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1. Introduction  
The real dynamics of functions have been considered by Devaney [1], 

Fadil [2], and Sajid [3], but, Akbari and Rabii [4], Magrenan and Gutierrez [5], 
and Radwan [6] have considered the real dynamics of one-parameter family of 
transcendental functions. Faris [7] has studied the dynamics of one parameter 
complex functions family   *  ( )      (   )    + and   
{  ( )       ( )

      } of critically and finite non-critically finite 
transcendental meromorphic complex functions respectively. This research 
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obtains fixed points of the functions in   *  ( )       ( )       )+. A 
divide is studied points such that the sequence *   ( )+  bounded as     and 
points such that the sequence *   ( )+   . So, theorem 1describes this results. 
 
Theorem 1: Let     ; hence there exists               where       
        such that: 
(1) At   , there are two  fixed points    and     and      such that    (  )  

   satisfies: as    ,      ( )    for all   (     ),     ( )    for all 
  (     )  (     ),     ( )    for all   (     ). (2) At   , there 
are two fixed points   and   , and      such that    (  )     as   
 ,     ( )    for all   (     ),     ( )    when  (     )  
(     ),     ( )     when  (     ). (3)At   , there are two fixed 
points    and   , and      where    (  )    : as    ,     ( )  
  when  (     ),     ( )   when  (     )  (     ),     ( )  
  when   (     ). (4)At   , there  are fixed point    and      
where    (  )    : as    ,     ( )    when  (     ),     ( )  
 when  (     )  (     ),     ( )    when   (     ). (5)At 
  (     ), there are two fixed points   ,    and      where   (  )  
  : as    ,     ( )    when  (     ),   ( )   when  
(     )  (     )    ( )   when  (     ). (6)At   (    ), there 
exist two fixed points    ,    and      where   (  )     as    ,  
   ( )    when   (     )  (     ),    ( )     when   
(     ), The orbit *   ( )+ is periodic or chaotic for   (     ).  (8)At 
  (    ), there are two fixed points    ,    and      where   (  )     
as    ,     ( )    when   (     )  (     ), c   ( )     when 
  (     ), The orbit *   ( )+ is periodic or chaotic for   (     ) (9) At 
  (     ), there are two  fixed points   ,    and      where   (  )  
   as   ,    ( )    when  (     ),    ( )   when  (     )  
(     ),    ( )    when  (     ). (9)At   (     )  (    ), 
      as    , for all   (     ) *  + 

 
2.  Basic Main Results 

In this section, we explain the  dynamic of the functions in one parameter 
family  . Let  ( )      be a mapping which is defined by  ( )      ( ),  
for all function      , a fixed point of     satisfy the equation  ( )   , hence    
has two fixed points          and          . Then    has two critical 
values          and           . because   is even and continuous 
function so, the domain of   is (     )   
 
Proposition 2: Let     , hence there exists three fixed points for    for all  : so 
there is no fixed point if      or     .    has one fixed point when      
and at     .    has two fixed points for all points in (    ) and in (    )  



FIXED POINTS OF THE FUNCTIONS� 859

Proof: Since   ( )     ( )      ( ), then:    ( )      ( )      ( ), 
   (  )   ,    (  )    where          and         . Therefore    is a 
maxima point and    is a minima point for  ( ) in the interval (     ). Hence 
 ( )    has no solutions for     (    ). Then that   have no fixed points in 
this step. When     (    ), because of      (  )(    (  )) is the 
minima(maxima) value of  ( ) in (     ). So    has one fixed point at 
    (    ). When   (    ), the point      is a minima value in 
(     ). because   is decreasing in (     ) and   is increasing function in 
(     ), so the line     intersects the graph of   at only one point for each 
  (     ) and   (     ). In similar way, for all   (    ) the point      
is a maxima value in (     ). Then   is increasing for all    (    ) and it is 
decreasing for all    (     ),then the line     crosses the graph of    at only 
one point for all   (    ) and for all   (     ). Hence    has two fixed 
points in the interval (    ) and  (    ) The following proposition studies the 
types of fixed points of the function    on  . Since 
   (  )       (  )  so      are nature fixed points of   . as well as the 
positive solution of the equation   ( )      ( )  ( )    , is         , so 
    (  )         
 
Proposition 3: Let      , so  when     , there are two fixed points for   :   
is indifferent point, and    (     ) is unstable point, if   (     ), the two 
fixed points of    are:   (     ) is stable point, and    (     ) is unstable 
point, if   (    ), the two fixed points of    are:    (    ) is unstable point 
and    (     ) is unstable point, if   (    ), the two fixed points of    
are:   (    ) is stable point and    (    ) is unstable point. 
 
Proof: Since    ( )         ( )   ( )  and the solutions of equation   
 

   (  )   ( ) is the function of fixed points of    .Thus the types of fixed point  

   is obtained by  |   ( )|  |   
   ( )    ( )    (  )|  |      (  )|  |    (  )|

|   (  )| . 
Now, we define the function  ( )  |    ( )|  |   (  )|, the function 

 ( ) is continuous and has 3 zeros when     ,     and   . By  the graph, we 
can  conclude that  ( ) is decreasing function in the intervals (    ) and 
(     ), as well as it is increasing for all   (     ) and (     ). Therefore 
 ( ) has maxima point at   and it has minima at x=-1. That is  ( )   ;  for all 
  (     )  (     ),  ( )   ; at     ,     ,   and  ( )    at   
(    )  (     ) see Fig(1).  Therefore If     , the fixed point    (     ) 
satisfies |   (  )|   , then    is unstable  point. If   (     ), the fixed 
point    (     ) satisfies |   (  )|     then     is stable point. While, if the 
fixed point     (     )  satisfies|   (  )|   ; then    is unstable point. If 
  (    ), the fixed points     (    )  and    (     ) such that |   (  )|  
 , j=3,4, then    are unstable points for j=3,4. If   (    ), the fixed points 
    (    ) and     (    )  such that |   (  )|     and |   (  )|  
  coreespondigaly. Then    is stable fixed point and    is a unstable fixed point. 
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 ( )  |    ( )|  |   ( )|,  ( )    

   (  )  .Fig. (1) 
 
3.  The Proof of theorem 1  

The two cases (2) and (3) are similar to case (1), thus their proofs are 
omitted. 
 
Proof of the main results: Let   ( )    ( )    then 
(1) When     ,    has an indifferent point    by proposition (3).   (  )    

and     (  )   , then    has minimum at   . Because of   (  )   , so 
  ( )    for all   in a set containing    .so the continuity of    leads that 
for very small     ,   ( )    in (        )  (        ). 
Graphicly analysis,   ( )    in (     )  (     ),   ( )>0 for all 
  (     )  (     ) and   ( )    for   (     ). 
 
The dynamics behaviour of     are studied as follows: 

Case (1): For   (     );    (     ).    is a minima point for   .  ( )    
in   (    )  (     ), then for all   (     ),    ( )   , so    ( )    
 , hence    ( )   . therefore by the mean value theorem |  ( )    (  )|  
   ( )|    | for all   (     ). that is implies |  ( )    (  )|  |    | for 
all   (     ). because    is a fixed point of   , so    ( )     as    , for 
which   (     ).  
 
Case (2): For   (     )  (     )  then   ( )   ,hence   ( )   , but 
  (  )    , thus    maps the interval (     ) into (     ), thus it is enough to 
prove that    ( )    as     when   (     )  Since   ( )   , then 
*   ( )+ is unbounded above and also increasing sequence for which   
(     ), thus    ( )    as    , for all   (     ).  
 
Case (3): For   (     ) ,   ( )    and   ( )   , thus    is decreasing for 
  (     ) then*   ( )+ is decreasing and it is unbounded below. then for 
  (     ),   ( )     as    ) 

4) For     ,    has an indifferent point    by proposition (3).   (  )  
   and     (  )   , then    has minima at   . Because of    (  )   , it 

         p(x) 

        𝜇𝜇 (x)  

         Y=x 
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follows that   ( )    for all   in a set containing    . Therefore the continuity 
of    for very little     , yields   ( )    in   (        )  (      
  ). Graphicly analysis,   ( )    in   (     )  (     ), so   ( )>0 for 
all   (     )  (     ), and   ( )    for   (     ).  
 
Next, the dynamics behaver of     are obtained as bellow:  
Case (1): For   (     );    (     ),   is a minima point for  .   ( )    
in (     )  (     ), thus for all   (     ),    ( )   , so   ( )   , then 
   ( )   . For     ,    ( )   . So, by the mean value theorem |  ( )  
  (  )|     ( )|    | such that   (     ). Since    is a fixed point of   , 
such that |  ( )    (  )|  |    | for all   (     ). Thus    ( )    as 
   , for all   (     ).  
 
Case (2): for   (     )  (     ) then   ( )    for all   (     ), hence 
  ( )   , since    is increasing in this interval, and       ( )     ( )  
     ( )     Then the  sequence *   ( )+ is increasing and unbounded above 
thus    ( )   as    , when   (     ). Since   (  )     and   maps the 
interval (     ) into (     ) hence in the similar way, we can prove    ( )  
  as     when   (     ).  
 
Case (3): at   (     ),   ( )    then  ( )   , therefore    is decreasing in 
above interval and       ( )     ( )       ( )   . Thus *   ( )+ is 
decreasing and it is unbounded below. So for   (     )   ( )     as 
     5) when   (      ),  by proposition (3)   has stable fixed point 
   (      ) and repelling fixed point    (      ). Graphicly analysis, 
  ( )    in (     )  (     ),  ( )>0 for all   (     )  (     ) and 
  ( )    for   (     )  (     ). 
 
To consider the dynamics behavior of the functions   , we notice three cases: 
Case (1) For   (      ).   ( )    for all   (      )and it is decreasing, so  
    ( )     ( )       ( )    . Thus, *   ( )+ is decreasing sequence and 
it is bounded below at   , and    is the larger fixed point. Then    ( )     as 
   for each    (     ).  
 
Case (2): For   (     )  (     ),   ( )    for all   (     ). Since     is 
increasing functions and *   ( )+ continuing the forward iteration procedure, so,  
      ( )     ( )       ( )    Then, the sequence *   ( )+ is 
increasing and    is the larger fixed point, the orbit of    must go to  when 
   . Therefore    ( )    when     for each   (     ).    (  )    , 
   maps the interval (    )into (     ). Then by using the above arguments 
   ( )    as     for all   (     ).  
 
Case (3): For all   (     ),   ( )     hence  ( )   , therefore    is 
decreasing in this interval and     ( )     ( )       ( )   . Then 
*   ( )+ is decreasing and unbounded below. Then,  for each  
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  (     )   ( )     as      6) when   (    ),    has two fixed points 
   (      )and    (      ) which are repelled by proposition (3). Graphicly 
analysis,    ( )   for all   (     )  (     ) and   ( )    for   
(     )  (     ). 
 
To evaluate the dynamics behavior  of   , we can show following: -  
Case (1): for each   (     ),   ( )   . Hence    is strictly increasing in 
(     ), then          ( )     ( )       ( )    . So, the sequence 
*   ( )+is an increasing that is unbounded above. So    ( )   as     for 
each   (     ). Then    ( )    when     for each   (     ). Because 
  (  )    , and   maps the interval (     ) into (     ). By using the above 
arguments    ( )    as     when   (     ).  
 
Case (2): For all   (     ) the dynamics behavior  of    has no attractors 
point. thus, the dynamic of the function will be chaotically, and *   ( )+ is 
chaotic for all   (     ).   
 
Case (3): At   (     ) ,   ( )    then  ( )   . Thus    is strictly 
decreasing in this interval and       ( )     ( )       ( )    Then 
*   ( )+ is decreasing and unbounded below. So for   (     )     ( )     
as      7) when   (    ) this case is similar to the case (6). 8) when 
  (      ), this case is similar to case (5). 9) when      (    )  by 
proposition (2)    has no fixed point.  The functions    is continues and 
differentiable for each   (     ) since    is continuous and differentiable for 
  (     ). The sequence *   ( )+ is increasing and unbounded below for all 
  (     ). Then     ( )    when      for all   (     ). If       , 
we have the similar previous arguments. 
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