = pa(B, A).

AEAMEB

IfA =0,ps(0,8) =candif B = Q), Pd(c/l, @) = oo.

2. Ifpy (A B) =0, so inf inf d(#in,41) = 0. Thensin = 7iv=> 4 € A N
_ R 7MEA MEB
B. Hence ANB + @.

3. IfA.# @B+ @. Then
pa (A.,BUC) = inf_ inf d(sin, 1)

#n€A neBul
= ;Trllgjﬂ (mln {}y&f@d(ﬂn, m), glleféd(nn, /m)})

= min( inf inf d(nn ), 1nf 1nf d(/nn m)).
HNEA e

= mln{pd (Jl,.‘B),pd (Jl, C)}
If A = 0. We get
pa (A.,B.UC.) = o = min{oo, 0} = min{p, (A.,B), pg (A.,C.)}.
If B.= @. Then
pa (A, B UC) = o =min{ew, 0} = min{p, (A, B),p, (A C)}.
5. Letgn€[0,00],A.,B.€e 2X. If A#Pand B.# @
pa (A.,B.) = :Lré; g\lefﬁd(n,m) < i%gcgsﬁliréf@nd(n,m) +e+7
= pa(AEBT) + e +1.
If A = 9, then py (A, B) = o and
pa(AEB" ) +e+n = inf inf ,A0E ) + £+
< inf inf d(fn/m)+£ -I-T] = oo,

AEAEMEB

If B = @, we get pg(A°, B”)+e+n— 1nf 1nf A0, 7it) + & + 1.

< inf inf d(nm)+s +r,"—oo
AEAE MmeB

Theorem 3.6: If (t.):c € R* is a tawer on'X,, then
p(A.,B.) = min{inf{e € R.7|A c t.(B.)} infly € R*|B.c ty(:ﬁ. )3}
forall A,B € 2Xisa Dh-functional on X.
Proof: Let A,Be 2X
(h1) p(A, B) = min(inf{e € R*: A.< t.(B.)}, inf{y e R*:B.c ¢, (A.)})
= min(inf{y € R*| B < t,(A)},inf{e € R*|A c t.(B)})
=p(B,A)
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(h2) if A = @, we have
p(A,B) = min(inf{e € R*|0 < t.(B)},infly € R*|B S t,(®)})
= min(inf{y € R*|0 < t,(B)},infle € RTB<S 9}) =
If B = @, we have
p(A,B) = min(infle € R¥|A < t.(0)},infly € R¥|0 < ¢,(A)})
= min(inf{y € R*|A S 0},inf{e € R*|0 C ty(ﬂ)}) = oo.
(h3) Let A, B € 2%, if p(A, B) = 0. We get
min(inf{e € R*|A € t.(B)},infly € R*| B c t,(A)}) =0,
then (inf{e € R*|A < t.(B)},inf{ly € R*| B c t,(A)}) = 0. Thus
inf{le € R*|A S t.(B)} = 0& infly e R*| B c t,,(A)} = 0.
So that ASB<t,(B)=0andBc Act,(A)=0. Take y,e =0,
then A S to(B) S B and B € ty(A) S A. Sothat ANB # 9.
(h4) Let A, B, é € 2%,
p(A,BUC) = min{inf{e € R*|A < t.,(BUC)}, inf{y € R*|B.c ty(cﬁ)}}
= minfinf{e € R*| A < t.(B)U t.(8)}, infly € R*|B < ¢,(A)}}
= minfinf{e € R*|A S t.(B) U t.(O)}, infly € R*|B < t,(A)}}
= min{min{inf{e € R*|A < t.(A)}, inf{y € R*|B.
c t,(A)},infle € R*|A < t.(C)},infly € R*|B c t,(A)}}
= min{p(A., B. ),p(c’/?.,é.)}
(hS5) Let A, B.€2%, let 6,9 € [0, 0]
p(A.,B.) = min{inf{e € R*|A < t.(B.)},infly € R*|B = t,(A)}}
< min{inf{e € R*|A c t.(B%)},infly e R*|B.c ¢, (A")}+ 60 +9
=p(A%B%)+ 0 +9.

Theorem 3.7: If p: 2% x 2% [0,0] is an Dh-functional onX for all
&,y € R*. Then the family t. defined by t.(A) = min{A¢, A} is a tower on
X.

Proof:
(Tol) Let A.€ 2%, let € € R*. Suppose that @ € A, since A. S A* such that
tg(c/i) = A*f. We have A°¢ C tg(c/i).
(To2) Let e € R*A € 2X  If A. = @, we obtain
te(A) = A ={aeX:p({a}, A) < ¢}.
But A = @, then p({@}, @) = . Hence t.(0) = 0.
(To3) Let A, B € 2%, let £ € R*.
Assume @ € to(A.UB), then @ € (A U B)". So that
(Avu @)S ={aeXip({x}, AUB) < ¢}
={a e X:min{p({a}, A),p({a}, B)} < ¢}
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={aeXp({a}, A) <ep({a}B) < ¢}
={aeXip({a}A) <eu{aeX:p({a}B)<e}
=t (A)ut(B)

(Tod) Let A € 2% let £,y € R*. Assume @ € te(t,(A)), then @ € ((A)V)©

such that

(A) )@ = (a e K:p{a}, AY) < e} = (@ € K p({a}, A) < & +7}

= te+y("4)

(To5) Let A € 2% , € €ERY. Assume that d € tg(cﬁ.), then @ € A® such that

Af = {a e X:ip({a}, A) < €}. Take € <y, since t.(A) = min{A*, A'}.
Thend € N ty(cﬁ).

<y

Lemma 3.8: Let X be a set and p: 2% x 2% o [0, 0], then the next statements
are equivelent:
(1) pis a Dh-functianal onX,
(2) p fulfills (h1)-(h4) and
(h5.1) for all A, B. € 2%, ve € [0, 0]: p(cfi B.) < p(AB®) +¢,

(3) p fulfills (h1)-(h4) and (h 5.2) VA.,B.,C.€2%: p(A,B.) < p(A,C.) +
sup p({c}, B),

cjeC
(4)  p satisfies (h1)-(h4) and (h5.3) vA"B.,C,D € 2%
p(A,B) < p(D.,6) + sup p({s},B) + sup p({d}, A).

seC

Proof: (1)=(2) From (1), we can deduce that (hl)-(h4) is fulfilled. We
demonstrate that (h5.1) is valid.

Since p(A,B.) < p(AE,B") + & +nVn € [0,0], but A
Thus p(A,B) < p(A,B) +¢& +1, since n € [0,] an
find p(A,B.) < p(A, B?) +e.
(2)=(1) Suppose that p is satisfy (h1)-(h4), we show that (hS5).
Let A, B € 2%, ¢,y € [0, 0]. Take A = A¢ and B.:= B, we have
p(AB) < p(A5B") +¢ +1
(3)= (4) Let AB.,CDe ZX, set A = @, we have (4).
(4)= (3) Given A, B.,C € 2% SetD c o‘i, we obtain (h5.2).
(1) = (4) Suppose that (1) is satisfy and let A, B, ¢, D belongs to 2% Take
¢ = inf{r € [0,0]:D. c A},

Af,B.c B".
B = B

c
nd

§

and
= inf{r € [0,00]: € c AP}
Then
p(AB) < p(A%B") +¢ +7 < p(D.C) +supp({c}, B) +sup p({d}, A).

ceé
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(4)= (1) Let A,B € 2% &,y € [0,0], Take D: = A®, C: = B®
p(A,B.) < p(D,€) + sup p({c}, B) + sup p({d}, A)
N cec deD

< p(A5BY) +¢ +7y.

Definition 3.9: 4 function t,: 2% 5 2% s called an Lo-tower on X such that
X is a set and for all € € R* so that the following conditions are fulfilled:

(Lo-T1) for all e € R*: t.(A) = max t, (A),

(Lo-T2) for each A, B, € € 2%, ve,y € R*: t(A) =B A t,({b}) =
Cfor each b € B, then t,,(A) = €

Theorem 3.10: IfX is a set, then

(1) If p is an Dh-functional on X, and for each € € R* such thatt, (o‘i) =Bif
and only if p(A, B) < &, then (t,),cp+ isan L-tawer on X,

(2)  If (t)eer+ is Lo-tawer on X, so p(A,B.) = inf{e € R*: t.(A) = B} is
Dh-functianal on X.

Proof:Let p be Dh-functional and let € € R* such that t.(A)=B.<
p(A,B) < e
(Lo—T1) Let @ € t.(A), @ € B. then @ € A* such that
Af ={aeX:p({a},A) < e}
Since p(A, B) < ¢, then for ¢ < y, max{d € X: p({a}, A) < & < y}. Thus
d € max{d € X:p({@}, A) <y}, thend € max t, (A). So

tg(cﬂ) = rg/l;;lz( t, (A).

(Lo.T22) Let A, B.,Ce2X et g,y € R* andb € B. such that tg(c/i) =B.A
t,({b}) = Cifandonly if p(A,B.) < e A p({b},C) <.
Suppose that @ € t.,,(A) implies @ € A*Y ={@a e X:p({a}, A) < e+
v}, but p is symmetric. Then p(@.,cﬁ) < ¢ from condition (h4). We obtain
p(B., AU C€) < min{e,y}, take {a} € AU B.,y < e.
So that p({B} {@})< ybeB., hence p({a},{h}) < y. Therefore
a € t,({b}) = C, implies that @ € €.
(h1) Let A, B € 2%, set A = A5, B = B*
(Ji @) inf(e € R*: t.(A) = B.} = inf{e € R*: A® = B}
= inf{e € R*: A = B} = inf{e € R*: t.(B) = A} = p(B, A)
(h2) Let A, B € 2% if A = 0, we get
p(A,B) = inf{e € R*: ¢t.(0) = B} = inf{le e R*: 9 = B} = oo.
If B = @, we have p(A, B) = infle € R*: t.(A) =0} =
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, ACSB so {0} =inf{e € R*:¢t, (Ji) =B.}. Then
and'relygp(cﬁ, {bh =0, so that a€B and ae€ A.
Hence A NB = 0.
(h4) Let A, B, €. € 2X,
p(A,BUC) = infe € R*: ¢, (cfi) =B UG
= inf{e €.R": ¢, (c/‘i) =B.U te(A) = ¢}
= inf{e € R*:min{t.(A) = B.,t.(A) = €}}
= min[inf{e € R*: t.(A) = B}, inf{e € R*: t.(A) = €}]
= min {p (ﬁ, 2’3\) ,p(A, 5)}
(h5) Let A, B.€2% | let 6, ¢ € [00]
p(A,B) = inf{e € R*: t.(A) =B.} = infle.€ R*: B = p({a}, A) < ¢}
<p(AB)+e+6.

5. Conclusion

In order to study the concept of a new kind of proximit space, the
relationship between Dh-functional and the tower, as well as certain
fundamental facts and instances, are used. It is shown to also include proximit
space-related theorems. We also show the relation between proximit and metric
space.
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