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Abstract

In this paper, new iterations with different steps such as resolvent Jungck ZSY,
resolvent Jungck Modified Mann Z-, resolvent Jungck Petrusel, and the resolvent Jungck
Ishikawa iterations are introduced. Also, the convergence and speediness of it are studied
and shown that the resolvent Jungck ZSY- iteration scheme is faster than that of resolvent
Jungck Modified Mann Z- iteration scheme. On the other hand, the resolvent Jungck ZSY-
iteration is faster than the resolvent Jungck Picard iteration.
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1. Introduction

In the last period, scientists presented many studies and research that
focused on finding the best and fastest algorithms, reaching the steadfast point
that is considered a differential solution to nonlinear equations e.g. integral
equations, partial differential equations, differential equations, variational
inequalities, uniqueness theorem, existence theorem, etc. It is very important to
develop some iterative diagrams. On the other hand, there are many authors to
reach fixed point in different spaces in Hilbert space and Banach space, see ([1]-
[10]). In 2008, Olatinwo and Imoru [1] discovered some convergence results for
J-Mann and J-Ishikawa iterations. Now we will mention some basic priorities.
An operator A: D (A) c H - 2 is called monotone operator if Vx,y €
D(A) such that{u—v,x—y)=0foru€A,andv € A, And it’s called
maximal if its graph is not contained in the graph of another monotone operator.
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The resolvent operator of A denoted by Ji: H - D(A) and defined by J3 =
(I + 2A)™! where A is any positive number and also denote A~10 by the set of
zeros of A.

2. Main Results

We introduced a new iterative scheme and proved its convergence and
speediness of it by using resolvent Z.A-Jungck mappings. Now, we define

1. Let (n,) be a sequence, in[0,1].The resolvent Jungck Modified Mann Z-
iteration is defined as
SOny1 = J/rn((l ~Mu)J S0y + T]n:TOn)a
2. The resolvent Jungck ZSY - iteration is defined as:
Szn41 = Jpn((1 = Mn) T2y + MaJ,nTT3,), Where S, G are commute
mappings on Cand (n,) are sequences in [0,1]
The resolvent Jungck Picard iteration SA,.; = J,-n T An
4. A self-mapping T:(C - Cis called a resolvent Z.A-Jungck mapping if

||Tx - Ty|| < bl/)(a1||5x —Sy” + a2||5x —me”) + min {lljmx -

18X =Frnxll+11drny—Syl
Te|| I =D 7y — 3,11}

Vx,y € C,ay,a,,b € [0,1],a; + a, < 1 and 1) is a comparison function
5. PropertyW: The set of all Jungck mappings § satisfy ||§Sx — %] <
[|Sx — £||,£ € f(S). Now, we give new results

W

Lemma 2.1: LetT be a resolvent ZA-Jungck mapping on C. Suppose that
($0,,) is resolvent Jungck Modified Mann Z- iteration scheme in C with f(S) N

f(T)NAL(0) # @. Then il_tzlo”é‘(?n -P|\ exists, for all n € N.

Proof: LetP be a fixed point of §,Gand A"1(0)then the following
inequalities hold
1S0n+1 =PIl < (X =Mp) 000 + Mn GO — P
<@ =n)lISOn =PIl +nullGO, — Pl
(1 =n)lISOn = Pl +nubW(a4[|SOn - SP|| + a2[|SOn - I P|) +
ISOn = JnOnll + T nP — SPII
R NGP = I
< @ =)0y = Pl +npbW(ay IS0, — Pl + a2 [ISO, — PID
< @ =np)lISOy = Pl + bW (SO, — Pl
[SOps1 =PIl SISO, =Pl <eevinnni < |[§0, =PIl
So, {||SO, —P||} is decreasing and bounded,for each ¢ € f(§) N f(G) N
A™(0) this implies that 1Im [|SOy — Pl exists.

< min {||c74~n0n —GOnll,

Theorem 2.2: Let T be a resolvent ZA-Jungck self-mapping on C.and (§0,,) be
a resolvent Jungck Modified Mann Z- iteration scheme. Then the resolvent
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Jungck Modified Mann Z- iteration converges to a unique common fixed point of
S,T and A~1(0).

Proof: By Lemma (1), we have
ISOn+1 =PIl < (1 — My ) +Mpb)IISO, — Pl
1S0n+1 = Pl < [T7=0(1 — n;(1 = B)IISO, — Pl
150041 =PIl < ™0V EF0m.

Since n; € [0,1] and b € [0,1] and X729 n; = . Then e~ (=D X2om; _,
as n-oo. lim,,,|l80,41 —P| =0. Therefore, (SO,) converges
strongly to 2.

Now, Let there exist another P* € C such that TP* = J,., P*" =8P =
P
0< 1P =Pl = 7P — T 2|
< bP(aylISP =S Pl + ay ISP - Jpn P*ID +
SP — P + P85 P
Il Jrn PN + T n II,”T?*_JM ?*”}

2
< b(ay ISP -SP*|| + a|ISP = I P*II) < BISP-SP*|| = P =P

min {IIJM? =TI,

Theorem 2.3: Let T be a resolvent ZA-Jungck self-mapping on C and (§0,,) be
a resolvent Jungck Modified Mann Z- iteration scheme in C. Then f(S) N

f(@) NAL(0) # ¢ ifand only ifii_f{)lo”TOn = JrnSOn4all = 0
Proof: Since f(S)NF(T)NATI0) @ =3P e f(S)NfT)NAL0) =
P = f(S) = f(T) = A71(0).By Lemma (1), we have, lim IS0, — P|| =

lim supl|J,n§On4+1 — Pl < lim supl|SO, — P
n—-oo n—-oo
lim supl|J,nSOns1 — Pl < 4 (1)
Now, to prove that 111_{2) supl|T0, — Pl <4

lim sup||T0O, — P|| < limsup by (a,||SO, — P|| + a,||S0, — PI)

n—oo n—oo

+ min{”(?ynon

”SOn - J/r‘non” + ”(74,-11? - S:P”
2

- TOII”: ’ ”T“P _(74’71?”}

= limsupby(a,||SO, — P|| + a,||S0, — P|) < limsup||sO, —P|| =4
n—oo n—oo

We get Al_{g sup||s0, =Pl < A ?)
Now, by Lemma(l), we have
A= r11_1}1010sup ISOns1 — £l = Aan}o sup||J,n (1 = M) SOn + 0T 0,) — P||
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< lim sup[(1 =) lISOn = Pl + NnbW(a1 [|SO = SPIl + 225 On = InP )

: IS0, = JnOnll + 1|J,mP — SPII
+mm{IIJ4~n0n—90nII, -t = 5 -2 MGP — TPl
< lim sup[(1 — np(1 = B)IISO, — PII]
18041 =PIl < lim supl|SO, — Pll=2 3)

By (1),(2),( 3),we get im 1705 = Jn8Onsall = 0.

(C ’ <J¢n50n+1> ) = I‘(C ’ (50n) ) = I‘(T? ) <J¢n50n+1) )

Now, I‘(T:P r(Jrn50n+1) ) = limnawsup ” J¢n50n+1_ TP ”
< limsup[ by (a4 (IS0, = Pl + a2 IS0, — PI) +

n—-oo

”SOn - Jrnon” + ”(.74"11‘7:’ - CS‘:P”
2

< limsupl|SOy — Pl = 1(P,(S0p)) = 1(C,(SOy))

min{llJrnOn - TOn”: )] ”T:P - (.74"71?”}

F(C,(S0n)) = r(TP ,(JrnSOn11)) = TP € A(C,(S0,)) = A(C,(SOp)) is
singleton=> P = TP = P€ f(T) = f(T) # 0. In the same way, we
get, P E f(S) &P E A71(0) = f(S)NF(T)NAL(0) = 0.

Lemma 2.4: Let T be a resolvent ZA-Jungck self-mapping on C . Suppose that
(S$3,) be a resolvent Jungck ZSY- iteration scheme inC. If f(S)Nf(T)N

A™1(0) # @, then ﬁi’&”szn‘:”” exists.

Theorem 2.5: Let(X ,||.||) be a normed space, and T be a resolvent ZA-
Jungck mapping on Cif P € f(S)Nf(T)NAL(0) # ¢ where 0 <r <1, <
1, then the resolvent Jungck ZSY- iteration scheme is faster than the resolvent
Jungck Modified Mann Z- iteration scheme.

Proof: Let P € f(S) N f(T) N A~1(0) the resolvent Jungck Modified Mann Z-
iteration scheme, we have

180041 =PIl = [|n (A = M0) TS On + MaT0n) — P
< (1 =M TS0 — Pll + 41150, — |
< (1= )lIS0, = Pll +nallGo, — P
< (1 = M)IISO — Pl +nabW(a; 50, - SPI + a,lIS Oy - I PI1) +
min {[|g,40 — GOy ||, Eon=Irnnltl0rn? =57 yGp — g, P11}

2
1S0n41 =PIl < (1 = (1 = 0))"[|SO, — P

The resolvent Jungck ZSY - iteration scheme. We have
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||5Zn+1 - :P” = ||(.74'"Tl((1 - T]n)g—'zn + nnJ/r"nTTZn) - :P”

< (1 = )by (a|[Szn-SP|| + a2 ||Szn- T P||) +
” ”fszn_Jrnzn||+||<74"11T_5?” |

min {19-n%n = 720 7P = 3P} allTT 2 -
Pl < (1 =) bY(ay]|Sza-P|| + a2||Sz0-P||) + MllTT 2, — Pl

< (@ =) )8z, — Pl nuby(ay ||ST2,- SP|| + a2 ||ST 20~ T, P||) +
ISTzn — TpnT Znll + [T P — SPII
2
< ((1 =nn) B)IISzy — Pl + Nnbbhp(ay 82y~ SPI| + @, IS zn- TnPl) +
ISzn — JrnZall + |TmP — SPI|
2

< (@ =M b) +npb?) ||Sz,-P|| < 5L —1u(1 — ) ||Sz,-P||
ISzn+1-7|| <bn((1—r(1—b))"||5z0—?||
[50n41-PIl = (1= 1(1-B)™S0o ]|

min {”Jrn:rzn - Tzn”: , ”T:P - Jrn?”}

min {"Jrnzn =Tz, TP — Jrn?”}

-0 as n— oo.

3. Discussion and Conclusion

A new iteration of different steps is introduced, an affinity and velocity for
it were studied and it was found that the resolvent Jungck modified Mann Z- the
scheme is faster than that of the resolvent Jungck modified Mann Z. Also, the
resolvent Jungck ZSY iteration is faster than that of resolvent Jungck Picard.
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