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Abstract

The concepts of Dh-contraction, proximit semigroup, proximit group, proximit vector
space and topological proximit space are introduced. There are a few instances and properties
provided. Convergence and Sequential Dh-contraction are both specified, in addition to the
terms Dh-contraction and Sequential Dh-contraction are interchangeable.
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1. Introduction

Approach spaces have some applicative backgrounds in all major of
mathematics containing probability theory [15], domain theory [16], group
theory [13] and vector spaces [14]. It is commonly known that the category met

* Orcid: https://orcid.org/0000-0002-9152-4162
" Orcid: https://orcid.org/ 0000-0003-4909-0126

* E-mail: dhuha.ebada@uokufa.edu.iq (Corresponding Author)
" E-mail: boushra.alshebani@qu.edu.ig

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
dx.doi.org/10.47974/JIM-1606

1066 D. A. KADHIM AND B. Y. HUSSEIN

of metric spaces and inexpensive maps lacks infinite products and co-products.
In order to address this issue, Robert Lowen [10] created approach spaces in
1989. These spaces are a generalization of metric and topology based on a
distance that can be described in a variety of comparable ways, such as in terms
of limit, gauge, and distance function between points and sets. Approach spaces
[12,17] can be used to define closure operators in topology, extended pseudo-
quasi-metrics for defining coarser topologies, and filter limit points,
respectively. R. Lowen and K. Robeys [11] established some basic definitions
and theorems in approach space which is a topological and metric space
extension. More information about approach space can be found in [9]. M. Sion
and W. Haute [18] investigated an alternative notion of approach spaces based
on approach cores. [19] presented the relationship between approach space and
metric space, which is similar to the relationship between topological and
ordered space and he presented a sober metric approach space. A new kind of
topological vector space which is called approach vector space made by [2].
Furthermore, Abbas and Hussein worked the completion normed approach space
in [1]. Additional information can be found in [3,4,5,6,7]. This research looks
into the regularity of functionals between sets. In section 2, we introduce some
concepts of proximit space and we look at some of the findings and discuss the
concept of Dh-contraction. Section 3 introduces the concept of proximit
semigroup and proximit group. We also provide basic features and examples.
Finally, topological proximit vector space, Dh-contraction, and proximit vector
space are demonstrated.

2. Preliminaries

Definition 2.1: [12] A collection of functions t,:2X — 2% & € R* is called a
tower on X if the following conditions are satisfied :

(1) VA€2X,veeR":A ct,(A),
(2) Ve€R':t.(0)=0
(3) VA Be2XveeR*:t(AUB) =t (A)Ut.(B),
4) VA€ 2% ve,y € Rt (t,(A)) C tey,y (A),
(5) VA€e2X,veeR":t(A)= Sgyty(cﬁ),
From (3) and (5), Then VA € B € X,Va < B € R*: t,(A) < t5(B).

Definition 2.2: [12] An operator cl: 2% — 2% that determines the qualities of a
pretopology on a set X for all A, B € 2X is determined by an operator that
determines the properties of an operator on a set.

1. Accl(A)
2. c@) =09,
3. cl(AUB)=cl(A)ucl(B).
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This operator is said to be a pretopological closure operator. We call a set
X with a pretopology a pretopological space.

Definition 2.3: [8] A functional p: 2% x 2X - [0,0] is said to be an Dh-
functional on X ( X is a set) if and only if the following conditions are satisfies:

(G1)V A, B € 2X: p(A, B) = p(B, A),
(G))VABE2ZX,A=00rB=0 = p(AB) =,
(G3)VA,BE2Xp(AB) =0=>AnB=+ 0,

(G4) VA, B,C € 2% : p(A,BUC) = min{p(A,B),p(A,C)},

(G5) VA, B € 2X,ve,n € [0,0]: p(A,B) < p(A5B") +¢ +1.

For every A € 2%, & € [0,0], we write t.(A):= {x € X | p({x}, A) < &}.
Therefore the triple (X, p, t.) is called proximit space.

Example 2.4: [8] Let X = [0, 0], define p: 2191 x 2[0°] [0, o] by
0A, B unbounded

p(A,B) = o A, B bounded
inf_inf |n —m|n,m < o
neEA meB

Then (X, p, t,) is proximit space.

Definition 2.5: A function f: (X, px, t:) = (Y, py, t¢) such that (X, px, t;) and
(Y, py, t.) are proximit space is called Dh-contraction if

f (tex(A)) € tey (F(A)) YA S X, Ve € R*.

Proposition 2.6: Suppose that (X, pyx, t.) is proximit spaces. Then identity map
L: (X, px, te) = (X, px, t) VA € X, Ve € R* is Dh-contraction.

Proof: Let A <SX,e€R* such that I(A) = A. Let €1, (tg(u‘i)), then
x € tg(cfi). Hence x € t, (Ix(o‘i)), So I, is Dh-contraction.

Proposition 2.7: Suppose that (X, px, ts), (Y, py, t.) and (Z, pz, t.) are proximit
spaces. If the function h: (X, px, t;) = (Y, py, ts) and j: (Y, py, to) = (Z, pg, te)
are Dh-contraction, then j o h is Dh-contraction.

Proof: Let A € X, & € R such that j o h: (X, px, t.) = (Z, py, t.) be a function.
Letx€ (joh) (tgx(cﬁ)), then x € (j(h (tgx(cﬁ))). But h is Dh-contraction, it
follows that x€j (tEY(h(o‘i))). Also j is Dh-contraction, hence x €
te, (h(A))). Therefore x € t.,(j  h)(A))). Then (j o h) (tax(ﬂ)) Cte,(o
h)(A))), so that j o h is Dh-contraction.
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Proposition 2.8: If (X px t.), (Y, py,t.) is a proximit space and
h: (X, px, te) = (Y, py, t.) is Dh-contraction, then the restriction h|g is Dh-
contraction VS € X.

Proof: Assume that h: (X, px, t.) = (Y, py, te) is Dh-contraction. We define
restriction j:S — (Y, py, t;) as j(v) = h(v) Vv € S, assume x Ej(tgx(cﬁ)).
Then x€h (tSX(cﬁ)), but h is Dh-contraction. Hence x € tw(h(cﬁ)), so
x € tw(j(a‘i)). Thus j (tsx(ﬂ)) c teY(j(ﬂ)), hence h|g is Dh-contraction.

3. Proximit Semi Group and Proximit Group

The terms "proximit semigroup,” "proximit group," and "proximit
subgroup" are defined in this section. Furthermore, instances and theorems are
investigated.

Definition 3.1: A quadruple (X, p, t., +) is said to be proximit semi group if and
only if

1. (X p,t.) is proximit space.

2. (X, +) is semi group.

3. +:X®X — X such that (x,y) — x + y is Dh-contraction.

Definition 3.2: A quadruple (X, p, t., +) is said to be proximit group if and only
if

1. (X p,t,) is proximit space.

2 (X, +) is group.

3.  +:X®X - X such that (x,y) — x + y is Dh-contraction.

4 —: X — X such that x = —x is Dh-contraction.

Example 3.3: If R is the set of real numbers and + is an addition binary
operation with Dh-functional p, then (R™, p, t,, +) is proximit group.

Solve:

1. (R",p,t,) is proximit space.

2. (R", +) is group.

3. We prove +:R"™@R"™ — R™ such that Dh-contraction is defined by
(xnh)—x+naforallx = (x1,%,, ..., %,), A = (Ny, Ry, ..., hy).
Let A,BCSR"e€R" Assume that x € f(t.(A) t:(B)), then x€
[te(A) +t(B)]. So that x€ min{t.,(A),t(B)} = min{p({zx}, A) <
gp({x},B) <e} it follows that min{p({x},A),p({z},B)} <& and
p({z}, A + B) < ¢ therefore x € t.(A + B). So x € t.(f(A), f(B))
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4.  We show that —:R™ - R™ such that x+— —x is Dh-contraction. Let
x € f(t:(A)), then x € (—tg(a‘i)). So that p({z}, —A) < € implies that
X € tg(—a‘i). Thus x € tg(f(c/i)), so that (R™, p, t, +) is proximit group.

Example 3.4: The set C[a, b] of all continuous functions on the interval [a, b].
Then (C[a, b], p, te, +,.) is proximit group.
oA=0orG=0

p(A,G) = sup suplh(x) —jx)| A #0and G # @
heA jEG

Solve: Let A, G, H € 2¢1ab]
(Gl if A+0,6+0
p(A,G) = sup sup|h(x) — j(®)| = sup suplj(x) — h(x)| = p(A, 6)
heF jee J€G heA

(G2) If A = 0,p(A, G) = suppeq supl@ — j(x)| = oo
j€G

IfG = @,p(A,G) = supye, suplh(z) — 0] = o
jeo

(G3) If p(A,G) = 0, then 0 = sup sup|h(z) — j(®)|. It follows that h(x) =

R heA jEG
j®),s0ANG # 0.
(G4) Let p(A,GUH) = sup sup |h(x) — j(®)|
heA jJEGUH

= sup (min{SUPIh(x) —j(®)],sup sup|h(z) —j(X)I}>
jeG heA jEH

hed j
= min <{surz sup|h(z) — j(®)|, sup sup|h(x) —j(x)l}>
. . heA jeG heA jeH
= min{p(A, G), p(A, H)}
(G5) Let A, G € 2€1%P1 £, € [0, 0]
p(c/l,G) = sup ;uplh(x) —j®| < sup sup lh(x) —j@®)|+e+n
hed jeG heA jEG
=p(A56") +e+7n

2. (Cla,b],+) is group.

3. We prove +:C[a, b]®C[a,b] = C[a, b] such that (h,j) +— h +j is Dh-
contraction. Let x € f(t.(A), t-(G)), then x € t.(A) + t.(G). It follows
min{p({x}, A), p({x}, )} < e,

p({x}, A + G) < & hence x € t.(f(A,G))
4. Letx€ f(t,(A)), thenx € (—tg(cﬁ)). It follows that p({x}, —A) < &, so

that x € (tg(f(c/i)). Then (C[a, b], p, t¢, +) is proximit group.

Definition 3.5: If (X, p, t., +) is proximit group and Y € X, then Y is said to be
proximit subgroup if the following conditions are satisfied:
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1. (Y, p,t,) is proximit space
2. (Y, +) is subgroup
3. j:YXY - Y such that j(x,4) = x * ¢! is Dh-contraction.

Example 3.6: Let Z be the set of integers and if p is an Dh-functional defined
by
L oA=0orB=0
p(AB) = inf inflx—y| A#@and B+ @

*€A y€EB

Then (Z, p, t., +)is a proximit subgroup of Q.

4. Proximit Vector Space
We present the idea of proximit vector space and show the new results.

Definition 4.1: A quintuple (X, p, t,, +,.) is called proximit vector space such
that X is a non-empty set with two binary operations (addition and scalar
multiplication) and triple (X, p,t.) is Proximit space if satisfy the following
conditions Vg, g"* € X,9,( € field E.

1 (X, p, tg, +) is proximit group.
2. {.g€V

3. C(g+g)=0g+ g

4. (g+9)=9.{+g".¢

5. 0.9.92=90g)

6 l.g=g

Example 4.2: Let C[a, b] be set of all continuous functions on the interval
[a, b]. Then (C|a, b], p, t, +,.) is proximit vector space.

Proof:

1.  (Cla,b],p,ts+) is proximit group by Example (3.4 ).

2. a.f(x) €Cla,b].

3.  Since C[a, b] is linear space, then a(f )+ g(x)) =af(x) +ag®)
4. (f(x) + g(x))a =f@.a+g@®.a

5. (0.0.f(® =9(f(®)

6. 1.f(x =f(.

Then (C[a, b], p, te, +,.) is proximit vector space.

Definition 4.3: A subset U of proximit vector space (X, p, t., +,.) over a field E
is said to be proximit subspace if the following conditions are holds:
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1. U is subspace of vector space
2. (U, py,ts) is proximit space.

Remark 4.4: We denoted topological space by (X,T) where T is a family of
open sets such as associated closure operator, denoted by cly.

Definition 4.5: A topological space (X, T) that associated with a proximit space
which its defined as a function py: 2% x 2X - [0, 0] such that

.~ 0,A € cly (B
( a‘l,B) — ‘ ¢ T(A)
o, A & clp(B)
Proximit space of kind (X, T, py) for T of X is said to be a topological

proximit space. Also, Dh-functional of type p; is said to be a topological Dh-
functional.

Proposition 4.6: Suppose that (Y, p, t., +,.) is proximit vector space on a field
E. A topological proximit space induced by topology Ty, denoted by (Y, Ty)
satisfy the following:

1.  Themap +:Y XY — Y such that (x,4) — ¥ + ¢ is Dh-contraction
2.  The map.:E X Y — Y such that (a, ) — ax is Dh-contraction.

Proposition 4.7: Let (Y, T) be topological space, then a function pr:2Y x 2Y —
[0, ] defined by

0,A S cly(B)

o, A & cly(B)

pr(48) = {

is Dh-functional.

Proof:

(1) LetA, Be2Y,ifAC clp(B). Then pp(A,B) =0 = pr(B, A).
if A & clyp(B). Then pr(A,B) = o = pr(B, A).

(2) Let ABe2Y, if Accly(B) and if B=9@. Thus cly () =0,
s0 pr(A, B) = oo.

(3) Let A,B €2, if pr(A B)=0. Then A < clr(B), but A < cly(A)
and B € cly(B).Thus A NB = 0.

(4) LetA,B,C € 2Y, Thus clp(A UB) = ¢;(A) U clyp(B), so
pr(4,B U €) = min(pr(A, B), pr(A, €)).

(5) Let A Be2V,ey€[0,»], Thus A*=cly(A)B" =clp(B), A* =
Yand BY =Y. So that pp(A, B) < pr(A5,BY) +e+7.
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Theorem 4.8: If (Y, py, t,,) is proximit vector space, M is closed proximit
subspace of (Y, py, ty). Then (Y/J\/[,p\’(/M, tsy/M) is proximit vector space

such that pi/M :2Y/* x 2Y/% 5 [0,c0] is defined by p\'(/M(o‘l,@) =
py) (P +AQ+B) = py(AB)

Proof: Let ABCcCY
1. p{(/M(c/i +M,B+ M) =py(AB)=py(BA) = p{(/M(ﬁ + M, A+
M)
2. IfA=0orB=0Q,then p{(/M(c/i +M,B+M) = py(AB)=c
3. pr{(/M(c/i +M,B + M) = 0,then py(A,B) = 0. So that A N B # 0.
4 by, (A+Mm,(B+M)u(E+M))= Pl (A +20,(BUC) + ),
then py (A, B U €) = min{py(A, B), py(A, €)}
= min{p{(/M(o‘i +M,B + M),p{(/M(c/i +M,C+ M)}
5. LetdA,Be2/m eyel0,]
Py (A+20,B+ M) = py(AB) < py (A,B) +e+y
< p{(/M(cfiE +M,BY+M)+e+y.
Then (Y/M , py I t.) is proximit space.
2. (Y/M,+) is group.
3. +: Y/ MXY/M - Y/M suchthat x+M,y+ M) —x+y+M
Let A,B C Y/M,s € R*. Suppose that x € f(t.(A + M,B + M)), then
€t (A+B+M). It follows p\'(/M({x},cﬁi +B+ M) <e Thus
1€t (f(A+M,B+M))
4, LetACc Y/M,s € R*. Suppose that x € f(ty/M(c/i)), then

x€ (—ty/M(c%i + M)) Hence p{(/M ({x}, —(A+ M)) Ser, . SO
z € (t(f(A))), then (Y/J\/[,p{(/M, t., +) is proximit group.

The remaining condition is direct.

Definition 4.9: If (Y, p, t,) is proximit vector space and (X,,) is a sequence in
(Y,p,t;), then (X,) is said to be convergent if IX €Y such that

lim inf p({X,,},B) = 0 and lim supp({%,},B) =0
n—oo —00
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Definition 4.10: If (Y, py, t.) and (W, py, t.) are proximit spaces. We say that
the function ¢:Y — W is sequentially Dh-contraction if lim ¢ (tEY ({Xn})) =
n—-oo
0 whenever lim t, ((p({%n})) =0.
n-co "y

Theorem 4.11: If (V,py,t.) and (W, py,t.) are proximit spaces. Then a
function @:Y — W is Dh-contraction if and only if its sequentially Dh-
contraction.

Proof: Let ¢ be an Dh-contraction, let {X,} be convergent sequence. Then
lim infp({X,},B) =0 and lim supp({¥X,},B) =0, but ¢ (th({%n})) c
n—-oo n—-oo

teyy (@({X,D). Then lim ¢, (9 ({X,})) = 0 implies that lim ¢ (th({xn})) =
n-oo T n—-oo

0. Thus ¢ is sequentially Dh-contraction.
Conversely, assume that ¢ is sequentially Dh-contraction. If ¢ is not Dh-

contraction, then ¢ (tSY ({%n})) ¢ tsw(<p({$n})) such that there exists
f€Q@ (tSY ({}Zn})) € teyy (p({%,})). Since ¢ is sequentially Dh-contraction,
then lim ¢ (tEY({fn})) =0 whenever lim¢t, (o({¥,))=0 which is

contradiction.

5. Conclusion

The regularity of functionals between sets is the subject of this study. The
terms proximit semigroup and proximit group, as well as other proximit space
notions, are introduced here. The notion of Dh-contraction is discussed as we
look at some of the results. Furthermore, we include fundamental details and
illustrations. Topological proximit vector space, Dh-contraction, and proximit
vector space are studied.
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