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Abstract

The notion of a T—pure sub-act and so T—pure sub-act relative to sub-act are introduced.
Some properties of these concepts have been studied.
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1. Introduction

A right act Eg over a monoid is a non-empty set E with a map (put
multiplicatively ), -: E xS — E suchthat 4.1 =4 and 4 (st) = (4 s) t, where s, t
€ S and for each 4 € E. Put N is a non-empty subset of Eg is called S-sub-act if
forall s € Sand n € N, then ns € N. A mapping 0 from S-act Aginto S —act By
is said to be a homomorphism of acts over semi-group, if for all a € Ag, s € S
0(a)s = 0(as). We will denote Hom(Ag, Bg) as the set of all homomorphisms of
acts over a semi-group. An S-act congruence is said to be equivalence relation p’
on an S-act Eg, if form’, n” € B, s” € S, (m’,n’) € p> — (m’s’, n’s’) € p’ [1].
p’ is a congruence on Eg, { [m’] : m’ € Eg } = Eq/p’ is the quotient set turn into
by [m’]s” = [m’s’]. Let A’ be act over S and B’ be a sub-act of A’, the Rees
congruence p’B’ on A’ is defined by a’p’B’b’ iff for all b’, a2’ € A’, b’, a’e B’

or a’=b’. The Ress quotient of A’/p’g. is denoted by 2 [2].
.
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2. T-Pure Sub-Acts over Moniod

The notion of T-pure sub-act is introduced in this part. Following [3], a
submodule K of an R-module A is called a T-pure R-submodule if, K N J*Z =
J’K for each J in R.

Definition 2.1: Let A be acted over Moniod S and let E be a sub-act of A is
said to be a T-pure sub-act of A if, E N I?A = I’E for all ideal T in S.

Remark 2.2: Put Z is an S-act and E is T-pure sub-act of Z
1. IfOis T-pure sub-act in E , then O is T-pure subact in Z

2. IfE is a sub-act in Z containing a sub-act E, then E is a T-pure in E.

3. Put{N;,j €1J} isanon-empty collection of sub-acts of Z and K is an
ideal of S then K*(Uj¢j Nj) = Ujey(K°N;).

Proof:

(1) PutieS, wehave O is T pure sub-act of E also E is T-pure of Z, hence O N
PE=10and ENT*Z=1E but O is sub-act of S-act E, therefore O N 12 Z
c EN1*Z=1% and hence O N 1> Z c 1’F and therefore O N2 Z c *E N

0= 1°0.

(2) Assume that J € S, since we have E is T-pure in Z, therefore £ N J* Z =
JPE. But E is a subact of Z, thus E N J? Ec E N J* Z = J’E, and therefore
ENPE c PENPE=I*E. Since P E c ENJPE, thus ENJ? E=J* E.

(3) Clear.

2.3 Proposition
Suppose that Z is an S-act and Q is T-pure sub-act in Z

1. IfQis T-pure subact and Pis subact in Q, then % is T-pure sub-act in %‘
2. Let 9,7, be sub-acts in Z, If P is T-pure sub-act in Z and % is T-pure sub-
act in %, then Q is T-pure in Z.

3. IfQ and P are T-pure sub-acts of Z then so is Q U .

Proof:

(1) Put J €S, so we have Q is T-pure in Z, then Q N J* Z = J* Q. So % n

2 E) _2 J22+P _ J20+Ln(QnJ%Z)+P _ J?0+ _ 2(2)
J (? ?n P P T =] P)°

(2) Clearly.
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(3) LetJ € S. Since Q and P are pure in M, then ’Q=Q NJ*Zand J*P =P
N J? Z. So by remark(1.2) we have (Q UP)NIPZ=(Q NFPZ)UPNJ
Z)=JQ U JFP=J%Q U P),and hence Q U P is T-pure.

Definition 2.4: Let E be an act over semi-group, E is called posses the T-pure
intersection property, in so much as the intersection of any two T-pure sub-acts
is again T-pure sub-act.

Proposition 2.5: Let E be an S-act

1. If E owns the T-pure sub-act intersection property, then each T-pure sub-act
in E has the T-pure sub-act intersection property.

2. Put N is T-pure sub-act in E. E has T-puresub-act crossing property, if and
only if, % has T-pure sub-act intersection property.

Proof:
(1) Clearly.

(2) (=) Assume that % ,% are two T-pure sub-acts in % and put J is an ideal of

K __F 2(E\ _ ;2(K F .
S. We have to show that (; n ﬁ) nj (;)"— J ( 7N ;) . We claim that
every one of K, F is T-pure sub-act in E. Put J € S and suppose that y
€ K n J?E . Therefore % is T-pure sub-act in %, hence% n ]2% = ]2%,

25 2 27 2
therefore % ) “ETJ'N:ﬂ, then XNQUEXN) _ JTK+N R thus K N

(JPE+N)=J?K+N. Since y eKnJ?EScK n(J?E+N), thus
y € (KNnJ?E)+N. Let y = x + w, such that x € (K n J?E)
andw € N.Thus w=y—x € N n J?! = J2 N < J?K and therefore K is
T-pure sub-act in M. Since M is an act over semi-group has the T-pure sub-
act intersection property, therefore KNF is T-pure in E. Hence (K NF) N
J?E = J2(K nF) Now, let y € (% n %) n ]2%, therefore y=x+N ,
when x € J?E also y=k+N=f+N, when k € K,f € F. Thusy —k €N
K,y—f€N C F also we get x€K NF. Hence x€ (K NF)
28 12 _ 2 KNnF ) K F
JE=J2(K nF)Thusy=x+N € J>(X5) =2 (£ n L)
2(KfE
J (N n N)'

(<) On the other side, Put E and F are T-pure sub-act in E, suppose that

N >IN

N is an R-sub-act of E and N is a sub-act in F, therefore % , % are T-pure sub-
ENF

. M = . . E F
acts. Since 5 has the T-pure sub-act intersection property, then SN S=

is T-pure sub-act in % . Hence, F NE is T-pure sub-act in E .
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Theorem 2.6: Put Z is an S-act, Z owns T-pure sub-act intersection property if
and only if (J2K n J?F) =J? (K NF) for each ideal J of S and all T-pure
sub-acts K , F sub-act in Z.

Proof: Put Z owns the T-pure sub-act intersection property then for all T-pure
sub-act of Z, K also F, K N F is T-pure sub-act. Put J €S, therefore (K N F) N
J?Z = J>(K nF). Clearly that J2(K nF) € (J?K n J?F). But J?K n
JP)F) S Kn(FnJ?Z)=(KnF)n J?Z=J*(K NF).

Then J2K n J?F n J?Z = J2 (K nF).On the other side, put A, and B are
T-pure sub-act of Z and J is an ideal of S. Thus ANB N J*’Z=A NB N J’Z) =
A N J? B. Similarly AN B N J*Z=B N J* A. But A, and B are T-pure sub-acts
ofZ. Then ANB NJ*Z C J*AN I’'B=J*(ANB).

Proposition 2.7: Put Z is an S—act and { N;,j €J} is anon-empty collection of
sub-acts of Z. If Z = UjesN; - then Nj is a T-pure sub-acts of Z forallj €l .

Proof: Put K is an ideal of S. By remark( 1.2) we get K°Z =K? UjerN; UjeJ(K2
N;) Now, let i€ J then, K’Z N N; = UEJ(KZN) NN;= (KN, A N) U (Uizjeg
Ni NNy = K? N;jub= K? N; . Hence, N is a T-pure sub-acts of Z for all jin J .

3. T-Pure Sub-Acts Relative to Sub-Act.

Definition 3.1: Put Z is an S-act and Q is a sub-act of Z. A sub-act L of Z is said
to be T-pure relative to sub-act Q ( res. T-Q-pure) if for each ideal J of S, L N
FZ=FPLUu@QNLNIFZ)=J*LuQN@LNI*Z).

Remark 3.2: Put Z is an S-act and Q is a sub-act of Z

1. PutLis T-Q-pure sub-act of Z. If M is a T-Q-pure sub-act of L, then M is
T-Q-pure sub-act

2. PutL is T-Q-pure sub-act of Z. if M is a sub-act of Z containing L, then L is
a T-Q-pure

3. PutL is T-Q-pure sub-act of Z. If M is a sub-act of L and so M is sub-act of
Q, then L/M is Q/M -pure sub-act of Z/M.

4. Put L and M are sub-acts of Z, If M is T-Q-pure sub-act of Z and L/M is T-
Q/M -pure sub-act of Z/M, then L is T-Q-pure sub-act of.

Proof:

(1) Put]J € S, because L is T-Q-pure of Z also M is T-Q-pure in L, therefore L
NFZ=J*LNQNL NI*Z)and M NI L =(J*L uQ)N(L NJ* A) but M is
sub-act of Z, therefore M NJ°Z < L NJ* Z = (J* L uQ)N(L NJ* Z) and hence
M NJ?Z < M N[J*L uQN(L NJ* Z2)] = [M N(J* L uQ)IN(L ul*Z) =M
N[J* L uQ)N(L NI* Z)] = [(M NI* L)uM NQ)IN(L NI* Z) = [(M NJ* L)N
(L NI*Z2)Ju[MNQ)N(LNI*Z)I=[(MNI’LNL)NI*Z)Ju[(MNQ)LN J?Z)] =
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[IMN( LN FPZ)Ju[QN(MN 1?Z)] = (MN JL)u[QN(MN J*Z)] = (MN
FPLu[(MN I*Z)NQ] = [(M N > L)uM N F*Z)IN[M N J*L)uQ] € [(M N
FPLUUM N PZ)=[PMuQ NMNIFL)]uMNJFPZ)=[[J*Zu Q) N
MNTFPL)uM]N[[*™M U Q)N (M N JL)] u IPM] € [(I’'M U Q) U I*M]
N M NJPL)yu IPM] = (> M u QN[(M N J*L)u I’'M] = [(I’'M uQ)N(M N
FPLU[(PM uQN PM] ="M U Q) N[MNJFPL)uIPM] c (P'MuQ) N
[(M u IP'M) N (J°L u "M)] = (M uQ)NM N J°L) € [(I'M UF)N(M N
J?Z)]. Since ("M UF)N(M N J*Z) € M N JI*Z, then M N J’Z=(*M U F) N
M N J?Z).

(2) Put]J €S, because L is T-pure in A, thus L N J*> A= (J’L u Q) N (L N J*Z).
But M sub-act of Z, therefore, L N J*M € L N J*Z = (J°L uQ) N (L N J°Z),
andhence LN IPM C [PLUQ NI NIPZ)INIPM=JLuQ NI[LN
J2Z) N PM]. Since (JPL U Q) N (L N J*M) € L N J?M, then L N J*M = (J°L
U Q) N (L N I*M).

(3) PutJ €S, because L is T-Q-pure sub-act in Z, therefore LN J* Z=(J* L U
QNILNIFZ).SoLMNIHZM=LMNIT*ZUuMM=[LNJ*ZU
MIM=[LNFPZ)uLNMIM=[J*ZuQ NLNIZ)]uMM-=
(PLuQQUMIN[LNTIFZ)yuM)M=[J’Lu Q) uMI/MN[L N J
Z)UM]D/M =[TJPLu QM u MM N [(L NJ*Z)uM)/M=[J’L uM)
UQUMIMNILNI*Z)uM}M=FLM)uQMN [(LuM)N J?
Z U M)I/M = [J3(L/M) u QM] N (L u MyM N (J> Z u MM = [J3(L/M) u
QM] N [L/M N J(Z/M)].

(4) Clear.

Definition 3.3: S-act Z is called owns T-pure relative to sub-act intersection
property (resp. T-Q—PIP) if we have the intersection of any two T-Q-pure sub-
acts is again T-Q-pure.

Proposition 3.4: Put Z is an S-act.

1. If Z owns the T-Q—P IP, then all T-Q-pure sub-act of Z owns the T-Q — P
IP.

2. Put L is T-Q-pure sub-act of Z also L is sub-act of Q. Z owns T-Q—P IP if
and only if Z/L owns T-Q/L — P IP.

Proof:
(1) Itisevident.

(2) Put M/L, N/L are T-Q/L- pure sub-acts of Z/L and also assume J € S. Prove
that (M/L N N/L) N J3(Z/L) = [JA(M/L N N/L) u Q/L] N [(M/L N N/L) N
J3(Z/L)]. We demand that all of M also N is T-Q-pure in Z. For prove, put K
is an ideal of S and put x € M N K? Z. Because M/L is T-Q/L -pure in Z/L,
then M/L NK*(Z/L) = [K*(M/L) u Q/L] N [(M/LN N K*Z/L)], thus M/L N
(K2ZULY/L=[(K*MuL)YLuUQ/L]N[M/LN (K*ZuL)L], and this
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implies that [MN(K? Z u L)J/L = [(K®> Mu L)/L uQ/L]N[(M/L N(K?*Z U
L)/L] = [[(K*MuUL)uU(Q UL)]N[(MN(K?* ZUL)]J/L, therefore MN(K?*ZUL) =
[(K>MuUQ)UL]N [(MNK*Z)u(MNL)] = [( KX MUQ)UL]N[(MN K?Z)uL] =
[(K*MUQ)N[(MN  K?Z)JuL, and hence (MNI K?Z)uL =
[(K*MUQ)N[(MNK?*Z)]UL. Since x € MN K?*Z € (MN K*Z)UL, then x € [(
KMuQN[MN K*2Z)JuL, thusxe MUQ N[MNK?Z)orx e
Lifxe (KM UQ N (M NK?2Z),then M NK?2Z=KMuQ NMN
K2Z), therefore M is T-Q -pure, if x € L thus x € (LN K?Z) u L = [(K*M
UQ) N M NK3?2Z)] UL, hence Mis T-Q -pure of Z. Because Z owns the
T-Q — P IP, therefore M NN is T-Q - pure in Z. Thus (M NN) N J? Z = [J?
(M N N) u Q] N[(M N N) N J*Z]. Now, put Rees congruence pL € [M/L N
N/L] N J? (Z/L), then Rees congruence pL € J* (Z/L) (Rees congruence on
K?Z) and pL € M/L (Rees congruence on M) and pL € N/L (Rees
congruence on N), therefore Rees congruence pL on M also N thus pL €
MN,but(MNN)NI?Z=[FFMNN)uU Q] N [(MN N) N J?Z], therefore
(M/L NN/L)N K? (Z/L) = [K?> (M/L NN/L)UQ/LIN[(M/L NN/L).
Conversely, let P and L be T-Q - pure sub-acts of Z, let N be a sub-act of P
and N be a sub-act of L then P/N and L/N is T-Q/N-pure sub-acts of Z/N.
Since Z/N has T-Q /N—P IP, thus P/NN L/N = (P N L)/N is Q/N- pure sub-
act of Z/L. Thus P N L is T-Q- pure sub-act of Z.
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