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Abstract

In this paper, we present a new class of functions called semi (p, €)-convex functions
which represent a combination of p- convex and semi e-convex functions. We discuss some
important properties and characteristics of this class. For applying this class of new functions
to optimize programming, we present some optimality properties such that the cost function
of the optimization programming is semi (p, €)-convex and the set of constraints is (p, €)-
convex.
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1. Introduction and Preliminaries

Research on convexity is considered an important topic in the fields of
applied and pure mathematics. Various attempts have been widely and deeply
made in the literature by many researchers in different areas to extend and
generalize convex sets (functions) into non-convex sets (functions) by altering
the convexity assumptions (see, e.g., 1-8). In this regard, Youness [8] presented
g-convex sets (resp., functions) with applications to optimization problems. The
results on e-convexity were studied and improved further by many researchers.
Chen [2], for example, defined and studied new e-convex functions called semi
e-convex. Another important type of non-convex sets (functions) is the class p-
convex sets (resp., functions) recently introduced by Bayoumi and Fathy [1] and
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Sezer et. al. [6] by making the effect of the real number p € (0,1] on the new
defined sets and functions. Very recently Hazim and Majeed [3] presented a
class of (p,&)- convex sets and (p,e)- convex functions by combining &-
convex sets (resp., functions) and p-convex sets (resp., functions).

In this paper, motivated by p-convexity [1, 6], semi e-convexity [2], and
(p, €)-convexity [3], we introduce a new class named semi (p,&)-convex
functions. We analyze the main properties that semi (p, €)-convex functions
satisfy and study some optimality properties of the optimization problem defined
in terms of this class of functions.

Throughout this paper, let p € [0,1] and R is the n-dimensional Euclidean
space. Assume that A is a non-empty subset of R", f:ACR" — R be a
function and € : R® — R" is a given mapping. In what follows, the related
concepts needed in this work are provided.

Definition 1.1: [8] A is named as e-convex set if Vx,y € 4, r € [0,1], then
re(x) + (1 —r)e(y) € A.

Definition 1.2: [1], [6] The set A is named as p-convex if for an arbitrary
x,y € Aand all , s € [0,1] such that r?+sP = 1, then rx + sy € A.

Definition 1.3: For an arbitrary x,y € 4, and r,s € [0,1], the function f is
named as:
1. &-convex if A is e-convex and
fle(x)+ (A —re®)) <7f(e(x))+ A —1)f(e®)). [8]
2. semi e-convex if A is e-convex and
fe()+ A —re@) <rf(x)+A-1)fY). (2]
3. p-convex if A is p-convex set and
f (rx+sy) S Tf(x) + sf(y), P+sP = 1. 1]

Definition 1.4: [3] A is named as (p,&)-convex if Vx,y € 4, and s,7 € [0,1]
such that rP+sP = 1 we have re(x) + se(y) € A.

Definition 1.5: [3] f is named as (p,£)- convex on the set A if Ais (p,&)—
convex set and for arbitrary x,y € A, r,s € [0,1] such that rP+sP = 1 we have

fre(x) +se(y)) <7f (e(x)) + sf(e(y)).

2. Semi (p, €) —Convexity with Properties

In this section, semi (p,&)-convex function is introduced. This class
generalizes semi e-convex functions [2] and p-convex functions [1, 6]. Some
properties and related examples are established.
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Definition 2.1 Let A be (p, €)-convex set. Then for each x,y € A, r,s € [0,1],
andp € (0,1] suchthatr? + s? =1, f is named as semi (p,¢&)-convex if

flre(x) +se(y)) s 7 f(x) +sf ().

Next, we show an example of semi (p, €)-convex function.

1
Example 2.2 let A= {x = (X1, ., xp) ERUYIE ]2 < 1 } and f:A —

1.3
R such that f(x) = (Z{‘zllxiﬁ) for all x € A. Assume that &: R"™ - R" such

that € (x) = (xz—l,xz—z,

Now, let x,y € A,p = % and r,s € [0,1] such that P 4+ s? = 1, then we have

...,x?"). From [ 3, Example 2.4] , A is (%,s) convex set.

rex + sey € Aand f(rex + sey) =f(rxz—1+syz—1+ ---,rx7"+sy7")

=Y |r¥ig R T 1 RS S P 71 b
(O ro sy )3 < (Zi:17'2 ) (Zi:lsz )

1 1
< r @kl s Bkl

.1 . .
Hence, f is (E’ €) — semi convex function.

The following remark is needed in the sequel.

Remark 2.3 Throughout the paper and unless otherwise specified.
i.  The mapping (x) will be written as €x in the proofs and the calculations.
ii. The set A is (p, €)-convex set.

iii. From Definitions 1.4 and 2.1, we always have r,s € [0,1], andp €
(0,1] such that r? + sP = 1.

The next result represents a relationship between (p, €)-convex and semi
(p, €)-convex functions.

Proposition 2.4: Let f is (p, €)-convex on A. Then f(x) = f(ex) forany x € A
ifand only if f is semi (p, €)-convex on A.

Proof: Let x,y € A, and f be semi (p, £)-convex on the (p, €)-convex set A.
Thus, rex + sey € Aand f(rex + sey) <rf(x) + sf(y). Forr =lands =0
we get f(ex) < f(x) as required. Conversely, if f is (p, €)-convex on A and
f(ex) < f(x) for each x € A. Then f(rex+sey) <r f(ex)+sf(ey) <
rf(x) + sf (y). Therefore, f is semi (p, €)-convex on A.

Proposition 2.5: If f is semi (p, €)-convex function then the level set K, =
{x € R™: f(x) < a}is (p, €)-convex for any a € R.
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Proof: Let x,y € K, then f(x) <a and f(y) < a. From the semi (p,€)-
convexity of f, we get f(rex +sey) <rf(x)+sf(y)<ra+sa <rPa+
sPa = (r? 4+ sP)a = a. In conclusion, f(rex + sey) < a. Thus, K, is (p, €)-
convex set.

Remark 2.6: Proposition 2.5 does not satisfy if the function f is (p, €)-convex.
To confirm this observation, let f : R™ — R such that f(x;,...,x,) = 2x; and
&: R™ - R" such that e(xy, ..., x,) =(x; + 1, x5, ..., x,,). Then, f is (p, €)-convex
and not semi (p,é&)-convex function. Indeed, let x = (xq,..,x,), ¥ =
V1, «-» Yn) € R™ then rex + sey € R™ and
flrex +sey) = frxy + sy, +r+s,1rx, + sy, + -+ 1rx, +5y,) =
2rxy +sy; +r+s5)=2r(q + 1)+ 2s(y; + 1)

=rf(ex) + sf(ey),
which yields the (p,e)-convexity of f. To show that f is not (p,ée)-
semi convex function, let w = (0, ...,0) € R™ be a zero vector in R" then
f(e(w)) =2 > f(w) = 0. Thus, from Proposition 2.4, f is not semi (p, €)-
semi convex function. Next, we show that k,is not necessary (p, €)- convex

set for all a € R. Take x = G,O, ...,0), y = (%,0, L ER a=p= %and

r=s= %. Then x,y € k1 such that rex +sey = (g,o, ..0) € R™ with
2

flrex + sey) = g >a= % Then, rex + sey & ki as required to show.
2

Now, we discuss some properties of semi (p, €)-convex functions.

Proposition 2.7: Let f, g: A € R" — R be two semis (p, €)-convex functions
on A. Then, af + Bg is semi (p, €)-convex on A forall a, § = 0.

Proof: Let x,y € A and let z = rex + sey € A. Using the semi (p, €)-convexity

of fand g and Remark 2.3(ii), we obtain

(af +Bg)2) = af (2) + Bg(2) s arf(x) +asf(y) + Brg(x) + Bsg(y),
=r(af +Bg)(x) +s(af +Bg)W).

Hence, af + Bg is semi (p, €)-convex on A.

Proposition 2.8: Let f:A S R®* — R and G: R — R are two functions such
that f is semi (p, €)-convex on A and G is an increasing linear function. Then
gof + A - Ris semi (p, €)-convex function.

Proof: Let x,y € A. From semi (p, €)-convexity of f on A and Remark 2.3(ii),
rex + sey € A and f(rex + sey) < rf(x) + sf (). Thus, G(f (rex + sey)) <
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G( rf(x) + sf (y)). The last inequality is satisfied because G is increasing
function. Employing the linearity hypothesis of G, the last inequality yields,
G(f(rex +sey) < rG(f(x)) + sG(f(y)). Thus, Gof is a semi (p, €)-convex
on A.

3. Applications to Optimization Programming
In this section, a non-linear optimization programming denoted as (NLP),
is defined

min f(x)

s.t. x EA,
where A is (p, €)-convex and f is semi (p, €)-convex function. The following
optimality properties hold for the problem (NLP).

Proposition 3.1: Every local minimum x* = g(x*) € €(A) of the problem
(NLP) is a global minimum.

Proof: Suppose x* = g(x*) is not a global minimum, then there exists u € A
with f(u) < f(x*) = f(ex*). From the assumptions on f, we have for all

1

r,s € [0,1] with 7P +s? =1 (i.e.,s =(1- r”)z),

fleu+sex™) <rf) +sf(x*) <rPf(u) +sPf(x").

Since f(u) < f(x*) and the fact that s = (1 — rP)?, the last inequality
yields

1

f (reu +(1- rp)Eex*) <rPf(x*) +sPf(x*) = (P + sP)f(x*) = f(x¥) 1
Now, for a sufficiently small r? € (0,1] (hence, r € (0,1]) then reu +

- r”)%x* will be close enough to x*. i.e., there exists § > 0 such that

reu+ (1 — rp)%x* € Bs(x*) N A, where Bg(ic*) is an open ball. From the local

minimality of x*, f(x*) < f(reu + (1 — rP)px*) which contradicts (1). Thus,
x* is a global minimum.

Proposition 3.2: Let f be strictly semi (p, €)- convex on A. Then the global
minimum of the problem (NLP) is a singleton.

Proof: Let x*,y* be two different global minima of (NLP) then f(x*) =
f(y") < f(x) for any x € A. From the assumptions on f and A, for all
r,s € (0,1) with r? + s? = 1, we have rex* + sey* € A and

flrex™ +sey™) <rf(x") +sf(y") < (sP +tP)f(x7) = f(x7).
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The above inequality yields that rex* + sey”* is a global minimum which is
a contradiction. Hence, there is a unique global minimum.

Proposition 3.3: The set of global minima of a problem (NLP) is (p,¢)-
convex.

Proof: Let argmingf ={x* € A:f(x*) < f(x) Vx € A} the set of global
minima of the problem (NLP). Let x{,x; € argmin,f we must prove rex; +
sex; € argminyf. since f is semi (p, €)-convex on the (p, €)-convex set A, we
have rex; + sex; € A and foreach x € A

flrexs +sexy) <rf(x;) +sf(x;) <rPf(x) +sP f(x)
=P +sP)f(x) = f(x).

Therefore, rex; + sex, € argminy,f as required.
E) 1 2 A
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