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Abstract

This work aims to introduce concepts about I'-algebra calculate relative to I'-algebra
and outer measure in relation to I'-algebra are examples. After that, we establish a relationship
between them. The notions of null-additive and weakly null-additive as two generalizations
of measure and extreme measure are introduced and studied too.
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1. Introduction

Some types of classes of sets were studied by Ahmed et al. [1], [2], and [3],
which are generalizations of o—field such as o— o—field, o-ring, B— o—field, 6—
field and some important results of these concepts approved. Halmos [4] studied
the notion of the ring, where a collection J € p(Q) is called a ring if whenever
E,FeF,then EUF € Fand E — F € F, where E U F denotes the union of E and
F,and E-F denotes the difference of E and F. ¢- field Concept studied by Ash
[5], where significant results in measure theory have been demonstrated.
Mohaimen et al. [6] the idea of -algebra was presented, and its characteristics
were investigated. M. M. Abbood et al. [7], introduced the concept of bi- I'-
algebra, an

Result Discussion
Definition 1: Let F be a group of subsets 0 of that is not empty. If the
following conditions are met, then is called T" —algebra [6]:

a. 0,2 €F.
b. If D€ F and there exist @ # E; € D c 2 if not more than one, then
Ei’S € F

c. IfA;,A,, .. € F,thenU2,A; € F.

Definition 2: Let X = {x : 0 < x < oo} and [ defined as T" —algebra of 2. The
set function #: F — X is called a measure on F, if #(Up=1Bn) = Yme1 $#(Br)
where @ # B;, B,, ... be a family of disjoint sets that can either be countably
infinite or finite in F. So, a triple (Q,F,#) is called a measure space in
comparison to the I' — algebra F.

Theorem 1: If (1, F, #;) can be defined as a measure space the is proportional
to I'—algebra F and kj € {x:0 <x < oo} for all j=12,..,v. If a set
Sunction Yi_1 ki §;:F = X where X = {x : 0 < x < oo} is defined as;
=1k #)) (B) = X1 kj. $;(B) VBEF, then (2,F,Xi=1k; $;) is measure
space relative to the ' — algebra F.

Definition 3: Let F be a I' — algebra of 2 and # is a measure on F. A set
B € F is called # — null set, if #(B) = 0.

Definition 4: A measure § on a [’ — algebra J is called complete if for every
f—nullsetS € F,wehave K €EF VK CS.

Definition 5: Let (Q,F,,#) and (Q,F, #,) are two measure spaces
proportional to the I' —algebras F; and F, on the same set 2. The measure
space (2,F,,#,) is said to be an extension of (,F,, #,) iff F; € F, and
$1(8) = $2(S) VS € Fy.
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Proposition 1: Suppose that (0,F;,#;) can be defined as measuring
proportional space to the I' — algebra J,. There exist the smallest complete
extension of (2, F,,#;) which is unique.

Definition 6: Let 2 + @ be a set and F be a I' —algebra of . Let X =
{x :0 < x < o0}. A set function #:F - X is called outer measure (Out-M) on
I — algebra F, if all of the following are true:

1. (@ =0.

2. If A,B € Fsuchthat A c B, then #(4) < #(B).

3. If §,,8,, ... €F, then #(UrZ18,) < Yomq1 #(S0).

Definition 7: Let X* = {x : —c0 < x < o0}, and F is I — algebra set of 2 A
F:F > X" is called null-additive (N-Ad) on I —algebra F if whenever
S,K € Fsuchthat SN K = @ and #(S) = 0, we have #(S UK) = #(K).

Proposition 2: Every measure ona I" — algebra F is N-Ad on F.

Proposition 3: Suppose X ={x: 0 < x < oo} and Fisa I — algebra of Q. If
#:F = X be an Out-M on F, then # is an N-Ad on F.

Proof: Let # be an Out-M on F and §,,5, € F such that §; NS, =@ and
#(S;) = 0. Since Fis T — algebra of 2 then §; US, €F. Also,§; c§; US,,
S, €S, US; and £ is an Out-M on ' — algebra F, then #(S,) < #(5; U S,).
Let S, =0 Vr > 2,then U758, = 0.

Now, since # is an Out-M on F, then #(5.) =0 Vr > 2 and
Xz £(S) = 0.

Hence #(U7Z; 8p) < X721 #(S0)- Also, #(85; U S, U[UL3S:]) < #(S1) +
$(S2) + X725 #(S.). This means that #(S; US,) < #(S;) + #(S,). Then
#(8,US,) = #(8,) since #(S;) = 0, and hence # is an N-Ad on F.

Definition 7: Suppose X" = {x : —o0o < x < oo}, and let F be a T — algebra
of 2. A set function #:F — X is called additive if and only if §,K € F such
that SN K = @, then #(S UK) = #(S5) + #(K).

Remark 1: If # is a measure on I — algebra F. Then # is an additive on
I' — algebra F.

Proposition 4: Every additive on I" — algebra F is an N-Ad on " — algebra F.

Definition 8: Suppose X* = {x : —c0 < x < 0}, and F be a T" — algebra of (2.
A set function #:F —» X* is called weakly null-additive (WN-Ad) on T —
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algebra if and only if §,K € F such that SNK =@ and #(S) = #(K) =0,
then #(SUK) = 0.

Proposition 5: If # is an N-Ad on I" — algebra F, then it is a WN-Ad on
I' — algebra F.

Lemma 1: Every F-Ad on T — algebra F is WN-Ad on F.
Proposition 5: Every measure on I" — algebra F isa WN-Ad on F.
Proposition 6: Every additive on I" — algebra F isa WN-Ad on F.

Definition 9: Suppose X* = {x : —co < x < o0}, and F be a I" — algebra of (2.
A set function #:F —» X* is called countably null-additive (CN-Ad) on F; if
whenever §3,S,,..€F, §;NS; =0 Vi#jand K€F suchthat KNS, =0
and #(S,) =0 vr =1,2,3,..,then #(K U U, S,) = #(K).

Definition 10: Suppose X = {x : —oo < x < o0}, and F be a ' — algebra of
0. A set function #:F —» X" is called finitely null-additive (FN-Ad) on F; if
whenever §1,8,,...€F, §;NS; =0 Vi#jand K€F suchthat KNS, =0
and #(S,) =0 Vr =1,2,3,...k, then #(K U UX_,S,) = #(K).

Example 1: Let 2 be a countable infinite set, and F be the power set of .

0 K finite,
Define # (K) = {oo K infinte .

Then # is an FN-Ad onT — algebra F . Let §1,8,,...,,8, €F, 8§ NS; =
@ Vi#jand K €F such that KNS, =0 and #(S,) =0 Vvn=1,23,..1;
then §,, is finite vn = 1,2,3, ...,r. Hence U], _; &, is finite. Now, we have two
conditions:

Condition 1: if K is a finite set, then K U Ul,_; §,, is finite.

Condition 2: if K is an infinite set, then K U U},_; S, is infinite.

0 incasel,
o incase?2.

Consequently, # is a FN-Ad onT" — algebra F.

Therefore; £(K U Up_1 S,) = $(K) = {

Theorem 2: Suppose X* ={x: —co < x < co}and kj E{x: 0 < x < w0} Vj =
1,23, ..., 4.

Let#1, #, ... $4:F > X" be a FN-Ad on I —algebraF of Q. If
Z;Ll ki#;:F = X* is defined as;
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(Z;'I=1 k; #j)(l() = ?=1 ki .#;(K) VK €F, then Z?zl ki#; is a FN-Ad on
—algebra F.

Proposition 7: Suppose X* = {x : —co < x < o0}, and F be a T — algebra of
0. Let #,,#, be aCN-Ad on F and #,(@) = #,(0) = 0. Assume that #, or #,
is finite and define #; — #,: F - X" as:

($1 — $2)(K) = $1(K) — $,(K) VK € F . Then (#; — #,) is a FN-Ad on
I’ — algebra F of 0.

Proof: Suppose 8,85, ...,S, € F are disjoint sets, K € F such that KNS, = @
and #(S,) =0 vn=1,23,..r. Consider §,=@Vn>r, then Uy_; S, =
Un—=1S, Vn > r. Note that #;(K U Up-,S,) = #;(K) because #;, i =1,2is
CN-Ad on F, then #;(K U Uy-; S,.) = #;(K). Then;

($1 — $)(K U Upe1 Sp) = (F1 — £2) (K U Upzy Sp)
= $1(K U Un=1 8n) — $2(K U Uiz Sn)
= $1(K) = $1(K) = ($1 = $)(K).
Therefore (f, — #,) isa FN-Ad on " — algebra F.

Proposition 8: Suppose X* = {x : —c0 < x < o0}, and F be a T — algebra of
0.1f £:F - X" beaCN-Ad on I" — algebra F such that #(@) = 0, then # is
aFN-Adon F.

Proof: Let # be a CN-Ad on F, and let §,,S,,...,5, € F are disjoint sets,
K€F such that KNnS,=0 and #(5,) =0 Vvn=123,..r. Consider
S,=0vn>r, then Up_; S, =UL_1 S, Vn>r and #(S,) = 0,Vn. Then,
FKUUL_L S, = F(KUUpZ S,) = #(K) .Therefore # is a FN-Ad on F.

Clearly that the reverse of Proposition 2.54 not true.

Example 2: Let 2 be a countable infinite set, and F is the power set of .
0 K finite
Defi = ’
cfine # () {oo K infinte .

Then # is a FN-Ad on " — algebra F , but it is not a CN-Ad since;

Proposition 9: Suppose X* = {x : —o0 < x < o0}, and F be a I' — algebra of
0N.1f #:F > X*beaFN-Ad on F such that #(@) = 0, then # isaN-Ad.

Proof: Let® # §,K € F suchthat SNK =0, #(K) =0, and # be aFN-Ad
on F.Assume K=8;and §,=0vVn=23,...,r,then SUK=8SUUj;_, S,
and  £(S,) =0Vn=1.2,..,r. Thus; $(SUK) =4S UU’,S,) = £#(S)
since # isa FN-Ad and #(S,) = 0,vn = 1,2, ...,7. Thus, # isaN-Ad on F.
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Proposition 10: Suppose X'* = {x : —oo < x < oo}, and F be a T — algebra of
0.If #:F > X* be aFN-Ad on F such that #(@) = 0, then # is WN-Ad.

Proposition 11: Suppose X* = {x : —o0 < x < oo}, and Fbea I — algebra of
0. 1f #:F > X* be aCN-Ad on F such that #(@) = 0, then # is a N-Ad on
F.
Proposition 12: Suppose X* = {x : —0 < x < oo}, and F be a I' — algebra
of N.If #:F -» X* be a CN-Ad on F such that #(@) =0, then # isa WN-
AdonF.

Proposition 13: Every measure is a CN-Ad.

Proof: Assume that Fis a I — algebra of a set. Suppose that # is a measure
and @ # §,,8,,...,EF are disjoint sets, K € F such that KNS, =0 and
#(8,) =0 vn=1,2,3,... We show that #(K U Uy-; S,,) = #(K).

Since KNS, =0 vn=12,.., then KNUy_, S5, =0 Vvn=12,... Let
Use1 8, =8 then K NS = @. Since # is a measure then #(K U S) = #(K) +

£(8). But #(5) = #(Upz18n) = Yme1 #(S,) = 0. Therefore #(KUS) =
#(K), and hence # is a CN-Ad.

Proposition 14: Every measure is a FN-Ad.

3. Conclusion

In this work, some important concepts related to the relatively new structure
of the collection of sets called I'—algebra was introduced and discussed. The
measure, the outer measure, the finitely additive, countably additive, null
additive, finitely null additive, and countably null additive are the four types of
additives, and the weakly null additive relative to the I' —algebra were studied. It
is noted that the null-additive and the weakly null-additive are two
generalizations of the measure and outer measure notions. In conclusion, the
relationships between the previously presented concepts were investigated and
demonstrated, and some suitable instances were also taken in order to make the
concepts that were studied more easily consumable.
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