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Abstract
In this paper, we define the Hadamard product (or convolution) (¢ *y([n]))(€) of the
analytic function in the unit disk & = [¢: €] < 1,¢ € €] with the non-zero parameter 7, satisfactory

to the relationship h,, (¢ * Y([D)(©) = (hy — 1)(¢ * Y(In + 1D) @) + £( * (In + 1) ©). to
derive subordination, superordination and sandwich results for functions of the form (¢*
¥([n]))(¢) by using some properties of Subordination and Superordination concepts. Our results
serve to generalize and improve some previous studies where the results of this research were

applied to linear operator 231; band the multiplier operator Si’u' This work can be generalized to

other linear operators.

Subject Classification: Primary 93A30, Secondary 49K15.
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1. Introduction
Let 9 be the class of function ¢ (&) in the form:

PE) =&+ a8® + a8 + - =&+ X, aiék, (1.1)

here ¢ (&) analytic in open unit disk & = [¢:[¢] < 1,¢ € €], and normalized
with ¢(0) =0, ¢'(0)=1. Also, consider § be the class of univalent function in 2.
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Let §*(0), C(o) and K be the subclasses of 9t such that:

{q) ES":Re {%} > g},f €, (0 <p <1).Then ¢ is starlike function.

§9"(©
¢'(©

{qbl € K:Re {zl,ig} >0:¢,€CEE ‘ZI} Then ¢ is close-to-convex function.
2

{d) € C:Re {1 + } > Q},f € U, (0 < o < 1). Then ¢ is convex function.

If the functions ¢, and ¢, are analytic in %A . We say ¢, is subordinate to
¢, or ¢, is said to be superordinate to ¢p; in U, written as ¢, < ¢, or ¢p,(§) <
$,(§) if there a Schwarz function y(¢) analytic in U, with [v(£)| < 1. So ¢, (§)
is equal to  ¢p,(v(§)), & € U. In particular, if the function ¢, is univalent in ¥,
then subordination ¢, < ¢, is equivalent to ¢,(0) = ¢,(0) and ¢, (W) c

$2(A), (see [8], [5])
Further, if ¢;(§) = ¢ + X, ax§* and ¢,(§) = § + i, bid™, then we
define the Hadamard product (or convolution) by:

Bi() * $2®) = £ + ) arhd* = @1+ $,)(E).
k=2

Suppose Y([n]) € N be the form YP([n])(§) = & + i, e ([nDEF, where
¢ ([n]) affected by the presence of a non-zero parameter n € (, satisfying for

some h, € ¢ .Then the recurrent relationship: [10]

hy (¢ = WD) (@) = (h, — 1) (¢ * Y(In + 1D) @) + &(p * ([n + 1)) (©).
(1.2)

Recently, in [3],a linear operator is %Z; N — N known to use a generalized

Bessel function W atb (&) [4] which is the first sort of order g, as defined by:
b
B,H(E) =My, () (S > (1.3)

1\ 124
where My, (§) = Myap () = 29T (q +%)f = w,,, ()
_ o (=b)k*
=5t Zk:%k—l(a)k_l(x—l)!
The multiplier operator SLH;ER — 9t studied in [10], is defined for i € Z,

uw>-1,¢>0,by:

r+1

Eksd = Q+TE¢(¢ 0:_1;- . -),b;q;r;feq:-

3, 66 = $(©), i=0,
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JM p(©O) =T (2072, (o, ier,
‘Sf_ﬂ ()b(f) - ﬂ+1f u+1 d (E ’ gl_uld)(t))) i € Z+~

The series expansion of Si’n ¢(z)is for i € Z,u>—1, £ >0 for the
function ¢ of the form (1.1) given by:

ok £(k-1
3, 60 = £+ 57, (1+ 50 a6, (14)
Bulboaca in 2005 [5], used results of Miller and Mocanu [9],studied some
classes of first order differential superordination. Ali in 2004 and others [2], they
use results of Bulboaca to get conditions for some normalized analytic functions

£ (S) < by,where by, byunivalent in 2 with b, (0) = b,(0) = 1.

Recently, Goyal and others [7], used certain results by sandwich theorem on
some categories of analytical functions. Further,Cot™irla and Al-khafaji
([9],[10]) they got conditions for some normalized analytic functions. We are
working on generalizing and improving these results using the concept of
convolution.The main objective of this research is to identify sufficient
conditions for the analytical function ¢ * 1 ([5]) to obtaining and proof several
subordination, superordination results and certain results by using sandwich
theorem.

to satisfy b; <

2. Preliminaries
Definition 2.1: [11] Let Y:¢3 X 2% — €, and h(¢) be univalent in 2. If F(§) is
analytic in 2 that fulfills the second-order differential subordination:

Y (F(), 67 (9),82F (©):€) < h(®), 2.1
then F(§) is differential dependency solving of (2.1) .

Definition 2.2: [11] Let Y1:¢3 x A - ¢, and h(¢) be univalent in A. If F(§) and
Y, (T(E), £F (), 82F (&); g) are univalent in % and F(¢) that fulfills the
second-order differential superordination:

h@) <Y, (F©,6F ©,82F ©);¢), (22)
then F (&) differential superordination solving of (2.2).
Definition 2.3 [11] Let Q be the collections of functions ¢ which are analytic

and injective on A \ E(¢) ,when E(¢) = {¢ € 0U : limg_, ¢(§) = =0},
and ¢'(§) = 0 for¢c € oA\ E(¢).
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Lemma 2.4: [9] Let p, (§) be univalent function in A and let ¥ and 9 be analytic
in a domain D, p, (W) c Dwith I(w) #0 when w € p (W) .Set O(&) =

Ep' (©)I9(p1(€)) and k(&) = Z(p, (&) + O(&). Suppose that
(i) O is starlike in A .

0(®)
If p,(§) is analytic in A with p,(0) = p;(0), p(A) < D and X(p, (&) +
fpzl(f)d’(pz(f)) < Z(P1(f) + fp1'(f)l9(P1(f))' then p, (&) < p,(8).

(i) Re (f” (5)> >0,8€ 9%A.

Lemma 2.5: [11] Let p, (¢) be convex in W and 8, € (,8, € C*

with Re (1 + I;l ’((5))) > max {0, —Re 2—1} If'p, (&) is analytic in A
1 2

and 8,p,(&) + 8,Ep," (&) < 81p, (&) + 8,Ep, " (§), then p,(&) < py(&).

Lemma 2.6: [9] Let p, (&) be convex univalent in U and let and let ¥ and 9 be
analytic in a domain D , py (W) € D. Suppose that

(D) &py"(E)9(p, (&) is starlike univalent in A.

.. 3 (p1())
(ii) Re (—19(111(5))) >0,& e

If p2(8) € N[p,(0), 11N Q ,with p,(A) € D, and Z(p,(§) + Ep,' ()9 (p2(5))
is univalent in U, and 9(p,(€) + Epy' (©)I9(p1(8)) < I(P2(8) + Ep, (I (p,(£))
then py (&) < p,(8).

Lemma 2.7: [9] Let p,(§) be convex in A and Re(B8,) > 0. If p,(§) €

N[p;(0),1]1N Q. p,(§) + 8,8p, (&) is univalent in A and p,(§) + 6,¢p;’
< P2 (&) + 8,Ep, (§), then py (&) < p, ().

3. Subordination Results
This part introduces some subordination results for analytic function

(¢ * (D) ©

Theorem 3.1: Let b(§) be convex univalent in U, with b(0) =1, a; >

n
0,0 # a, € € and suppose Re (1 + I;,g))) > max {0, —Re Z—l}
2

If ¢ € N, satisfies the subordination:

_ (¢ (In+1D)E)\ ™ (¢+p(In+1D) ()™ ( (CRIGIDIEG) )
(1 - azho) ( £ )+ aaha £ ) (@p(+1D)©

b(&) + Z—jfb’(f), then ((¢*w([n€+1]))(f))°l < b(?). (3.1)




SOME PROPERTIES OF SUBORDINATION DIFFERENTIAL AND SUPERORDINATION 623

Proof: Let d(§) = ((“’L;”))“))1 Few (32)

By derivation of (3.1) and using the recurrent relationship (1.2) we get
§d'© _ a <hn(tb*l/}([n]))(f)+(¢*1/J([n+1]))(f)—hn(¢*¢([n+1]))(€) _ 1)

a@ 1 (p+([A+1D)(®)

= @ @mD)® )

= aly <(¢*¢([ﬂ+1]))(é’) 1),

§a'® _ ( (¢ (D)@ ) (e (+1D) O\ (¢+1(+1D) )\ ™
and =77 = by \ Gepme )@ ( £ ) hﬂ( c ) :

by using the hypothesis (3.1) we get d (&) + Z—Zfd’(f) < b+ "—2 Eb'(8),

apply Lemma 2.5, when 6; = 1 and 6, = =,

az

then (@*L;m)@) ' <b($).

Theorem 3.2: Let b be convex univalent in U, b(0) = 1, and b(§) + 0 for all
& € U, and suppose that b satisfies:

e(o+1) §'© | &"©®
2@+ (0 - DR+ > 0, (3.3)

Re{1+t—"+
az

where g, €,t € ¢,a; > 0,0 # a, € ¢ and ¢ € ¥, suppose that E(b({))a_lb’(f)
is starlike univalent in 2. If ¢ € M€, satisfies the subordination:

M(O', t,e h’r]' M, aq, Az; E) < (t +& b(f))(b(f))a + az (b (E))U_lb,(f)a (34)

hn(¢*1ll([n-1]))(5)+(1-hn)(¢*¢([n]))($))ala

where ]V[(U, t, & hym, 01.0215) = t( §

a1(oc+1)

te (hn(¢*¢([n—1]))(€)+$(1—hn)(tﬁ*w([n]))(f))
hn (@1 (In—1D) () +(1=hn) (¢ (D) (&)
azal( n( ) f( n)( ) )
N (Shn[(¢*w([n—1]))(§)]’+f(1—hn)[(¢*1P([n]))(§)]’ _ 1)
(¢ (In—=1D)(O)+(1=hn) (@ (D) () ’

* - - * “
e (tale-vtin 1]))(;):51 M@EDXENT < pe), ¢ € o

a0

Proof: Let U(B) = (t + €B)B° and L(B) = a,(B)° "L, 0= B € C,
when U(B) and L(B) are analytic in € . Then we get

G =&b"(E)L(b(E)) = a,(b(£))° b’ (§) and
(@ =0(b() + 6 = (£ +2(6()) (b(©®) + 0 (b)) 'b'(©).
Since & (b(f))a_lb’(f ) starlike, then G(§) is starlike in U, and
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y'(§)
Ke (m)
&to(b(€))" b’ (&) + Eoeb(O) (b)) b'(€) + £b()(b(©))” b'(9) N
. 6E(b(©)7 b
£2a,(0 — DB'()(b(©)” b () + €2a,(b())" 0" (&) + a,€(b(©))" b (§)
6,E(b(©)7 b

g(a+1) PN TAGIRTMG)
32{1+ +89 p@) + (o 1)b(€)+w)}>o

Also, consider

az

d(§) = (hn(¢ (- 11))(f)+(1 hn)(¢*p (] ))(E)) then
&) = a, (h W6 p(0n - 1D)O +€(1— h) (@ * (I ))(5))

[hn(fb*l/}([n—1]))'(5)+(1—hn)(¢*¢([n]))'(f) 3 1]
I (@ (M=1D)(EO)+(1~hy) (P*p (D) &

And
(h n(¢ * 9(In = 1)@ + (1 = hy)(¢ * P(In ))(5))
e (hn(¢ ([n — 1]))(5)1(1 —hy)($ * w([n]))(f))“l("“)
= t(d(©)” + &[(d(©) d(@)] = (¢t + ed(©))(d (D))"
et o (SRS - 5
That i 00, (hn (¢*w([n—1]))(f)+§1—hn)(¢*¢([n]))(€))a1”

(shn[(¢*¢([n—1]))(e)]’+f(1—hn)[(¢*w([n]))(s)] _ 1)
(¢ (IN=1D)(©)+(1~hn ) (¢ (D) ()

=, E(d@®)7 7 d'(@).

From (3.4) we get (¢ + £d(&))(d(©))” + a, £(d(®)” ' d'(©) <
(t +eb(@©)(b(©®) +a, (b)),

by using (3.3) and Lemma 2.4 we obtain d(¢) < b(§).
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4. Super Ordinations Results

Theorem 4.1: Let b(§) be convex in A, with b(0) =1, a; > 0,Rea, >0, If
* ul
bEN, (("’L;””“)) € N[d(0),1] N Q and
_ (¢=p(+1D)()\ ™ (¢=p(I+1D)(\™ ( (¢=p(D) @) )
(1= azha) (FEEEE) 4 ety (PR (@-pn 1))@
be univalent in 2and satisfies the superordination:

b(§) +26b'(§) <

_ (¢*p(In+1D)(©)\™ (¢+(+1D)) ()™ ( (CRIGINIE) )
(1 - aah) ( g )+ aahy ( £ ) wwame) . ¢

a
then b(§) < (Wi"l]))(a) g

a
Proof: Let d(¢) = (Ww) 1. e

Then d'(€) = a ((¢*¢([n+1]))(f))“1‘1 ([(¢*¢([n+1]))(f)]' _ (qb*w([n:ﬂ))(a)
€ £ £

a'® _ ([(¢*w([n+1]))(§)]’ _ 1)

a@® — P\ (epm+)® &)

with the same steps of theorem (3.1) and using the hypothesis (4.1), we get

b(§) +2Eb"(€) < b(§) + D' (D).
by apply Lemma 2.7 we obtain b(§) < (

We have

@ﬂ@ﬂ@@fi

3 .

Theorem 4.2: Let b be convex univalent in U, b(0) = 1, and b(§) = 0

for all & € A, and suppose that b satisfies: Re {Z—U b'(&) + @b(f)b'(f)} >
2 2

0,

whereo,e,t € (,0 £ a, € (*, E €A andf(b(f))a_lb’(f) is starlike
univalent in . If ¢ € N, satisfies the condition :

h (@ (In=1D) (O +(1-hy) (¢ (D) )\
( : ) € R(b(0), 1IN Q, and

M(a, t, & hy,m, aq, ay; E) is univalent in 2L.
If (6 + £ b(@©) () +a(b(®)"b'() < M(0,t,6,hy,m, 01,053 ), (42)

* - - * az
then b(¢) < (hn(¢ ¥(n 1]))(€)+§(1 hn) (¢ lp([n]))(g)) |

Proof: Let U(B) = (t + €B)B% and L(B) = a,(B)°" L, 0+ B €(,
when U(p) is analytic in € and £(B) # 0 is analytic in ¢ / 0 .Then we get

G() = Eb'@OL(B() = a¢(b(D))” ' b'(®).
Since & (b (f))g_lb’(f ) starlike, then G(§) is starlike in 2, and
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o' (b(D)) _ (e+2()) ()7 _ to e(o+1) ,
Re (—L(b @)) = Re <—a2(b(;))"'1 ) = Re {;b © + "2 b(@©b ®}>0

* - _ . aq
Now let d(&) = (hn(¢ (i 1D)<f>+€(1 hn)(9 w([nm(s)) '

In a similar way to theorem (3.2), we get:

(t+ b)) (BE) +a,(b@®) b (@)
< (t+£d(®)(d©®) +a, £(d®)" T d'(©).

by Lemma 2.6 we obtain  b(§) < d(§).

5. Sandwich Results
By combining the above theories, we get the following two sandwich
theories.

Theorem 5.1: Let by, b, be convex univalent in W, with b,;(0) = b,(0) =1

Rea, > 0 and Re (1 + 2’((5))) > max {O, —Re Z—:} where a; > 0,0 # a, € (.

a
Ifp € Rand (w) " en1,1]n 0.
_ (¢ (In+1D) )\ ™ (¢=p(n+1D)©) °1( (¢+9 D)@ )
and (1 “Zh")( £ ) + azh"( £ ) G- [+1D)©®
is univalent in A satisfies: b (&) + Z_jfb'1(f) < (1 - azh#)
(o (n+1D) @)\ (e (n+1D))(®) °1( (p=p(D)(®) )
( £ ) +azhy ( £ ) CEICEDGIAR b (&) +

2b'2(8), then by () < (w)a1 < by(8) .

Theorem 5.2: Let by, b, be convex univalent in U, with b;(0) = b,(0) = 1,and
let ¢ € N, satisfies the condition:

a
(hr,(¢>*w([n—1]))(€)+$(1—h1,)(¢*¢([n]))(f)) 1 € N[1,1]N Q, and
M(a, t, &, hn,n, as, ay; f), is univalent in .

(e +e b)) (5:(9)” +ax(bo(9) by () < M(0,t,8, by, 7,01, 05:§)
< (t+eb()(b2(®)" +az(5:2(9))" b€,

* - - * a1
then by () < (hn(¢ w(ln 1]))(6)2(1 hy)(¢ w([n]))(f)) < b, ().

6. Discussion and Conclusion

This paper studies the sufficient conditions for the analytic functions of the
form (¢ * w([n]))(f ), defined by Hadamard product (or convolution) to obtain
subordination and superordination results for those functions. Some sandwich
results were also obtained by merging subordination and superordination results.
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This research can be considered a generalization and improvement of some
previous studies.

Now the above theories can be applied according to certain conditions, as
follows:

(1) Let hy=dand (¢ *3p(In+/D)(E) = B, ,$(&).j = 0,1-1. Then

b b b '
dB,¢¢) =d-1DB,, ¢¢)+¢ <ﬂ3d+1¢(f)> ), (6.1)
by using (6.1). All results above mentioned, satisfying with linear operator

B, ,H().
1

(2) Let hy =" and (¢« ([ +D)E = S, $(€).) = 0,1-1. Then

n (sg# </>(<$)) © = (21 -1)3, 6@ +¢ (S;; qb(f)) @, (62

by using (6.2) all results above mentioned, satisfying with the multiplier
operator.
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