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Abstract

Let H be a Hilbert space. A complex number u is named the extended eigenvalue for an
operator T € B(H), if there is operator not equal zero X € B(H) so that: TX = puXT and X are
named as extended eigen operator for an operator T opposite to p . The goal of this work is to find
extended eigenvalues and extended eigen operators for shift operators J,J,, K,K, such that
J: 2(N) - [?(N) and K:[?(N) - [?(N) defined by:
enif neven

2
0 if nodd

Furthermore, the closeness of extended eigenvalues for all of these shift operators under
multiplication has been proven.

Je, = €5, ,and Ken={ , forallx € I2(N).
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1. Introduction

Let H represent the complex Hilbert space and B(H) the algebra of all
continuous linear operators on H. Assume E(7) represents the set of all
extended eigenvalues and E, (T) the set of all extended eigen operators, i.e,

E(T) ={u€C:TX = uXT;0 # X € B(H)}
E,(T) = {0 # X € B(H) ; TX = uXT }

He was the first to give the idea of this definition in research [1 ] to expand
the Lomonosov theorem. S. Petrovic and Lampert in [1], they took the integral
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Volterra operator on the space L?(0,1). Many matters have been addressed
about having of non-unimodular extended eigenvalues leads to invariant or
hyper in variant subspaces. S. Petrovic and Biswas in [3], given the kinship
between E(T) of an operator T and its powers. Cassier. G and H. Alkango in
[4], they described the sets of E£(T) and extended eigen operators for the product
of a positive and self-adjoint operator which are both one-one. L. K. Shaakir and
A. A. Hijab [6], calculated E(7) of the Unilateral shift operator on the 2 space.
Leon and Petro Vic. [1], gave a complete solution for the extended
eigenvalues calculation the composition operators ¢, resulting from the Hardy
space H?(DD).

2. The Main Results
Lets start by giving the definitions we need in the future in the calculations.

Definition 2.1: Let J: [2(N) — [2(N) be shift operator defined by:
Je, = ey ie,J(x;,%,%3,..) =(0,x,,0,%,,0,%x3,...) Vx € I2(N) ... (1)

Definition 2.2: Let K: [2(N) — [2(N) be shift operator defined by:
en if neven
Ken = 2

0 if nodd
Thus:
K(xy,%5,%3,%4,0.) = (X3,%4 ,Xg ,...) forall x € >(N) ... (2)

Let {a,,} be a sequence of numbers such that a,, > 0 for all n € N and let
lim,_ .o a, = a, forall x € [?(N),

Definition 2.3: Let J,:1?(N) - [2(N) be weighted shift operator defined by:
Ja€n = Qyney, ,thatis

Ja(x1 %5 ,%3,..) = (0,a3%;,0,a4%,,0,@6%3, ...) forallx € I2(N) ... (3)

Definition 2.4: Let K,: [2(N) — 12(N) be weighted shift operator defined by:
{ag enif neven
2 2
0 if nodd

lXeTL

Thus:
Ko (X ,%5 ,%3 , X, ) = (@1 X5, 0y Xy, 03 Xg , ... ) ¥V x € 2(N) ... (4)

The objective of the following two theorems is to find E(7) for shift
operators J and J, .

Theorem 2.1: Suppose that J: [2(N) - [2(N) is shift operator defined in (2.1),
Then E(J)=C.

Proof: (Case 1) Assume |p| > 1 and let D,-1 non-zero operator defined as it
comes: for x € I?(N),
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x = (X, %5, %5, e, X, ) = (X, %2 ,%3 0, x] ),

forall i,j 1 where iis component name and j is component position
Wl ifi=j ‘ _
letD,-1(x) = ; . Claim that D,~+r=uD,-1], To
i () {u‘l‘lxi if <] JOu = b
prove this claim, JD -1 (% , x5, %3 ,...) since (i = j)
:](I’l_lxl ’#—sz ,ﬂ_3X3 ) ) = (0 ’ #_le ) 0 ’ #—sz !0 ’ ‘Ll_SX3 ) )
wDy-1J(xy ,x5,%3,..) =uDy-1(0,x,0, x,,0, x3,..) since (i<j)
= pu(, u%x,,0, u3x,,0, utxz,..)
=, utx,0, u?x,,0, u3x3,...)
Assume it must be |u| =1 sothatx € [*(N) space So  JD,-1 =
uD,-].
(case 2 ) Assume |u| <1 and let D, be a nother non-zero operator  defined
as:
forx € 2(N), x = (g, %5, %3, 000, %, ) = (xF,x2 23, ., x],0),
forall i,j 1 where iis component name and j is component position let
W, if i=j
D,(x)= .
k() {u"lxi if i<j
Claim that JD, = u D, ] , To prove this claim,
JD, (%1 ,%3,%3,...) since (i =j)
=](l'lx1 'I'lzxZ ,H3X3,---) = (0’ Uxyq rO' szz 10' .u3x3'"')
HD;t] (xl y X2 Ix3 !) = HDy(O!xl!O; X2 ’0; X3,...)Since (l <])
=u(0,x,,0, px,,0, p?xz,..)
=(0, ux;,0, u?x,,0, udxy,..)
Assume it must |u| <1 sox € l*(N)and JD, = uD, ], Therefore
E(J)=C.

Theorem 2.2: Suppose that J,:1>(N) - 12(N) be Weighted shift operator
defined in (2.3), Then E(J,) ={un€C: |u| = sup{a;}Vi=1}.

Proof: Suppose that |u| >sup {@;}Vi>=1 and let D,-1be the diagonal
operator defined as it comes:
Forx € I2(N), x = (1 ,%;, %3, 0, X, o) = (xd, %% ,%5, %), .0), Vi,
Jj = 1 where iis component name and j is component position let:
Dyt (x) ={ L A
W if i<j
Claim that J, D,-1 = uD,-1 ], , To prove this claim,
JaDy-1(x1 , x5, %3, ...) sincei=j
= Jo W x, u 2%, 173x3, ) = (0,007 %1, 0, gt ™2x,, 0, @ ™>x3, ...)
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uD -1 Jo(x1, x5, %3, ) = uDy-1(0, a2%1 , 0, @4, , 0, agxs, ...) since i < j
= M(O ) aZ.u_le ’ 0 ) CZ4,[1_3JC2 ’ 0 ) C(éﬂ_4X3 ’ )
= (0,07 %, 0, a4l ™%x,, 0, agu™x3, ...)
We assume that it must be |u|=sup{a;}Vi=1 sothatxe€
12(N) space,
So Ju Dyt = uDy-1 ], Therefore

E(Jo)={ueC:|ul =sup{a}vi=1}
The objective of the following two theorems is to find E(7) for shift operators
K and K, .

Theorem 2.3: Assume that K:1>(N) — 12(N) is shift operator defined in (2.2),
then E(K)=C.

Proof: (case 1) Assume |u| > 1 and let D,-1 be a non-zero operator defined
as it comes: for x € [2(N),
x=(xy,%, %5, e, %, ) = (b, 22,45, ..,x) .. ), forall i, j =1
where i is component name and j is component position let :
wix if =]
D,-1(x)= :
w (6 { W i 0>
Claim that KD,-1 = uD,-1K , To prove this claim,

KD, -1(x1,%3 ,%3,..) = K(u™ %, 07%%,,u7%x3,..)
= (17220, 1% 10X, ).
p DK (xy x5, x5, ..) = puDy-10x, %4 ,%¢ , -.) since i > j
=u(p7x, ux, 077 X6, )
= (1722, 07" 0%, )
let it must |u| > 1 so x € *(N) space and KD,-1 = uD,-1K.
(case 2) Assume || < 1 and let D, be a nother non-zero operator defined as it
comes: for
x€ELE(N), x = (X1 ,%,X3, 0, Xj, 00 ) = (xll,xzz,xg,...,xij,...) , forall i,
Jj = 1 where iis component name and j is component position let:

pitx if P>
KD, (x;,%3,%3,...) since i = j

i X . .=.
Dﬂ(x)z{ wx if i=j Claim that KD, = u D,K ,

= K(pxy , 02%x, , 10%3, ..) = ( 12x5 , 1%y, 1%%g ...)
UuD,K(xq,%5,%3,..) =uDy(xp,%4,%6,..) since i > j

= (pxy, Wxy,15%,..) = (pPxy, 1*x, , 18%, ..)
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We assume that it must be |u| < 1 so that x € I*(N) space, So KD, = u DK,
Therefore E(K ) = C.

Theorem 2.4: Suppose that K,:1>(N) - 1?(N) is Weighted shifi operator
defined in (2.4), Then E(K, ) = {u € C: |u| = sup{a;} Vi = 1}.

Proof: Suppose that |u| >sup {a;}Vi>1 and let D, -1be the diagonal
operator defined as follow: for x € I2(N), x = (x1,X3,X5, 0, Xj, ) =
(x%,xzz,xg’,...,x{,...) forall i,
Jj =1 where iis component name and j is component position let:
Wi if =)
Du () = { W if 0>
Claim that K,D,-1 = uD,-1K, , To prove this claim,
KoDy=1(x1, %3, X3, wer) sincei =j
= Ka (I’l_lxl ,H—sz ,[1_33(3 ,/1_4X4 ’ )
= (™%, au™ %y , asu™xg , )
uD-1Ky (3, x5, %3, ) = pDy-1(a1 %, , & X4, 3 X6, ...)  Since i > j
=u(au™xy, au™>x, 030 %, ) = (A 7%%5, U™ Xy, a3 %%, .0)
We assume that it must be || = sup {a;} Vi =1 so that x € 12(N). So,
KDy~ = uD,-1K, ,Therefore E(K,)={u€C: |u| =sup{a;}Vvi=1}.

In the following theorems, we will show that the set of extended
eigenvalues for shift operators (J, J,, K, K, ) are closed under multiplication.

Theorem 2.5: If | is the shift operator on 12(N) then, E(]) is closed under
multiplication, thatis ifu € E(J)and 1 € E(] ) thenudl € E(J).

Proof: Suppose that D,-1,D;-1are two extended eigen operators for |

corresponding to u,A respectively where |u| = 1and |A] =1 defined as
follow:

for xe€l?(N), x = (x;,%,%X3, 0, %;, ) = (x1,%3,%3, .., x] ,...) ,
forall i,j =1 where iiscomponent name,j is component position let :
i, ifi=j

(wx ifi=j _
Du—l(x)—{ ! “and D’rl(x)_{l“"lxi if i<

wlx if i<
Suchthat JD,-1 = pD,-1J and  JDj-1 = ADj-1]
Now, JD,-1D;-1 = uDy-1JDy-1 = uD,-1ADy-1] = pAD -1 D3-1],

So ua € E(J), very clear that D,-1D;-1 nonzero operator, since D,-1,D;-1 non
zero operators, for all x € [2(N).
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Proposition 2.6: Suppose that (K, K, ], ) are shift operators on [2(N) then all
these operators are closed under multiplication.

Proof: To prove uA € E(J,) , let D,-1,D;-1 in proposition (2,5) and by using
the same method above, the proof is obtained.

But to prove that uA € E(K) and uA € E(K,) we know D,-1,D;-1in the
following way:

Pl if i=j A if i=j
D - = . and D,- .
wt (x) {u“_lxi if i>] Al(x){/l—l—lxi if i>]

and by using the same method above, the proof is obtained.

3. Conclusions

In this article, we calculate extended eigenvalues and extended eigen
operators for shift operators J,J,, K, K, . In addition, we demonstrated the
closure of eigenvalues under the multiplication currency for these operators.
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