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Abstract  
The concepts of Dh-contraction, proximit semigroup, proximit group, 

proximit vector space and topological proximit space are introduced. There are a 
few instances and properties provided. Convergence and sequentially Dh-
contraction are both specified, in addition to the terms Dh-contraction and 
sequentially Dh-contraction are interchangeable. 
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1. Introduction  
Approach spaces have some applicative backgrounds in all major of 

mathematics containing probability theory [15], domain theory [16], group 
theory [13] and vector spaces [14]. It is commonly known that the category met 
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of metric spaces and inexpensive maps lacks infinite products and co-products. 
In order to address this issue, Robert Lowen [10] created approach spaces in 
1989. These spaces are a generalization of metric and topology based on a 
distance that can be described in a variety of comparable ways, such as in terms 
of limit, gauge, and distance function between points and sets. Approach spaces 
[12,17] can be used to define closure operators in topology, extended pseudo-
quasi-metrics for defining coarser topologies, and filter limit points, 
respectively. R. Lowen and K. Robeys [11] established some basic definitions 
and theorems in approach space which is a             and metric space 
extension. More information about approach space can be found in [9]. M. Sion 
and W. Haute [18] investigated an alternative notion of approach spaces based 
on approach cores. [19] presented the relationship between approach space and 
metric space, which is similar to the relationship between topological and 
ordered space and he presented a sober metric approach space. A new kind of 
topological vector space which is called approach vector space made by [2]. 
Furthermore, Abbas and Hussein worked the completion normed approach space 
in [1]. Additional information can be found in [3,4,5,6,7]. This research looks 
into the regularity of functionals between sets. In section 2, we introduce some 
concepts of proximit space and we look at some of the findings and discuss the 
concept of Dh-contraction. Section 3 introduces the concept of proximit 
semigroup and proximit group. We also provide basic features and examples. 
Finally, topological proximit vector space, Dh-contraction, and proximit vector 
space are demonstrated.  

 
2. Preliminaries  
Definition 2.1: [12] A collection of functions         ,      is called a 
tower on   if the following conditions are satisfied : 
(1)   ̂            ̂    ( ̂)  
(2)          ( )    
(3)   ̂  ̂             ( ̂   ̂)    ( ̂)    ( ̂)  
(4)   ̂               (  ( ̂))      ( ̂)  
(5)   ̂             ( ̂)   

   
  ( ̂)  

From (3) and (5), Then   ̂   ̂               ( ̂)    ( ̂). 
 
Definition 2.2: [12] An operator          that determines the qualities of a 
pretopology on a set   for all        is determined by an          that 
determines the properties of an operator on a set.  
1.  ̂    ( ̂) 
2.   ( )     
3.   ( ̂   ̂)    ( ̂)    ( ̂)  
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This operator is said to be a pretopological closure operator. We call a set 
  with a pretopology a pretopological space. 
 
Definition 2.3: [8] A functional          ,   - is said to be an Dh-
functional on   (   is a set) if and only if the following conditions are satisfies: 
(G1)    ̂        ( ̂  ̂)   ( ̂  ̂)  
(G2)    ̂       ̂        ̂       ( ̂  ̂)     
(  )    ̂       ( ̂  ̂)        ̂   ̂      
(  )   ̂  ̂  ̂       ( ̂  ̂   ̂)     * ( ̂  ̂)  ( ̂  ̂)+  
(G5)   ̂             ,   -    ( ̂  )    ( ̂    )      . 

 
For every  ̂        ,   -, we write   ( ̂)  *       (* +  ̂)   +. 

Therefore the triple (      ) is called proximit space. 
 

Example 2.4: [8] Let   ,   -, define    ,   -   ,   -  ,   - by  

 ( ̂  )  {
   ̂  ̂           
    ̂  ̂         

    
   ̂

    
   ̂

            
 

Then (      ) is proximit space. 
 
Definition 2.5: A function    (       )  (       ) such that (       ) and 
(       ) are proximit space is called Dh-contraction if  

 .   ( ̂)/     ( ( ))   ̂         . 

 
Proposition 2.6: Suppose that (       ) is proximit spaces. Then identity map 
    (       )  (       )   ̂          is Dh-contraction. 
 
Proof: Let  ̂         such that   ( ̂)   ̂. Let     .  ( ̂)/, then 
    ( ̂). Hence     (  ( ̂)), So    is Dh-contraction.  
 
Proposition 2.7: Suppose that (       ) (       ) and (       ) are proximit 
spaces. If the function    (       )  (       ) and    (       )  (       ) 
are Dh-contraction, then     is Dh-contraction. 
 
Proof: Let  ̂         such that      (       )  (       ) be a function. 
Let   (   ) .   ( ̂)/, then   ( ( .   ( ̂)/). But   is Dh-contraction, it 
follows that    (   ( ( ̂))). Also   is Dh-contraction, hence   
   ( ( ( ̂))). Therefore      (   )( ̂))). Then (   ) .   ( ̂)/     (  
 )( ̂))), so that     is Dh-contraction. 
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Proposition 2.8: If (       ) (       ) is a proximit space and 
  (       )  (       ) is Dh-contraction, then the restriction     is Dh-
contraction     . 
 
Proof: Assume that   (       )  (       ) is Dh-contraction. We define 
restriction     (       ) as  ( )   ( )     , assume    .   ( ̂)/. 
Then    .   ( ̂)/, but   is Dh-contraction. Hence      ( ( ̂)), so 

     ( ( ̂)). Thus  .   ( ̂)/     ( ( ̂)), hence     is Dh-contraction. 
 
3.  Proximit Semi Group and Proximit Group 

 The terms "proximit semigroup," "proximit group," and "proximit 
subgroup" are defined in this section. Furthermore, instances and theorems are 
investigated. 
 
Definition 3.1: A quadruple (        ) is said to be proximit semi group if and 
only if  
1. (      ) is proximit space. 
2. (   ) is semi group. 
3.         such that (   )      is Dh-contraction. 

 
Definition 3.2: A quadruple (        ) is said to be proximit group if and only 
if  
1. (      ) is proximit space. 
2. (   ) is group. 
3.         such that (   )      is Dh-contraction. 
4.       such that      is Dh-contraction. 

 
Example 3.3: If   is the set of real numbers and   is an addition binary 
operation with Dh-functional  , then (         ) is proximit group.  
 
Solve: 
1. (       ) is proximit space. 
2. (    ) is group. 
3. We prove            such that Dh-contraction is defined by 

(   )                (          )   (          ). 
 Let  ̂  ̂         . Assume that    (  ( ̂)   ( ̂)), then   

,  ( ̂)    ( ̂)-. So that      {  ( ̂)   ( ̂)}     * (* +  ̂)  
   (* +  ̂)   + it follows that    * (* +  ̂)  (* +  ̂)+    and 
 (* +  ̂   ̂)    therefore     ( ̂   ̂). So     ( ( ̂)  ( ̂)) 
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4.  We show that         such that      is Dh-contraction. Let 
   (  ( ̂)), then   .   ( ̂)/. So that  (* +   ̂)    implies that 
    (  ̂). Thus     ( ( ̂)), so that (         ) is proximit group.  
 

Example 3.4: The set  ,   - of all continuous functions on the interval ,   -. 
Then ( ,   -         ) is proximit group. 

 ( ̂  )  {
   ̂          

    
   ̂

    
   

  ( )   ( )   ̂            

Solve: Let  ̂       ,   -  
(G1) if  ̂        

 ( ̂  )     
   

    
   

  ( )   ( )      
   

    
   ̂

  ( )   ( )   ( ̂  ) 

(G2) If  ̂     ( ̂  )            
   

    ( )    

If      ( ̂  )        ̂    
   

  ( )       

(G3) If  ( ̂  )   , then      
   ̂

    
   

  ( )   ( ) . It follows that  ( )  

 ( ), so  ̂     . 
(G4) Let  ( ̂    )     

   ̂
    
     

  ( )   ( )  

     
   ̂

 (   {    
   

  ( )   ( )     
   ̂

    
   

  ( )   ( ) }) 

    ({   
   ̂

    
   

  ( )   ( )     
   ̂

    
   

  ( )   ( ) }) 

     * ( ̂  )  ( ̂  )+ 
(G5) Let  ̂     ,   -     ,   -  
 ( ̂  )     

   ̂
    
   

  ( )   ( )     
   ̂

    
   

   ( )   ( )     

  ( ̂    )      
2. ( ,   -  ) is group. 
3. We prove    ,   -  ,   -   ,   - such that (   )      is Dh-

contraction. Let    (  ( ̂)   ( )), then     ( ̂)    ( ). It follows 
   * (* +  ̂)  (* +  ))+   ,  

 (* +  ̂   )              ( ( ̂  )) 
4. Let    (  ( ̂)), then   .   ( ̂)/. It follows that  (* +   ̂)   , so 

that   .  ( ( ̂)/. Then ( ,   -       ) is proximit group. 
 
Definition 3.5: If (        ) is proximit group and    , then   is said to be 
proximit subgroup if the following conditions are satisfied: 
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1. (      ) is proximit space 
2. (   ) is subgroup 
3.          such that  (   )        is Dh-contraction. 
 
Example 3.6: Let   be the set of integers and if   is an Dh-functional defined 
by  

 ( ̂  ̂)  {
   ̂        ̂   

    
   ̂

    
   ̂

       ̂         ̂    

Then (        )is a proximit subgroup of  . 
 
4. Proximit Vector Space 

We present the idea of proximit vector space and show the new results.  
 
Definition 4.1: A quintuple (          ) is called proximit vector space such 
that   is a non-empty set with two binary operations (addition and scalar 
multiplication) and triple (      ) is Proximit space if satisfy the following 
conditions                    .   
1.  (        ) is proximit group. 
2.       
3.   (    )         
4. (    )           
5. (   )    (  )  
6.       
 
Example 4.2: Let  ,   - be set of all continuous functions on the interval 
,   -. Then ( ,   -         ) is proximit vector space. 
 
Proof: 
1. ( ,   -       ) is proximit group by Example (3.4 ). 
2.    ( )   ,   -. 
3. Since  ,   - is linear space, then  ( ( )   ( ))    ( )    ( )  
4. ( ( )   ( ))   ( )    ( )   
5. (   )  ( )   (  ( )) 
6.    ( )   ( ). 

 
Then ( ,   -         ) is proximit vector space.  

 
Definition 4.3: A subset   of proximit vector space (          ) over a field   
is said to be proximit subspace if the following conditions are holds:  
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1.   is subspace of vector space  
2. (       ) is proximit space. 
 
Remark 4.4: We denoted topological space by (   ) where   is a family of 
open sets such as associated closure operator, denoted by    . 
 
Definition 4.5: A topological space (   ) that associated with a proximit space 
which its defined as a function          ,   - such that  

( ̂  ̂)  {   ̂     ( ̂)
   ̂     ( ̂)

  

Proximit space of kind (      ) for   of   is said to be a topological 
proximit space. Also, Dh-functional of type    is said to be a topological Dh-
functional. 
 
Proposition 4.6: Suppose that (          ) is proximit vector space on a field 
 . A topological proximit space induced by topology   , denoted by (    ) 
satisfy the following: 
1. The map         such that (   )      is Dh-contraction 
2. The map.       such that (   )     is Dh-contraction. 
 
Proposition 4.7: Let (   ) be topological space, then a function          
,   - defined by  

  ( ̂  ̂)  {    ̂     ( ̂)
   ̂     ( ̂)

  
is Dh-functional. 
 
Proof:  
(1) Let  ̂  ̂    , if  ̂     ( ̂). Then   ( ̂  ̂)      ( ̂  ̂). 
 if  ̂     ( ̂). Then   ( ̂  ̂)      ( ̂  ̂). 
(2) Let  ̂  ̂    , if  ̂     ( ̂) and if  ̂   . Thus    ( )   , 

so   ( ̂  ̂)   . 
(3) Let  ̂  ̂    , if   ( ̂  ̂)   . Then  ̂     ( ̂), but  ̂     ( ̂) 

and  ̂     ( ̂).Thus  ̂   ̂   . 
(4) Let  ̂  ̂  ̂    , Thus    ( ̂   ̂)    ( ̂)     ( ̂), so 
   ( ̂  ̂   ̂)     (  ( ̂  ̂)   ( ̂  ̂)). 
(5) Let  ̂  ̂         ,   -, Thus  ̂     ( ̂)  ̂     ( ̂),  ̂  

       ̂   . So that   ( ̂  ̂)    ( ̂   ̂ )       
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Theorem 4.8: If (        ) is proximit vector space,   is closed proximit 
subspace of (        ). Then (  ⁄     ⁄

      ⁄
) is proximit vector space 

such that     ⁄     ⁄     ⁄  ,   - is defined by    ⁄
 (   ̂)  

   ⁄
 (       ̂)    ( ̂  ̂)  

 
Proof: Let  ̂  ̂  ̂     
1.    ⁄

 ( ̂     ̂   )    ( ̂  ̂)    ( ̂  ̂)     ⁄
 ( ̂     ̂  

 ) 
2. If  ̂        ̂   , then    ⁄

 ( ̂     ̂   )     ( ̂  ̂)    

3. If    ⁄
 ( ̂     ̂   )           ( ̂  ̂)   . So that  ̂   ̂   . 

4.    ⁄
 . ̂    ( ̂   )  ( ̂   )/     ⁄

 ( ̂    ( ̂   ̂)   )   
 then   ( ̂  ̂   )     *  ( ̂  )   ( ̂  )+ 

     *   ⁄
 ( ̂     ̂   )    ⁄

 ( ̂     ̂   )+ 

5. Let  ̂  ̂     ⁄ ,     ,   - 
   ⁄

 ( ̂     ̂   )    ( ̂  ̂)    . ̂  ̂̂/      

    ⁄
 ( ̂     ̂   )     . 

Then (  ⁄     ⁄
    ) is proximit space. 

2. (  ⁄   ) is group. 
3.      ⁄    ⁄    ⁄  such that (       )        
 Let  ̂  ̂    ⁄        Suppose that    (  ( ̂     ̂   )), then 

    ( ̂   ̂   ). It follows    ⁄
 (* +  ̂   ̂   )    . Thus 

    ( ( ̂     ̂   ))  

4. Let  ̂    ⁄        Suppose that    (   ⁄
( ̂)), then 

   (    ⁄
( ̂   )). Hence    ⁄

 .* +  ( ̂   )/     ⁄
, so 

  (  ( ( ̂))), then (  ⁄     ⁄
      ) is proximit group. 

The remaining condition is direct. 
 
Definition 4.9: If (      ) is proximit vector space and 〈  〉 is a sequence in 
(      ), then 〈  〉 is said to be convergent if      such that 
    
   

    (*  +  ̂)    and     
   

    (*  +  ̂)    
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Definition 4.10: If (       ) and (       ) are proximit spaces. We say that 
the function       is sequentially Dh-contraction if     

   
 .   (*  +)/  

  whenever     
   

  
 
( (*  +))   . 

 
Theorem 4.11: If (       ) and (       ) are proximit spaces. Then a 
function       is Dh-contraction if and only if its sequentially Dh-
contraction. 
 
Proof: Let   be an Dh-contraction, let *  + be convergent sequence. Then 
    
   

    (*  +  ̂)    and     
   

    (*  +  ̂)   , but  .   (*  +)/  
   ( (*  +)). Then     

   
  

 
( (*  +))    implies that     

   
 .   (*  +)/  

 . Thus   is sequentially Dh-contraction.  
Conversely, assume that   is sequentially Dh-contraction. If   is not Dh-

contraction, then  .   (*  +)/     ( (*  +)) such that there exists 

   .   (*  +)/       ( (*  +)). Since   is sequentially Dh-contraction, 

then     
   

 .   (*  +)/    whenever     
   

  
 
( (*  +))    which is 

contradiction. 
 
5. Conclusion 

The regularity of functionals between sets is the subject of this study. The 
terms proximit semigroup and proximit group, as well as other proximit space 
notions, are introduced here. The notion of Dh-contraction is discussed as we 
look at some of the results. Furthermore, we include fundamental details and 
illustrations. Topological proximit vector space, Dh-contraction, and proximit 
vector space are studied. 

 
References  
[1] R. K. Abbas and B Y Hussein, New Results of Completion Normed 

Approach Space, Iraqi Journal of Science, 63(5), 2103-2113, 
https://doi.org/10.24996/ijs.2022.63.5.25, (2022). 

[2]  R. K. Abbas and B Y Hussein, A new kind of topological vector space: 
Topological approach vector space, AIP Conference Proceedings 2386, 
060008, https://doi.org/10.1063/5.0066971, (2022). 

[3]  D. G. Bhimani, Contraction of functions in modulation spaces, Integral 
Transforms and Special Functions, 26, (2015). 
https://doi.org/10.1080/10652469.2015.1036055 

[4] N. Fabiano, V. Parvaneh, D. Mirković, L.Paunović, S. Radenović, On 
W-contractions of Jungck-Ćirić-Wardowski-type in metric spaces, Cogent 
Mathematics & Statistics, 7, (2020). 
https://doi.org/10.1080/25742558.2020.1792699 

References 

	 [1]	 R.K. Abbas, B.Y Hussein, New Results of Completion Normed 
Approach Space, Iraqi Journal of Science, 63(5) (2022), https://doi.
org/10.24996/ijs.2022.63.5.25.

	 [2]	 R.K. Abbas, B.Y Hussein, A new kind of topological vector space: 
Topological approach vector space, AIP Conference Proceedings 
2386, 060008 (2022). https://doi.org/10.1063/5.0066971.

	 [3]	 F. Afzal, Shah Rukh, D.Afzal, M.R.Farahani, M.Cancan, S. Ediz. A 
study of non-commutative Von-Neumann regular rings. Journal of 
Information and Optimization Sciences, 42(7), 1425-1436 (2021). https://
doi.org/10.1080/02522667.2021.1896650.



1074� D. A. KADHIM AND B. Y. HUSSEIN

	 [4]	 Z. Ahmad, M.A. Chaudhary, A.Q. Baig, M.A. Zahid. On metric 
dimension of P(n,2)*K1 graph. Journal of Discrete Mathematical Sciences 
and Cryptography. 24(2), 629-645 (2021). https://doi.org/10.1080/097
20529.2021.1907017.

	 [5]	 Z. Ahmad, M.A. Chaudhary, A.Q. Baig, M.A. Zahid. Fault-tolerant 
metric dimension of P(n,2)*K1 graph. Journal of Discrete Mathematical 
Sciences and Cryptography. 24(2), 647-656 (2021). https://doi.org/10.1
080/09720529.2021.1899209.

	 [6]	 D.G. Bhimani, Contraction of functions in modulation spaces, Integral 
Transforms and Special Functions, 26 (2015). https://doi.org/10.1080/1
0652469.2015.1036055.

	 [7]	 S. Ediz, İ. Çiftçi, M. Cancan, M.R. Farahani, On k-total distance 
degrees and k-total Wiener polarity index. Journal of Information and 
Optimization Sciences. 42(7), 1469-1477 (2021). https://doi.org/10.108
0/02522667.2021.1896652.

	 [8]	 N. Fabiano, V. Parvaneh, D. Mirković, L.Paunović, S. Radenović, On 
W-contractions of Jungck-Ćirić-Wardowski-type in metric spaces, 
Cogent Math., Statistics, 7 (2020). https://doi.org/10.1080/25742558.
2020.1792699.

	 [9]	 A.P. Farajzadeh , J. Zafarani, Equilibrium problems and variational 
inequalities in topological vector spaces, Optimization, 59, (2010). 
https://doi.org/10.1080/02331930801951090.

[10]	 G. Jäger, Extensions of contractions and uniform contractions on 
dense subspaces, Quaestiones Mathematicae, 37 (2014). https://doi.or
g/10.2989/16073606.2013.779984.

[11]	 G. Jäger, Quantale-valued generalizations of approach spaces and 
quantale-valued topological spaces, Quaestiones Mathematicae, 42 
(2019). https://doi.org/10.2989/16073606.2018.1516250

[12]	 Dh. A. Kadhim, A New Type of Metric space Via Proximit Structure, 
In press. 

[13]	 E. Lowen, R. Lowen, A quasitopos containing CONV and MET as 
full subcategories, Internat. J. Math. and Math. Sci. 11, 417-433 (1988). 
https://doi.org/10.1155/S016117128800050X.

[14]	 R. Lowen, Approach spaces: a common supercategory of TOP and 
MET, Math. Nachr. 141, 183-226 (1989). https://doi.org/10.1002/
mana.19891410120.



A NEW KIND OF TOPOLOGICAL VECTOR SPACE� 1075

[15]	 R. Lowen, K. Robey, Completion of product of metric spaces, 
Quart. J. Math. Oxford, 43, 319-338 (1991). https://doi.org/10.1093/
qmath/43.3.319.

[16]	 R. Lowen, Approach spaces: the missing link in the topologies- 
uniformities-metrics, Oxford University Press, (1997).

[17]	 R. Lowen, B. Windels, Approach Groups, Journal of Math. 30 (2000).
[18]	 R. Lowen, S. Verwulgen, Approach vector spaces, Houston J. Math 30, 

1127-1142 (2004).
[19]	 R. Lowen, B. Berckmoes and J. Van Casteren, Approach theory meets 

probability theory, Topology and its Applications 158, 836-852 (2011).
[20]	 R. Lowen, E. Colebunders, S. De Wachter, Intrinsic approach spaces 

on domains, Topology and its Applications 158, 2343-2355 (2011). 
[21]	 R. Lowen, Index Analysis: Approach Theory at Work, Springer, 

(2015). 
[22]	 M. Nadeem, S. Ahmad, M.K. Siddiqui, M.A. Ali, M.R.Farahani, 

A.J.M. Khalaf. On some applications related with algebraic structures 
through different well known graphs. Journal of Discrete Mathematical 
Sciences and Cryptography. 24(2), 451-471 (2021). https://doi.org/10.1
080/09720529.2021.1885806.

[23]	 A. Alsinai, H.M.U. Rehman, Y. Manzoor, M. Cancan, Z. Taş, M.R. 
Farahani, Sharp upper bounds on forgotten and SK indices of cactus 
graph, Journal of Discrete Mathematical Sciences and Cryptography. 1-22 
(2022). https://doi.org/10.1080/09720529.2022.2027605.

[24]	 M.S. Sardar, M. Alaeiyan, M.R.Farahani, M.Cancan, S. Ediz. 
Resistance distance in some classes of rooted product graphs obtained 
by Laplacian generalized inverse method. Journal of Information and 
Optimization Sciences 42(7), 1447-1467 (2021). https://doi.org/10.108
0/02522667.2021.1899210 .

[25]	 M. Sioen, W. Van Den Haute, An Alternative Description of Approach 
Spaces Via Approach Cores, Appl. Categor. Struct. 24, 545-558 (2016).

[26]	 W. Li, D. Zhang, Sober metric approach spaces, Topology and 
its Applications 233, 67-88 (2018). https://doi.org/10.1016/j.
topol.2017.10.019 .


