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1. Introduction  
A right act ËS  over a monoid is a non-empty set Ë with a map (put 

multiplicatively ),    : Ë × S → Ë such that  ä.1 = ä and ä (s t) = (ä s) t, where s, t 
∈ S and for each ä ∈ Ë. Put  Ň  is a non-empty subset of ËS  is called S-sub-act if 
for all s ∈ S and n ∈ Ň, then ns ∈ Ň. A mapping θ  from  S-act  AS into S –act BS 
is said to be a homomorphism of acts over semi-group, if for all a ∈ AS, s ∈ S 
θ(a)s = θ(as).   We will denote Hom(AS, BS) as the set of all homomorphisms of 
acts over a semi-group. An S-act congruence is said to be equivalence relation ρ’ 
on an S-act ËS, if for m’, n’ ∈ ËS, s’ ∈ S,  (m’, n’) ∈ ρ’ → (m’s’, n’s’) ∈ ρ’ [1]. 
ρ’ is a congruence on ËS, { [m’] : m’ ∈ ËS } =  ËS /ρ’  is the quotient set turn into 
by [m’]s’ = [m’s’]. Let  A’  be act over S and B’ be a sub-act of A’, the Rees 
congruence ρ’B’ on A’ is defined by a’ρ’B’b’ iff for all b’, a’ ∈ A’, b’, a’∈ B’  
or a’=b’. The Ress quotient of  A’/ρ’B’ is denoted by A 

B 
 [2]. 
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2.  ₸-Pure Sub-Acts over Moniod 
The notion of ₸-pure sub-act is introduced in this part. Following [3],  a 

submodule K of an R-module A is called a ₸-pure R-submodule  if, K ∩ J2Z = 
J2K  for each J in R. 
 
Definition 2.1:  Let Ä be acted over Moniod S and let  Ë  be a sub-act of Ä  is 
said to be a ₸-pure sub-act of Ä if, Ë ∩ Ï2Ä = Ï2Ë for all ideal Ï in S.  
 
Remark 2.2:  Put Ż is an S-act and Ë is ₸-pure sub-act of Ż 
1.  If Ö is ₸-pure sub-act  in Ë , then Ö is ₸-pure subact in Ż 
2.  If Ȅ is a sub-act in Ż containing a sub-act Ë, then Ë is a ₸-pure in Ȅ. 
3. Put { Nj , j  ∈ J } is a non-empty collection of sub-acts of Ż and K is an 

ideal of S then K2(  ∈   ) =   ∈ (K2Nj). 
 
Proof: 
(1)  Put Ï ∈S, we have Ö is T_pure sub-act of Ë also Ë is ₸-pure of Ż, hence Ö ∩ 

Ï2Ë = Ï2Ö and Ë ∩ Ï2 Ż = Ï2Ë   but Ö is sub-act of S-act Ë, therefore Ö ∩ Ï2 Ż  
  Ë ∩ Ï2 Ż = Ï2Ë and hence Ö ∩ Ï2 Ż    Ï2Ë and therefore Ö ∩ Ï2 Ż    Ï2Ë ∩ 
Ö =  Ï2Ö.  

(2)  Assume that  Ĵ ∈ S, since we have Ë is ₸-pure in Ż, therefore Ë ∩ Ĵ2 Ż = 
Ĵ2Ë. But Ȅ is a subact of Ż, thus Ë ∩ Ĵ2 Ȅ  Ë ∩ Ĵ2 Ż = J2Ë, and therefore 
Ë∩Ĵ2 Ȅ   Ĵ2 Ë∩Ĵ2 Ȅ=Ĵ2 Ë. Since Ĵ2 Ë    Ë ∩ Ĵ2 Ȅ , thus Ë∩Ĵ2 Ȅ=Ĵ2 Ë.  

(3)  Clear. 
 
2.3 Proposition 
Suppose that Ż is an S-act and Q is  ₸-pure sub-act  in Ż 

1.  If   is  ₸-pure subact and  is subact in  , then    is ₸-pure sub-act in     . 

2.  Let    , be sub-acts in Ż, If   is ₸-pure sub-act in Ż and    is ₸-pure sub-

act  in   
 
, then   is ₸-pure in Z. 

3.  If   and   are ₸-pure sub-acts of Ż then so is    ⋃  .  
 
Proof:  

(1)  Put J ∈S, so we have Q is ₸-pure in Z, then Q ∩ J2 Z = J2 Q. So     
   (  )   

 
    

     
    

       (       )   
    

   
     =   (  ) . 

(2)  Clearly. 
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(3)  Let J ∈ S. Since   and   are pure in M, then J2   =   ∩ J2 Ż and J2   =   
∩ J2 Ż. So by remark(1.2) we have  (  ⋃  ) ∩ J2 Ż = (   ∩ J2 Ż) ⋃ (  ∩ J2 
Ż) = J2   ⋃ J2   = J2(  ⋃  ), and hence   ⋃   is ₸-pure. 

 
Definition 2.4: Let Ë be an act over semi-group, Ë is called posses the ₸-pure 
intersection property, in so much as the intersection of any two ₸-pure sub-acts 
is again ₸-pure sub-act. 
 
Proposition 2.5: Let Ë be an S-act  
1. If Ë owns the ₸-pure sub-act intersection property, then each ₸-pure sub-act 

in Ë has the ₸-pure sub-act intersection property. 
2. Put N is ₸-pure sub-act in Ë.  Ë has ₸-puresub-act crossing property, if and 

only if,   
 

 has ₸-pure sub-act intersection property. 
 
Proof: 
(1)  Clearly. 

(2) ( ) Assume that      
 
   are two ₸-pure sub-acts in  

 
 and put J is an ideal of 

S. We have to show that (    
 
 )   

 (  )    (      
 
  ) . We claim that 

every one of K ,  F is ₸-pure sub-act in Ë. Put J ∈ S and suppose that y 
∈        Ë  . Therefore      is ₸-pure sub-act in  

 
, hence  

     
  
     

  
    

therefore  
    

     
       

 
, then             

       
   ,  thus    

                . Since   ∈                      , thus 
  ∈               . Let y =  x + w, such that   ∈              
and   ∈   . Thus w=y–x ∈                         and therefore K is 
₸-pure sub-act in M. Since M is an act over semi-group has the ₸-pure sub-
act intersection property, therefore K∩F is ₸-pure in  . Hence           
                 Now, let   ∈       

 
       

  
 

, therefore  y=x+N , 
when x ∈     also y=k+N=f+N, when   ∈      ∈  . Thus     ∈    
     ∈        also we get  ∈     . Hence   ∈              
                .Thus       ∈    (     )    (     

 
  )  

  (      
 
  ).  

 ( ) On the other side, Put   E and  F are  ₸-pure sub-act in  , suppose that 
N is an R-sub-act of E and N is a sub-act in F, therefore     ,     are ₸-pure sub-

acts. Since    has the ₸-pure sub-act intersection  property, then        
 
  

   
    

is ₸-pure sub-act in  
 

 . Hence, F ∩E is ₸-pure sub-act in   . 
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Theorem 2.6: Put Ż is an  S-act,  Ż owns ₸-pure sub-act intersection property if 
and only if                         for each ideal J of S and all ₸-pure 
sub-acts K , F sub-act in Ż. 
 
Proof: Put Ż owns the ₸-pure sub-act intersection property then for all ₸-pure 
sub-act of  Ż, K also F,      is ₸-pure sub-act. Put J ∈S, therefore        
                . Clearly that                          . But      
                                                     .  
Then                                 . On the other side, put  A, and B are 
₸-pure sub-act of Ż and J is an ideal of S. Thus  A∩B ∩ J2Z = A ∩(B  ∩ J2Z) = 
A ∩ J2 B. Similarly A ∩ B ∩ J2Z = B ∩ J2 A. But A, and B are ₸-pure sub-acts 
of Ż. Then A ∩ B  ∩ J2 Z   J2 A ∩  J2B = J2 (A ∩ B). 
 
Proposition 2.7: Put Ż is an S–act and { Nj , j  ∈ J } is a non-empty collection of 
sub-acts of Ż. If Ż =  j∈JNj , then Nj is a ₸-pure sub-acts of Ż for all j ∈J . 
 
Proof: Put  K is an ideal of S. By remark( 1.2) we get K2Ż =K2  j∈JNj  =  j∈J(K

2 
Nj) Now, let i∈ J then, K2Ż ∩ Ni  =   j∈J(K

2 Nj) ∩ Ni = (K2 Nj ∩ Nj)       ∈  
Ni ∩ Nj) = K2 Nj   ϴ = K2 Nj . Hence, Nj is a ₸-pure sub-acts of Ż for all j in J . 
 
3.  ₸-Pure Sub-Acts Relative to Sub-Act. 
Definition 3.1: Put Z is an S-act and Q is a sub-act of Z. A sub-act L of Z is said 
to be ₸-pure relative to sub-act Q ( res. ₸-Q-pure)   if for each ideal J of S, L ∩ 
J2 Z = J2 L   (Q ∩ (L ∩ J2 Z)) = (J2 L   Q) ∩ (L ∩ J2 Z).  
 
Remark 3.2: Put Z is an S-act and Q is a sub-act of Z 
1.  Put L is  ₸-Q-pure sub-act of Z. If M is a ₸-Q-pure sub-act of L, then M is 

₸-Q-pure sub-act 
2.  Put L is ₸-Q-pure sub-act of Z. if M is a sub-act of Z containing L, then L is 

a ₸-Q-pure  
3.  Put L is ₸-Q-pure sub-act of Z. If M is a sub-act of L and so M is sub-act of 

Q, then L/M is Q/M -pure sub-act of Z/M.  
4.  Put L and M are sub-acts of Z, If M is ₸-Q-pure sub-act of Z and L/M is ₸-

Q/M -pure sub-act of Z/M, then L is ₸-Q-pure sub-act of. 
 
Proof: 
(1)  Put J ∈ S, because  L is ₸-Q-pure of Z also M is ₸-Q-pure in L, therefore L 

∩J2 Z = (J2 L ∩Q)∩(L ∩J2 Z) and M ∩J2 L = (J2 L  Q)∩(L ∩J2 A) but M is 
sub-act of Z, therefore M ∩J2Z   L ∩J2 Z = (J2 L  Q)∩(L ∩J2 Z) and hence 
M ∩J2 Z   M ∩[(J2 L  Q)∩(L ∩J2 Z)] = [M ∩(J2 L  Q)]∩(L  J2Z) = M 
∩[(J2 L  Q)∩(L ∩J2 Z)] = [(M ∩J2 L) (M ∩Q)]∩(L ∩J2 Z) = [(M ∩J2 L)∩ 
(L ∩J2Z)] [(M∩Q)∩(L∩J2Z)]=[(M∩(J2L∩L)∩J2Z)] [(M∩Q)(L∩ J2Z)] = 
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[M∩( J2L∩ J2Z)] [Q∩(M∩ J2Z)] = (M∩ J2L) [Q∩(M∩ J2Z)] = (M∩ 
J2L) [(M∩ J2Z)∩Q] = [(M ∩ J2 L) (M ∩ J2Z)]∩[(M ∩ J2L) Q]   [(M ∩ 
J2L) (M ∩ J2Z)] = [(J2M   Q) ∩ (M ∩ J2L)]   (M ∩ J2Z) = [[(J2Z  Q) ∩ 
(M ∩ J2L)]   M] ∩ [[(J2M   Q) ∩ (M ∩ J2L)]   J2M]   [(J2M   Q)   J2M] 
∩ [(M ∩ J2L)   J2M] = (J2 M   Q)∩[(M ∩ J2L)  J2M] = [(J2M  Q)∩(M ∩ 
J2L)] [( J2M  Q)∩ J2M] = (J2M   Q) ∩ [(M ∩ J2L)   J2M]   (J2M   Q) ∩ 
[(M   J2M) ∩ (J2L   J2M)] = (J2M  Q)∩(M ∩ J2L)   [(J2M  F)∩(M ∩ 
J2Z)]. Since (J2M  F)∩(M ∩ J2Z)   M ∩ J2Z, then M ∩ J2Z = (J2M   F) ∩ 
(M ∩ J2Z).  

(2)  Put J ∈S, because L is ₸-pure in A, thus L ∩ J2 A = (J2L   Q) ∩ (L ∩ J2Z). 
But M sub-act of Z, therefore, L ∩ J2M   L ∩ J2Z = (J2L  Q) ∩ (L ∩ J2Z), 
and hence L ∩ J2M   [(J2L   Q) ∩ (L ∩ J2Z)] ∩ J2M = (J2L   Q) ∩ [(L ∩ 
J2Z) ∩ J2M]. Since (J2L   Q) ∩ (L ∩ J2M)   L ∩ J2M, then L ∩ J2M = (J2L 
  Q) ∩ (L ∩ J2M). 

(3)  Put J ∈S, because L is ₸-Q-pure sub-act in Z, therefore L∩ J2 Z = (J2 L   
Q) ∩ (L ∩ J2 Z). So L/M ∩ J2(Z/M) = L/M ∩ (J2 Z   M)/M = [L ∩ (J2 Z   
M)]/M = [(L ∩ J2 Z)   (L ∩ M)]/M = [(J2 Z   Q) ∩ (L ∩ J2 Z)]   M/M = 
([(J2L  Q)   M] ∩ [(L ∩ J2 Z)   M])/M = [(J2L   Q)   M]/M ∩ [(L ∩ J2 
Z)   M])/M = [(J2L   Q)(M   M)]/M ∩ [(L ∩ J2 Z)   M])/M = [(J2L   M) 
  (Q   M)]/M ∩ [(L ∩ J2 Z)   M])/M = J2(L/M)   Q/M ∩ [(L   M) ∩ (J2 
Z   M)]/M = [J2(L/M)   Q/M] ∩ (L   M)/M ∩ (J2 Z   M)/M = [J2(L/M)   
Q/M] ∩ [L/M ∩ J2(Z/M)].  

(4)  Clear.  
 
Definition 3.3: S-act Z is called owns ₸-pure relative to sub-act intersection 
property (resp. ₸-Q−PIP) if we have the intersection of any two ₸-Q-pure sub-
acts is again ₸-Q-pure. 
 
Proposition 3.4: Put Z is an S-act. 
1.  If  Z owns the ₸-Q−P IP, then all ₸-Q-pure sub-act of Z owns the ₸-Q − P 

IP. 
2.  Put L is ₸-Q-pure sub-act of  Z also L is sub-act of Q. Z owns ₸-Q−P IP if 

and only if Z/L owns ₸-Q/L − P IP. 
 
Proof:  
(1)  It is evident. 
(2)  Put M/L, N/L are ₸-Q/L- pure sub-acts of Z/L and also assume J ∈ S. Prove 

that (M/L ∩ N/L) ∩ J2(Z/L) = [J2(M/L ∩ N/L)   Q/L] ∩ [(M/L ∩ N/L) ∩ 
J2(Z/L)]. We demand that all of M also N is ₸-Q-pure in Z. For prove, put K 
is an ideal of S and put x ∈ M ∩ K2 Z. Because M/L is ₸-Q/L -pure in Z/L, 
then M/L ∩K2(Z/L) = [K2(M/L)   Q/L] ∩ [(M/LN ∩ K2(Z/L)], thus M/L ∩ 
(K2 Z   L)/L = [(K2 M   L)/L   Q/L] ∩ [(M/L ∩ (K2 Z   L)/L], and this 
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implies that [M∩(K2 Z   L)]/L = [(K2 M  L)/L  Q/L]∩[(M/L ∩(K2Z   
L)/L] = [[(K2M L) (Q  L)]∩[(M∩(K2 Z L)]]/L, therefore M∩(K2Z L) = 
[(K2M Q) L]∩ [(M∩K2Z) (M∩L)] = [( K2M Q) L]∩[(M∩ K2Z) L] = 
[(K2M Q)∩[(M∩ K2Z)] L, and hence (M∩I K2Z) L = 
[(K2M Q)∩[(M∩K2Z)] L. Since x ∈ M∩ K2Z   (M∩ K2Z) L, then x ∈ [( 
K2M   Q) ∩ [(M ∩  K2Z)]   L, thus x ∈ (K2M   Q) ∩ [(M ∩ K2Z) or x ∈ 
L, if x ∈ (K2M   Q) ∩ (M ∩ K2Z), then M ∩ K2Z = (K2M  Q) ∩ (M ∩ 
K2Z), therefore M is  ₸-Q -pure, if x ∈ L thus x ∈ (L∩  K2Z)   L = [(K2M 
  Q) ∩ (M ∩ K2Z)]   L, hence M is  ₸-Q -pure of Z. Because Z owns the  
₸-Q − P IP, therefore M ∩N is  ₸-Q - pure in Z. Thus (M ∩N) ∩ J2 Z = [J2 
(M ∩ N)   Q] ∩ [(M ∩ N) ∩ J2Z]. Now, put Rees congruence ρL ∈ [M/L ∩ 
N/L] ∩ J2 (Z/L), then Rees congruence ρL ∈ J2 (Z/L) (Rees congruence on  
K2Z) and ρL ∈ M/L (Rees congruence on M) and ρL ∈  N/L (Rees 
congruence on N), therefore Rees congruence ρL on M also N thus ρL ∈ 
MN , but (M ∩ N) ∩ J2 Z = [J2 (M ∩ N)   Q] ∩ [(M ∩ N) ∩ J2Z], therefore 
(M/L ∩N/L)∩ K2 (Z/L) = [K2 (M/L ∩N/L) Q/L]∩[(M/L ∩N/L). 
Conversely, let P and L be ₸-Q - pure sub-acts of Z, let N be a sub-act of P 
and N be a sub-act of L then P/N and L/N is ₸-Q/N-pure sub-acts of Z/N. 
Since Z/N has ₸-Q /N−P IP, thus P/N∩ L/N = (P ∩ L)/N is Q/N- pure sub-
act of Z/L. Thus P ∩ L is ₸-Q- pure sub-act of Z. 
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