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Abstract

Max-plus algebra is one of many idempotent semi-rings. The max-plus algebraic
structure is semi field while the conventional algebra is a field. Because of their similar
structure, various properties and concepts in the conventional algebra such as characteristic
equations have max plus algebraic equivalence. The characteristic equation has been proved
in the max-plus algebra. The other semi-field is min-plus algebra. Because of the structure in
the min-plus algebra is also similar to the conventional algebra, the characteristic equation
also has a min-plus algebraic equivalent. In this paper, it is discussed how to prove the
characteristic equation of the matrix over conventional algebra into the min-plus algebra. The
results are almost the same. The addition and multiplication operations in the conventional
algebra are replaced by min and plus operations in the min-plus algebra. In addition, because
of the min-plus algebra does not define the subtraction operation, the formulation of the
characteristic equation of the matrix over min-plus algebra is not equal to zero.
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1. Introductions

In the linear algebra we’re concerned with system of n linear equation that
are expressed in the form Ax = Ax, where A is a scalar. The form Ax = Ax can
be written as Ax — Ax = 0, or by inserting an identity matrix and factoring we
have (Al, — A) = 0. If A is an X nmatrix then det(A, — A) = 0 is the
characteristic equation of A, where I,, is the identity matrix with degree n. The
scalars that meet the characteristic equation are known as the eigenvalues of 4.
The determinant is always a polynomial p(4) which is known as the
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characteristic polynomial of A [1]. The characteristic polynomial p(1) of a
n X nmatrix has the form

V) =det(A, — A) ="+ A" —1+...+c,.
It follows from the Fundamental Theorem of Algebra that the characteristic
equation is
An+clin—-14+...4cn = 0,

has at most n distinct solutions, so a n X n matrix has at most n distinct
eigenvalues [1]. The characteristic equation are related to Cayley-Hamilton
theorem. According to the Cayley-Hamilton theorem, every square matrix A
satisfies the characteristic equation for that matrix. [4]. Cayley-Hamilton
theorem and the characteristic equation have been proved in the max-plus
algebra. It is because the similarity structure of the max-plus algebra and the
conventional algebra. Max-plus algebra is an idempotent semi-field, whereas
conventional algebra is a field. The result is both of Cayley-Hamilton theorem
and the characteristic equation have max-algebraic equivalent [2][4][7].

Min-plus algebra is another semi-field. It is defined as the set of R,, =
R U {&'} where R is the set of real number and &' = 400, and is equipped with
plus and min operation [8]. Because of the min-plus algebra and the max-plus
algebra have the same structure, many concept of conventional algebra such as
the characteristic equation, Cayley-Hamilton theorem, eigenvalue problem
which have the max-algebraic equivalent also have min-algebraic equivalent. In
the min-plus algebra, the Cayley-Hamilton theorem has been proven [6]. Then
in this paper we will proved the characteristic equation in the min-plus algebra.
We deserve a brief introduction to the characteristic equation before we prove it
in the min-plus algebra. In section 2 we give some notation and definition that
we will use to prove the characteristic equation, also we give some introduction
to the min-plus algebra. The next section we show how to prove the
characteristic equation in the min-plus algebra. We also give some examples of
the characteristic equation in a different degree of a square matrix.

2. Preliminaries
2.1 Min-Plus Algebra
Min-plus algebra is the set of R, = R U {€'} which is equipped with min
(@) and plus (Q") operation, where R is the set of real number and &' =
+o00 [8]. Furthermore min-plus algebra can be stated as R,,;,. Ifa,b € R,
then the basic operation in min-plus algebra can be stated as follows
a @' b = min(a, b),
a®'b=a+b,
Min (@") and plus (®') operations are associative and commutative, we
have
a® (b®'c)=(a®b &c
a® bRc)=(>@® b R'c
a® b=>b&da
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a® b=>b QR a,
for all a,b,c € R,;,. The zero element of min (®') operation is & = +oo, we
have

a @' e =¢e @ a=nmin(a,+o) = aq,
and the zero element of plus (') operation is ¢= 0, we have
a® e=e@a=a+0=a
The operation @' is distributive with respect to @':
a® b® ¢c)=(a® D) ®((aQ o).

The operation @’ is idempotent, we can write a @' a = (a,a) = a. Let
X € Rpin and k € N, the k** min-algebraic power of x is stated as follows

OrF=rQ xR ..Q x.

k times

In R,,;, the k"power of x reduce to the conventional multiplication
x®'% = kx. Let RIMX" is the set of all m X n matrices with all entries in R,,;,,
for m and n are positive integers [8]. The matrix E,, is the n-by-n identity matrix
in the min-plus algebra: (E,); = 0 for all iand (E,);; = & for all i,j with
i # j. We define some operations in R,,;, as follows [8].

1. IfA,B € R'X" then
(AD' B)ij = a;; @ by;
2. IfA e R and a € Ry, then we have
(@@ Ay =a;; ® ay
3. IfA € R"X* and B € REX" then
[A®'B];; = @'§=1(ai{ ®’ by;)
4. IfA € R%T and k € N, the k' power of A is defined by
AP = AR AR ..Q A.
k times
Fork = 0 we set A0 = F and A®'k = A®'k-1 " Afork > 0.
Notice that the definitions are equivalent to the definitions for the
multiplication of two matrices in linear algebra, the addition of two matrices,

and the multiplication of a matrix by a scalar, but with + substituted by @’ and
X by Q'.

Definition 2.1: Given a matrix A € R™", the matrix e54 has entries
e*® where a;; € Ry, are the entries in A.

Definition 2.2: ¢ ™ + £" = gmin{mn}



996 SISWANTO AND N. NURHAYATI

2.2 Notation and Definition
The characteristic equation in the min-plus algebra [2][3][4][5] is
generalized using the following definition and theorem.

Definition 2.3: The determinant of A = [a;;], denoted by det(A) or |A| is the
sum of all permutation in S,, where is such product is multiplied by sgn (o), that
is

Al = Z (sgn(0))a15(1)%20(2) - - - Anon)
OESN
with
1, if o is even;
-1, if o is odd.

We introduce the n X m matrix z4 where z%J is element (i, ) in order to
define the dominant (dom) of the n X n matrix A as follows.

dom(A) = {

dom(A) = {lowest exponent in de,t(zA) ,if det(z4) # 0
€
Definition 2.4: Ifp:(0,0) and u € [—o0,), we define p=e*™ to

mean lim,_,., s~ In(p) = u.

Theorem 2.5: If f = e5™ and g = e", then
f+g=esm®n) and fg = es(m®n),

Proof: We have that
lim s™!In(fg) = lims™'In(g) + lim s 'In(g) =m+n=m Q' n.
S§—00 S§— 00 Nimdoe)
Thus fg = e5(a®'D). Now notice that min(f,g) < f + g < 2min(f, g).
By using Definition 2.1.1 we obtain
lim s~ In(min(e*™, e5")) < lim s~ !In(e’™ + &™)
S$§—00 S§—o
< lim s7! In[min(e™, e5™) + In(2)].

S— 00
Since s™! In(min(es™, e5")) = min(m,n), by implementing the squeeze
theorem we have
limg, s~ In(f + g) = min(m,n) = m @' n.

3. The Characteristic Equation in the Min-Plus Algebra

In the conventional algebra, the characteristic equation of a square matrix A
defined by det(4l, — A = 0), where [,, is the identity matrix with degree n.
Let A € R™™and ¢ < {1,2,...,n} then Ay is the sub matrix of A acquired
by eliminating all columns and rows of A except those denote by ¢. Furthermore
the characteristic equation in the conventional algebra can be write as follows:

det(Al, — A)= 1" + ;A" 1+ ... cpd + ¢, =0 3.1
where ¢, = (—1)* Leck det(4y,) and Ck is the set of all subsets of k
elements of the sets {1, 2,...,n}.
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The characteristic equation can be transformed into the min-plus algebra,
which is what we will demonstrate next. Let A € R4, then z4 isarealn X n
matrix-valued function that is defined by (z4); ; = z for alli,j. Then the
definition of the dominant of 4 is

; A ; A
dom(4) = {lovgest exponent in det(z4), ifdet(z ). =0
, otherwise.

In light of Theorem 2.5 and leading of Definition 2.1, we replace z by e”.

Then the dominant of A can be written as

1
lim §1n|det(e“)|, if det(es4) £ 0
S—00
e, ifdet(es4) = 0.

According to Definition 2.4, this says that |det(e®4)| = esdom(4),
The matrix-valued function e has the following characteristic polynomial

det(Al, — e*) = 2" + y()A" ' +... ¥po1(S)A + ¥y = 0 (3.2)

with coefficient

dom(4) =

V() = (~1)F T ek det(eee). (33)
Therefore the characteristic equation can be write as
'+ YA+ Vo1 (S)A + Yy = 0 (3.4)

The lowest degree in (3.3) is given by
dk = mln{( S Fk:Ik(() * 0},
with Ty, = {¢:3(iy, iy, ..., i) such that { = ¥'k_, airip(r)} fork=1,2,..,n.

The values of Qi) determine the value of ¢ for which e appears

in ¥ (s). Let P, be the set of all permutations. Let I, ({) be the coefficient of
eSfor every { € T, with k € {1,2,...,n}. We have I, ({) = I£(() — I2(Q),
where I7({) is the number of p € P¢ and IY({) is the number of p € Py,
which P¢ is the number of even permutations and Py is the number of odd
permutations. Then we have

Yi(s) = (=D Z(erk Ik(s)esg- (3.5

Let 7, = (—1)¥I(dy) be the leading coefficient of y,(s) fork = 1,2,...,n.
The terms k with positive ¥} and those with negative y;, should be separated. Let
£={k: y, >0} and q = {k : y;, <0}. Then the coefficient of characteristic
equation e*4 satisfy ¥, (s) = 7, (s)es% .

There is no subtraction operation defined in the min-plus algebra. Hence,
we replace the negative leading coefficient y (s) in (3.4) from the left-hand side
to the right-hand side, then we have

A+ Z Vi (s)esdkqn—k = Z Vi (s)esknk,
ket keq
Next replace A with e4, then we have
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1 T oot = 3 g estee

ket keq

Use the Definition 2.4, and the formulation becomes

lim s~ In(es*" + Z 7 (8)eStkesA™ ™) = lims~! ln(z 7 (s)esdkesa™ ™).
: ket s keq

Then use Theorem 2.5, we have

i+ ((n—k)2)
+1In(y,(s))) -

We can ignore In(7;(s)), so we obtain the following formulation

/1®’n @I @ I dk ®, A®’n_k — @ r dk ®/ A@’n—k.
ket keq

The equation can be viewed as a min-algebraic form of the characteristic
equation.

minge,(n, dy, + ((n — k)A) + In(7,(s))) = minge,

The following examples are to illustrate the characteristic equations.

=21
a=( ) 0).
According to the definition given above, I; = {-2,0},[; = {-2,2}. We
see that

Example 1: Let

L(=2) =1, L(0) =1,
L(-2) = -1, L(2) = 1.

Henced; = —2,d, = =2,y7; = =1,7, = l,and¥ = {2},q = {1}.

Therefore, the characteristic equation of A can be stated as

122@ (=2) = (=2) ®' A

-2 1 ¢
A= ( 1 0 0).
g =2 1
We found that

L = {-2,0,1}, = {-2,-1,1,2,&'}, [ = {—4,—1,0,3}, with

L(=2) = 1,1,(0) = 1,,(1) = 1
L(=2) = 0,,(-1) = L,,(1) = L,L(2) = —-1,I(¢) = -1
I(=4) = —1,I,(-1) = 1,1,(0) = 1,1,(3) = —1.

Hence d; = —-2,d, = —-1,d; = —4,= -1,7, = L,y; = 1,
and? = {2,3},q = {1}

Example 2: Let
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Therefore, the characteristic equation of A can be stated as
3@ (-1) 1D (—4) = (-2) 1R’ 2.

Example 3: Let

1 -1 1 -1
(1 -1 3 2
A‘4213
3 1 1 -4

We found that I; = {—4,-1,1},I, = {-5,-3,0,2,3,4,5},

I; = {-4,-2,1,3,4,57},I, = {-3,0,3,4,5,7}, with

L(-)=1LL(-1D)=111)=1

L(=5)=0,,(-3)= 1,,00)=1,L2)= -1,,3)= -1,L(4) = -1
L,(5) = -2

(-4 = -1,13(=2)= —-1,5(1) = 2,I53) = 2,135(4) = 0,5(5)= 0
I3(7) = =2

L(-3)=1L0)= -1,I,3)= -1,1,(4) = 1,I,(5) = —1,1,(7) = 1.
Henced; = —4,d, = =5,d; = —4,d, = -3, 7, = -1, 7, = 1,
ys = 1,7, = —1 and ¢ = {2,3},q = {1,4}.

Therefore, the characteristic equation of A can be stated as

28 @ (-5) @182 @ (-4) @ A= (-4) ® 197 @' (-3) ®' E.

4. Conclusion

We have shown the characteristic equation related to the min-plus algebra.
We can say that the characteristic equation is also true in the min-plus algebra.
The results of the formulation are almost the same. The addition and
multiplication operations in conventional algebra are replaced by the min and
plus operations in the min-plus algebra. In addition, because of the min-plus
algebra does not define the subtraction operation, The characteristic equation of
the matrix over min-plus algebra is not equal to zero according to its
specification.
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