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In this research, a new application has been developed for games by using the generalization of the 
separation axioms in topology, in particular regular, Sg-regular, SSg- regular spaces. The games 
under study consist of two players, the victory of the second player depends on the strategy and 
choice of the first player. Many regularity, Sg, SSg regularity theorems have been proven using this 
type of games, and many results and illustrative examples have been presented. 
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1. Introduction  
The concept of             separation axioms was studied by many 

authors. N.Levine [1], P. Bhattacharyya, and B.K. Lahiri [2], they are introduced 
and investigated semi      sets and      genaralized      of sets. The 
complements of these sets are caused by the same types of        sets. 

A.R.Sadek and J.H.Hussein [3] paired the previous concepts and introduced 
a new type of        ity of a given             spaces. In this work, a new 
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branch of games was created by using this kind of        ity. In what follows 
(   ) (or   ) indicate a                   and if     , the   osure of   and 
the interior of   are encoded by   ( ),    ( ) respectively. A subset   of a space 
  is said to be a           (resp.             ) [1] if      (   ( )) (resp. 
   (  ( ))    ) and   is called a                         set [2] (simply 
          ) if s  ( )   , whenever      and   is a           in  . The 
complement of                         set is                        
(simply         ). We mean by s  ( ) (see also [1]) the intersection of all 
semi-closed subsets in   containing  . The collection of all           , 
           ,         and           in   epitomize them by   ( ), 
  ( ),    ( ) and      ( ) respectively. The set of all           sets in 
(   ) simply     ( ) and the set of all         sets in in (   ) simply 
    ( ). A space   is called         [4](respectively, 
                        [3],                                   [3]) 
space and shortly         (respectively,           , S     space) if for each 
    and for every        (respectively,            ,            ) set   in 
  such that    , there are two disjoint      (respectively,        ,     ) 
sets   and   where     and     . 

The games is defined between two players, Player Ⅰ and Player Ⅱ and there 
are many options   ,   ,   , …,   . There are two types of games, finished 
games and unfinished games, and in each game there are two players with n 
options. The type of game that serves our work is the “Two.Zero.Sum” Games , 
which means the loss of the first player meets the profit of the second player 
[5,6,7,8]. Each type of finished and unfinished games includes two forms of 
alternating and concurrent games. The first form comes with the choice of the 
second player after the first player has completed his choice, as in the game of 
chess. As for the concurrent form of games, unlike the first form, that is, the 
movement of the two players in the selection takes place at the same time as in 
competing companies [5]. 

We linked games to the concept of three types of regularities in topological 
spaces, namely, regular, Sg – regular and SSg – regular, respectively. This types 
of spaces was studied through the concept of games. Finally, we will denote the 
winning strategy with the symbol ↗ and the losing strategy with the symbol ↘. 
In the event that the player does not have a winning strategy, it will be Code ⤯ . 
 
2. The game via regular and semi-generalized regular space 

In this section, a new game by linking them with         and 
                         spaces via      (respectively,        ) sets for 
PlayerⅠ and PlayerⅡwere inserted. 
 
Definition 1: For a space (   ), determine a game via         (respectively, 
          ) denoted by  (   ) (respectively,     (   ) ) as follows: 

PlayerⅠ and PlayerⅡ are playing an inning for each positive integer in this 
game in the      inning: 
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In the first step, PlayerⅠ: Choose      and a        (respectively, 
           ) set   in   such that    .  

In the second step, PlayerⅡ: Choose   ,    are two disjoint      
(respectively,        ) sets in   such that     and     . 

Then PlayerⅡ wins in the game  (   ) (respectively,     (   ) ) if  
  **     +   *     + *     +   *     +  + be a selection of      

(resp.,        ) sets in   such that for each     and for every        
(respectively,            ) set   in   such that    , there are two 
disjoint      (respectively,        ) sets    and    in  , where      and 
     . 

Otherwise, PlayerⅠ wins the game  (   ) (respectively,   (   ) ). 
 
Example 1: Consider the game  (   ) (respectively,     (   ) ), where 
    is the set of all natural numbers and   is                   as follows: 

Severeal innings will be played by player I and player II. Hence the first 
inning will be as follows: PlayerⅠ: Choose an element say     and a        
(respectively,            ) set * + in   such that   * +. 

Player II cannot find two disjoint      (respectively,         ) sets    and 
   in  , such that      and * +    . 

Thus there is no winning strategy for Player II in  (   ) (respectively, 
  (   ) ). 

Hence, Player I ↗  (   ) (respectively, Player I ↗      (   ) ). 
 
Example 2: Consider the game   (   ), where   *        +,  

  *     *  + *  + *     ++ then  
  ( )  {    *  + *  + *     + *     + *     +}       ( ), so  
  ( )  *    *  + *  + *  + *     +  *     ++       ( ) as follows: 
In this game player I and player II will playing three innings, so the first one 

as follows:  
Player I: Choose      and a             set say *  + in   such that 

   *  +. 
Player II: Choose    *  +,    *  + which are disjoint         sets, 

such that       and *  +    . 
Now the second step in choosing first player is as follows: 
Player I: Choose      and a             set say *     + in   such that 

   *     + 
Player II: Choose    *  +,    *     + which are disjoint         

sets, such that       and *     +     . 
Then the next inning (the third inning) is as follows: 
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Player I: Choose      and a             set say *  + in   such that 
   *  + 

Player II: Choose    *     +,    *  + which are disjoint 
             sets, such that       and *  +    . 

Then   **     + *     + *     +  + is the winning strategy for 
PlayerⅡ in     (   ). 

Hence, Player II ↗      (   ). 
Now, consider the game  (   ) instead of     (   ) in the same 

previous example as follows: 
Several innings will be played by player I and player II. Hence the first 

inning will be as follows:  
Player I: Choose      and a        set say *  + in   such that    

*  +. 
Player II: Cannot find two disjoint      sets    and    in  , such that 

      and *  +    . 
Thus there is no winning strategy for PlayerⅡ in  (   ). 
Hence, Player I ↗  (   ). 
From (example 2) not each            is        , but it is easy to show 

that every         is           . 
The following remark describes what has been obtained until now. 

 
Remark 1: For a space (    ): 
If Player II ↗  (   ), then Player II↗      (   ). 
If Player I ↗      (   ), then Player I ↗  (   ).  
 
Theorem 1: A space (   ) is        (resp.           ) if and only if, 
Player II ↗  (   ) (resp. ↗     (   )). 
 
Proof: Necessity; Suppose that (   ) is         (resp.           ). For any 
choice      and a        (resp.            ) set   in   such that     of 
Player I, then Player II will find two disjoint      (resp.        ) sets   and   
in   such that     and     . Hence, Player II ↗   (   ) (resp. ↗
    (   )). 

Sufficient; If Player II ↗   (   ) (resp. ↗     (   )), this means that 
for any choice      and a        (resp.            ) set   in   such that 
    of Player I, implies that Player II can choose two disjoint      (resp. 
       ) sets   and   in   such that     and     . So, (   ) is         
(               ). 
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Corollary 1: A space (   ) is         (               ) if and only if, 
PlayerⅠ ⤯   (   ) (resp. ⤯      (   )). 
 
3.  Games of         and            via some types of functions 

First recall that [1] a map  , from a space   to a space   is called 
            (resp.                      ) map if the       (resp. the 
             ) of each             set in   is             set in   (resp. 
each           set in   is           set in   ). Further   is called 
              (resp.         ) map if the       (resp. the              ) 
of each         set in   is         set in   (resp. each         set in   is 
        set in   ) [3]. In this section, some results from the above functions 
with         and                          spaces via      (respectively, 
       ) sets in some games will be discussed. 
 
Proposition 1: Let   (   )   (   ) be a semi-closed, Sg-irresolute 
continuous and injective function, and PlayerⅡ ↗      (   ), then PlayerⅡ 
↗      (   ). 
 
Proof: In the first inning Player Ⅰ in     (   ) choose      and a 
            set    in   such that      , Player Ⅱ in     (   ) will hold 
account  (  )    and the             set   (  ) in   (since   is 
            function) such that  (  )   (  ), but PlayerⅡ ↗      (   ) , 
    ,    are two disjoint         sets in   such that  (  )     and 
 (  )     and since   is                         function, then  (  ) and 
   (  ) are two disjoint         sets in  . For PlayerⅡ in     (   ) 
choose       (  ) and        (  ). 

In the next inning Player Ⅰ in     (   ) choose      and a 
            set    in   such that      , Player Ⅱ in     (   ) will hold 
account  (  )    and the             set   (  ) in   such that  (  )  
 (  ), but PlayerⅡ ↗      (   ) ,     ,    are two disjoint         sets 
in   such that  (  )     and  (  )     and since   is 
                        function, then    (  ) and    (  ) are two 
disjoint         sets in  . For PlayerⅡ in     (   ) choose       (  ) 
and        (  ). 

In the r th inning of the game     (   ) Player Ⅰ in     (   ) 
choose      and a             set   in   such that      ,         . 
Player Ⅱ in     (   ) will hold account  (  )    and the             set 
  (  ) in   such that  (  )   (  ), but Player Ⅱ ↗      (   ),     ,    
are two disjoint         sets in   such that  (  )     and  (  )     and 
since   is                         function, then    (  ) and    (  ) are 
two disjoint         sets in  . For PlayerⅡ in     (   ) choose    
   (  ) and        (  ). 
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Then   * *   (  )    (  )+ *   (  )    (  )+ *   (  )  
   (  )+   *   (  )    (  )+  + is the winning strategy for PlayerⅡ in 
    (   ). Hence Player Ⅱ ↗      (   ). 
 
Proposition 2: Let   (   )   (   ) be a       ,             and 
injective function and       Ⅱ  ↗  (   ) , then PlayerⅡ ↗   (   ). 
 
Proof: Similar proof of Proposition 1 (see [9]). 
 
Proposition 3: Let   (   )   (   ) be          ,      and bijective 
function,       Ⅱ ↗  (   ). Then PlayerⅡ ↗   (   ). 
 
Proof: In the first inning Player Ⅰ in  (   ) choose      and a        set 
   in   such that      , Player Ⅱ in  (   ) will hold an account    (  )  
  and the        set     (  ) in   (since   is           function) such that 
   (  )     (  ), but PlayerⅡ ↗  (   ),     ,    are two disjoint      
sets in   such that    (  )     and    (  )     and since   is      
function, then  (  ) and  (  ) are two disjoint      sets in  . For PlayerⅡ 
in  (   ) choose     (  ) and      (  ). 

In the r th inning of the game     (   ) Player Ⅰ in  (   ) choose 
     and a        set    in   such that      ,         . Player Ⅱ in 
 (   ) will hold an account    (  )    and the        set     (  ) in 
  (since   is           function) such that    (  )     (  ), but PlayerⅡ
 ↗   (   ),     ,    are two disjoint      sets in   such that    (  )     
and    (  )     and since   is      function, then  (  ) and  (  ) are two 
disjoint      sets in   . For PlayerⅡ in  (   ) choose     (  ) and     
 (  ). 

Then   * * (  )  (  )+ * (  )  (  )+ * (  )  (  )+   * (  )  (  )+  + is 
the winning strategy for PlayerⅡ in  (   ). Hence Player Ⅱ ↗   (   ). 
 
Proposition 4: Let   (   )   (   ) be                     ,         
and bijective function. If PlayerⅡ ↗      (   ), then PlayerⅡ ↗
     (   ). 
 
Proof: Similar proof of Proposition 3. 
 
4.  The game via strongly                          spaces 

In this section, some games via S     space are investigated, so at the 
beginning, the following definition was provided.  
 
Definition 2: For a space (   ), determine a game via S     space denoted 
by      (   ) as follows: 
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In this game, player I and player II will play an endless number of innings 
as follows: 

First, PlayerⅠ: Choose      and a             set   in   such that 
   . 

Second, PlayerⅡ: Choose   ,    are two disjoint      sets in   such that 
    and     . 

Then PlayerⅡ wins in the game      (   ) if 
   **     + *     + *     +      *     +  + be a collection of an      
sets in   such that for each     and for every             set   in   such 
that    , there are two disjoint      sets    and    in  , where      and 
     . 

Otherwise, PlayerⅠ wins in the game      (   ). 
 
Example 3: Let   *           +,   *     *     ++ then   ( )  
*    *     +  *        + *        ++, so   ( )  *    *  + *  + *     ++  
and it is not difficult to check that     ( )   
*    *  + *  + *     + *        + *        ++, so     ( )  *    *  + 
*  +  *     + *        + *        ++. We can show easily that PlayerⅡ
 ↗      (   ). 

Now Consider the game S    (   ) , where   *           +, 
  *     *     ++ then   ( )  {    *     + *        + *        +}, so 
  ( )  *    *  + *  + *     ++ and it is not difficult to check that 
    ( )  *    *  + *  + *     + *        + *        ++, so     ( )  
*    *  + *  + *     + *        +  *        ++ as follows: 

Several innings will be played by player I and player II. Hence the first 
inning will be as follows: PlayerⅠ: Choose      and a             set say 
*  + in   such that    *  +. 

PlayerⅡ cannot find two disjoint      sets    and    in  , such that 
      and *  +    . 

Thus there is no winning strategy for PlayerⅡ in S    (   ). 
Hence, PlayerⅠ ↗ S    (   ). 

 
Remark 2: For a space (    ): 
 If PlayerⅡ ↗       (   ), then PlayerⅡ ↗   (   ).  
 If PlayerⅠ ↗   (   ) then PlayerⅠ ↗      (   ). 
 If PlayerⅡ ↗       (   ), then PlayerⅡ ↗      (   ). 
 If PlayerⅠ ↗      (   ), then PlayerⅠ ↗        (   ). 
 
Theorem 2: A space (   ) is             if and only if, PlayerⅡ
 ↗       (   ). 
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Proof: Necessity; Since (   ) is            . So for any choice      and 
a             set   in   such that     of PlayerⅠ, then PlayerⅡ will find 
two disjoint      sets   and   in   such that     and     . That’s mean 
PlayerⅡ ↗ S    (   ). 

Sufficient; If PlayerⅡ ↗ S    (   ), this means that for any choose 
     and a             set   in   such that     of PlayerⅠ, implies that 
PlayerⅡ can choose two disjoint      sets   and   in   such that     and 
    . So (   ) is            . 
 
Corollary 2: A space (   ) is             if and only if, PlayerⅠ ⤯ 
S    (   ). 

Finally, we have the following result. 
 
Proposition 5: Let   (   )   (   ) be a            ,            and 
injective function and PlayerⅡ ↗ S    (   ), then PlayerⅡ ↗ S    (   ). 
 
Proof: In the first inning Player Ⅰ in S    (   ) choose      and a 
            set    in   such that      , Player Ⅱ in S    (   ) will hold 
account  (  )    and the             set   (  ) in   such that  (  )  
 (  ), but PlayerⅡ ↗ S    (   ) ,     ,    are two disjoint      sets in   
such that  (  )     and  (  )     and since   is            function 
   (  ) and    (  ) are two      indeed disjoint (see [10]) sets in  . For 
PlayerⅡ in S    (   ) choose       (  ) and        (  ). 

In the r th inning of the game S    (   ) PlayerⅠ in S    (   ) 
choose      and the             set    in   such that      ,         . 
Player Ⅱ in S    (   ) will hold account  (  )    and a             set 
  (  ) in   such that  (  )   (  ), but Player Ⅱ ↗ S    (   ),     ,    
are two disjoint      sets in   such that  (  )     and  (  )     and since   
is            function then    (  ) and    (  ) are two disjoint      sets in 
 . For PlayerⅡ in S    (   ) choose       (  ) and        (  ). 

Then 
  * *   (  )    (  )+ *   (  )    (  )+ *   (  )    (  )+    

*   (  )    (  )+  + is the winning strategy for PlayerⅡ in 
S    (   ). Hence Player Ⅱ ↗ S    (   ). 

From the previous information, the following Figure 1 was created. 
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Figure 1 

Explanation of linking winning strategy for PlayerⅡ and strongly 
                         spaces  

 
5. Conclusion 

Some games appeared in new branches and generalizations by using 
semi-g-openness, in addition, the winning and the losing strategies for any 
player in these games have been linked with some branches of regular spaces 
with properties and examples. 
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