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Abstract

This article aims to introduce some concepts related to the v-open set such as v-closure,
v-interior, and v-exterior. Basic properties, examples, and characterizations of these concepts
have been investigated. Finally, this work aims to study these ideas, and some propositions,
theorems, and relations between purposed concepts have been given.
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1. Introduction

Topology is an offshoot of mathematics that deals with the study of those
properties of certain stuff that remain invariant under a certain type of
transformation as bending or stretching. In simple terms, topology is the
discussion of continuity, compactness, and connectivity [1].

Njastad in 1965 [2] first introduced a¢ —open set concept as a
generalization of open set, where DS X is a a —open iff
D c (int(cl(int(D)))). Many authors are interested studies @« — open , see [3]
and [4]. The notion of § — the open set was studied in [5], where D € X isa
—open iff D € (cl(int(cl(D)))).

A subset D € X is a 6 - open if VdeD there is open E such that deE S
cl(E) € D [6].

In this paper, the idea of v — open is studied as a generalization of open
sets that exists in the intersection of a family of topologies on X.
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2. v —Open Set

Definition 2.1: Let {$, }«ej be a topology on X and N € X. Then JV is called
v — open set in X if there is Te Ny & such that ¢ = T S NV where V' # ¢
and T = ¢ where V' = ¢.

The set of all ©+ — open in X is denoted by ©+0, and defined as:

10y ={N:N is v — open in X}.

The complement of a v+ — open set is called v — closed set and the set of
all v — closed is denoted by CS,,.

An ordered pair (X, v0y) is called 1+ — space where X is a universal set
and 0y is a set of all v — open in X.

Proposition 2.2: Let {§, },¢; be a topology on X. Then a v — space (X, v0y)
is satisfies the conditions of topology on X .

Theorem 2.3: If (X, v0y) is a v — space. Then:
1. ¢,XeCS,.

2. IEN, W, ..., NV,eCS,, then Ui, IV; eCS,,.
3. If{Vg,}p,c1€CS,, then Np,e Np, € CS,.

Definition 2.4: Let (X,10y) be a v — space and beX. A subset V of X is
called v — neighbourhood of b (in short ' is v+ —nhd of b) if there is
DevOy containing b such that D € V.

Remark 2.5: Let (X, 1v0y) be av — space and be ' € X. If Nev Oy, then '
is v — nhd of b.

Theorem 2.6: Let (X,1v0y) be a v — space and N € X. Then NevOy iff N
includes v — nhd of each of its points.

Proposition 2.7: Let {&, }xe; be a family of topology on X. If Teg, for all ke],
then Te v 0.

3. The Main Results

Definition 3.1: Let (X,v0y) be a v — space. A v —closure of V' € X is
denoted by cl,, (V") and it is intersection of all ©+ —closed sets that contain V.

Theorem 3.2: Assume (X,v0y) is a v — space and N € X, then cl (N) is
the smallest v —closed set that contains N .
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Proof From [Theorem (2.3): (3)], we note that an arbitrary intersection of
v —closed sets is a v+ —closed set, so we have cl,, (V') is a v —closed set.

N € cl, (V) by the definition of cl,(N). Let N* be a v —closed set that
contains V. Then V'* includes the intersection of all «+ —closed sets that contain
NV. Hence, cl,, (V) € N'*. This completes the proof.

Corollary 3.3: Assume (X,v0y) is a v — space and N € X, then N is a
v —closed set iff N = cl, (V).

Theorem 3.4: If (X, v 0y) is a v — space and Ny, N, € X. Then
N, € IV, then cl,,(V;) € cl, (V).

cly (M UN,) = cl, (N Ucl, (V).

cly (NiNN7) € cly (M) Nely (V7).

clv(clv(]\f)) = cl, (W), forany V' € X.

cl,(¢p) =¢and cl, (X) = X.

AN e

Definition 3.5: Let (X,v0y) be a v — space and ' € X. A point beX is a
v —limit point of V" if D-{b }N N # ¢ VDerOy containing b. The set of all
v — L.P.of ¥V is denoted by D, (V).

Theorem 3.6: If (X, v0y) is a v — space and N' € X. Then N is v —closed
iff D,(N) € V.

Theorem 3.7: If (X,v0yx) is av — space and N S X. Then D, () is a
v —closed.

Theorem 3.8: If (X, v0yx) is a v — space and N' € X. Then NUD,(N') is a
v —closed.

Theorem 3.9: If (X, v0y)isawv —space and N € X. Then cl,(N) =
NUD, (V).

Proposition 3.10: Let {J,}«e be a topology on X and Teg, for all xe], then
cl(T9in (X, §,) for all ke is equal to cl, (T€) in (X, 10y).

Corollary 3.11: Let {y}e; be a topology on X and T€ Nye; &y Then
cl(T€) in (X, Niey &) = cl, (TC) in (X, v0y) =T¢.

Definition 3.12: Let (X,10y) be a v — space and A € X. A point be A is
called an v —interior point of A if there is Ve 10y such that e € A.

Definition 3.13: Let (X,v0y) be a v — space and A < X. The set of all
v —interior points of A is known as the v —interior of A4 and is denoted by
Int, (A).
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Theorem 3.14: If (X, v0y) is a v — space and A S X. Then
Int,(A) = Ui {IV; : NV, isv —open , N; S A Viel}.

Theorem 3.15: If (X, v0y) isav — space and A € X. Then Int, (A) is the
largest v+ — open set contained in A.

Theorem 3.16: If (X, v0y) is a v — space and A S X. Then A is a v —
open iff Int, (A) = A.

Proof: Assume A is a v — open. From Theorem (3.16), we have

Int,(A) < A. But A is a v —open & A < A and Int,(A) is the
largest v+ — open set contained in A. Then A C Int, (A).

Hence Int,(A) = A.

Conversely): suppose that Int,(A) = A. By Theorem (3.16), we have
Int, (A) is a v — open set. This completes the proof.

Theorem 3.17: Let (X, v0y) be a v — space and A,B S X. Then
1. IfA < B, then Int,(A) € Int,(B).

2. Int,(ANB) = Int,(A)Nint, (B).

3. Int,(Int,(A)) = Int,(A).

4.  Int,(¢) = ¢ and Int,(X) = X.

Proposition 3.18: Let {, }«c; be a topology on X and A€, for all ke, then
Int(A) in (X, §,) for all ke] is equal to Int, (A) in (X, v0y).

Proof: Assume that Ae, for all xe], then by Proposition (2.15), we have Ae
10y, thus A is a v — open, therefore by Theorem (3.17), Int, (A) = A.
Now, Aef, for all xe], then A is a open set in (X, &,) for all ke], thus
Int(A) = A. Consequentially, int(A) = Int, (A) = A.

Proposition 3.19: Let {,}« be a topology on X and Ae Ny F. Then
Int(A) in (X, Nyey Ty) = Int, (A) in (X, v0x).

Definition 3.20: Let X be a nonempty set and (X, v0y) be a v — space. Then
a 1 —interior operator is a map J : (X, v0y) — (X,10,) which satisfies the
following axioms:

I. I =X.

2. J(A) € AVAevrOy.

3. IfAy, Ay, e, AnevrOy, then I(NT-; A;) = Ny I(AY).

4. 3(9(A)) = 1(A) YAevOy.
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Theorem 3.21: Let X be a nonempty set and J : (X,v0y) — (X,1v0y) bea
v —interior operator. Define a class § as follows:

& = {AevOy: A =I(A)}. Then § is atopology on X and

I(A) = Intz(A) = Int, (A) for all AevOy.

Proof: Since ¢, XerOy and J is a v+ —interior operator, Xeg. Now, ¢, pevOy.
Assume that {A;};€F. Then U;q A; evO0y. Now, A; = I(A;) € I(Uje A;)»
then Ujer A € I(Uier Ai)- I(Uir Ai) € Uier A then Ujer A; €.

Let A, Ay, ..., A,€F. Then as above ", A; €g. Therefore, § is a
topology on X. To prove J(A) = Intz(A) = Int,(A) for all AevOy. Let
AevOy. Then J(A) € A and I(I(A)) = I(A)eF, But J(A) S A, then
J(A) is an open set contained in A. Now, let B is an open set in § such that
B S A.Then B € J(A). Thatis, I(A) = Intgz(A).

Now, J(A)eF, then by the definition of §, we get J(A)evOy. But
J(A) S A, then I(A) = Int, (A). Therefore, I(A) = Intz(A) = Int, (A).

Definition 3.22: Let (X, v0y) be a v — space and A S X. A point be X is
called an v — exterior point of A if there is e 10y such that be V' © A°€.

Definition 3.23: Let (X, v0y) be a v — space and A < X. The set of all
1 — exterior points of A is known as the v+ — exterior of A and is denoted by
ext, (A).

Theorem 3.24: If (X, v0y) is a v — space and A S X. Then

ext, (A) = Int, (A°).
Proof: Suppose that beext,, (A), then b is an v — exterior point of A, so there
is Ve 1v0Oy such that be V' € A€, that is b is an v+ —interior point of A€, hence
belnt, (A°), thus ext,(A) S Int,(A). Assume belnt,(A), then b is an

v —interior point of A€, hence there is Ne 1#0, such that be V" € A€, thus
beext, (A). Therefore, ext,(A) 2 Int,(A°). Hence, ext, (A) = Int, (A°).

Theorem 3.25: If (X, v0y) is a v — space and A S X. Then
ext, (A°) = Int, (A).

Theorem 3.26: Assume that (X, 10y ) isav — space and A S X. Then
ext, (A) = (cly (A"

Corollary 3.27: Suppose that (X,v0y) is av — space and A S X. Then
cly (A) = (ext, (A))°.
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Proposition 3.28: Assume that (X, v0y) isav — space and A S X. Then
(cly (A€ = Int, (A).

Proof: The result is direct by Theorem (3.24) and Theorem (3.26).

Proposition 3.29: If(X,v0y)isav —space and A S X. Then
(Int, (A))€ = cl, (A°).

Proposition 3.30: Assume that (X, 0y )isav — space and A € X. Then
(exty (A))E = cly (A°).

Proof: The result is direct by Theorem (3.25) and Proposition (3.29).

Proposition 3.31: If (X,v0y)isav —space and A S X. Then A is an
v — open iff ext, (A°) = A

Proof: The result is direct by Theorem (3.16) and Theorem (3.25).

Proposition 3.32: If (X, v0y)isav —space and A S X. Then A is an
v — closed iff (ext,(A))¢ = A

Proof: The proof follows by Corollary (3.3) and Corollary (3.27).

Theorem 3.33: Let (X, 10y ) be a v — space and A, B € X. Then

1.  ext,(¢p) =X and ext, (X) = ¢.

2. ext,(A) € A€ and ext, (A) = ext, ((ext,(A))°).

3. IfA < B, then ext,(B) € ext,(A).

4. Int,(A) c extv(extv(cﬂ)) and ext, (AUB) = ext, (A)Next, (B).

Definition 3.34: Let X be a nonempty set and (X, 10y ) be a v — space. Then
a v — exterior operator on a (X, v0y) is a map
(X, 104) - (X, 1v0y) which satisfies the following axioms:

EX) =¢,E(p) =X.

E(A) € A VAerOy.

If Ay, Ay, vy A0y, then E(UL, A;) = NIy ECAY.

E((E(A)C) = E(A) VAevOy.

W=,

Theorem 3.36: Let £ be a v — exterior operator on (X,v0y) such that
10y is closed under complements. Define a class § as follows:

¥ = {AevO0y: A = E(A)}. Then § is atopology on X and

E(A) = ext(A) VAEF.
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Proof: Since ¢, Xev Oy, then E(X) = ¢ and E(¢) = X, hence ¢, Xe §. Let
{A;}ia€®. Then A;ev0y and A; = E(AF) Viel. Now, E((UijqA)) S
(Uia A)) = Uia A; = Uia A = E(Uiag A)) = Ui A; €8

Let Ay, Ay, ..., ApeF. Then by the definition of § and from De-Morgan
Laws, we get (N1 A) = UigAf. So, E((NZ1A)D) = EUiaAf)
=NL; E(AY) = N, A; Consequentially, N, A; €F. Therefore, F is a
topology on X. Let AeF. Then AevOy and A = E(AC ). Now, AevrOy and
€ is v — exterior operator, then E((E(A))€) = E(A) and E(A) < A°. So,
we have E(A)eF and E(A) < A°. Hence E(A) is an open set contained in
A°. We claim E(A) = int(A°), letB €F and B € A°. Then BerO, and
B = E(B°). Since B € A€, then A < B°. Hence E(B) € E(A).

But B = £(B€), then B € E(A). Thus E(A) = int(A°).
But int(A°) = ext(A). So, we have E(A) = ext(A).

4. Conclusions

This work studies the concept of ++ — open set and its basic properties
which are investigated. Furthermore, some ideas that are defined in «+ — space
were introduced. Characterization and theorems of the proposed ideas are
presented, as well as several different properties of these concepts are studied.

References

[1] K. Sachin, Topology. University Phagwara: Excel Books Private
Limited, University Phagwara (1991).

[2] O. Njastad, “On Some Classes of Nearly Open Sets,” Pacific |]. Math.,
Vol. 15, No. 3, pp. 961-970 (1965).

[3] A. A. Nasef, A. E. Radwan, and R. B. Esmaeel, “Some properties of
a-open sets with respect to an ideal,” Int. |. Pure Appl. Math., Vol. 102,
No. 4, pp. 613-630 (2015), doi: 10.12732/ijpam.v102i4.3.

[4] M. Caldas, “A note on some applications of a-open sets,” Int. |. Math.
Math. Sci., Vol. 2003, No. 2, pp. 125-130 (2003).

[5] M. Ali, A.-R. Massed, and A.-]. Mohammad, “3*-Open sets and 3*-
continuity in topological spaces,” Thai J. Math., Vol. 8, pp. 142-148
(2014), doi: 10.1016/j.jtusci.2013.09.006.

[6] M. Caldas, S. Jafari, and M. Kovar, “Some Properties of 8 -open Sets,”
Divulg. Math., Vol. 12, No. 2, pp. 161-169 (2004).

[7] A. Kalavathi & G. Sai Sundara Krishnan. Soft g* closed and soft
g¥open sets in soft topological spaces, Journal of Interdisciplinary
Mathematics, 19:1, 65-82 (2016), DOI: 10.1080/09720502.2015.1103110.

Received May, 2022
Revised June, 2022



