
©

Sandwich results of meromorphic multivalent functions defined by 
multiplier transform

Sarah A. Al-Ameedee *
Department of Computer Technical
Al-Mustaqbal University College 
Babil 
Iraq

Ahmed J. Obaid
Department of Computer Science 
Faculty of Computer Science and Mathematics 
University of Kufa
Kufa
Iraq

Abstract
We investigate the characteristics of differential subordination for meromorphic 

multivalent functions and superordination linked to defined multiplier transforms for 
meromorphic multivalent functions. As a result, we get sandwich outcomes.

Subject Classification:  30C45.

Keywords: Multivalent functions, Sandwich, Transforms, Meromorphic.

*	E-mail:	sarahabd54@gmail.com,sarah.abdulridha@uomus.edu.iq

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
Vol. 26 (2023), No. 4,  pp. 651–658
DOI : 10.47974/JIM-1484

  

 

 

 
 
 
 
 
Sandwich Results of Meromorphic Multivalent Functions Defined by 
Multiplier Transform 
 
 
Sarah A. AL-Ameedee  
Department of Computer Technical 
Al-Mustaqbal University College,  
Babil  
Iraq 
 
Ahmed J. Obaid ‡ 
Department of Computer Science  
Faculty of Computer Science and Mathematics  
University of Kufa 
Iraq 
 
Abstract  
   We investigate characteristics of differential subordination for meromorphic multivalent functions 
and superordination linked to defined multiplier transforms for meromorphic multivalent functions. 
As a result, we get sandwich outcomes. 

Subject Classification: 30C45 

Keywords: Multivalent functions. Sandwich. Transforms. Meromorphic. 

1. Introduction  
Let    ( ) be the class of analytic functions in   *    | |   + let 

 ,   - (       ) denotes subclass of functions  ( )   ( ) : 
 ( )                        (   )                         (1.1)                     

and     be a subclass of   by form: 

   ( )      ∑          
       (   )                             (1.2) 

that is analytic in      * +.                                                                              
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Let      .   is subordinate(   ) to    if  ( )    a Schwarz 
function and | ( )|    such that  ( )   ( ( ))   (   ), then     (see 
[7]): 

 ( )   ( )   ( )   ( ) and  ( )   ( ). 
Let        and  (       )        and   univalent in    If   

analytic in   and satisfies the second-order differential subordination  
                      ( ( )    ( )     ( )  )   ( ),                               (1.3) 

if   satisfies the second-order differential superordination 
 ( )    ( ( )    ( )     ( )  )                                    (1.4) 

then   is called a solution of the differential superordination (1.4), if   is 
subordinate to  , then   is superordinate to  . 

Miller and Mocanu[8] obtained conditions on      and   holds : 
 ( )    ( ( )    ( )     ( )  )   ( )   ( ). 

An analytic function  ( ) is called a subordinate of (1.4) if     for all   
satisfies (1.4). 

A subordinate  ̃( ) that satisfies    ̃ for all subordinates  ( ) of (1.4) is 
called the best subordinate. 

Ali et. al. [2] used Bulboaca's [6] results to derive the necessary criteria for 
a given normalized analytic function f(z) to meet    ( )  

 ( )
   ( )    ( )  where 

  ( ) and   ( ) univalent functions in   with   ( )    ( )   . For further 
result (see[2]). 

In 2017, Wang and Li [7] defined a new multiplier transform       
    for the 

function      by 

       
        ∑ ( )   

(   ) .
  

   (   )/
  

                ,                 (1.5) 

where                        
and ( )  is the Pochhammer symbol by 

( )  *                                                              
    (    ) (      )              

That for all      we have   

 (       
    ) ( )             

    ( )  (   )       
    ( )        .      (1.6) 

The principle question of present properties discovering adequate 
conditions 

  ( )         
    ( )    ( )  

whenever    and    are known univalent functions   with   ( )    ( )     
Many scholars in this sector were interested in the sandwich results of univalent 
and multivalent functions. For example, see[1-5]. 
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The next lemma is the foundation results in the theory of sandwich results 
of Meromorphic Multivalent functions. 
 
2.  Preliminaries 
Definition 2.1: (see[9]): Let   be a set in      ,   - and   ( )     The 
class of admissible functions   

 ,   - consists of        ̅    that fulfill the 
following requirements : 

 (       )    
when 

   ( )              ( )
      .    /   

  .  
  ( )

  ( )   /   

when      and        
  

Theorem 2.1: (see[9]): Let      ,   - with  ( )   . If    ( ) and 
 ( ( )    ( )     ( )  ) 

is univalent in  , then 
  * ( ( )    ( )     ( )  )    +  

implies that  
 ( )   ( )    (   )   

 
3.  Subordination Results  

We prove the following results. 
 
Definition 3.1. A set   in          , and   ,   -  class of admissible 
functions consists of          fulfill the following requirements 
admissibility condition: 

 (       )           (   ) 
whenever 

   ( )          ( )    ( )
  

  . (   )(   )    /     .  
  ( )

  ( )   /        (   ) 

when (      ( )  
 
Theorem 3.1: If the function     ,     ,   - satisfy the following 
condition: 

{ (          
    ( )         

    ( )           
    ( )  )    }       (3.2)                                                                                                

then  

          
    ( )   ( )        

Proof: By  ( ) in    

 ( )            
    ( )                                                                        (3.3) 
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 Differentiating (3.3) and (1.6), we get  

        
    ( )   

 ,  ( )     ( )-                                                    (3.4) 

Furthermore compositions show that  

          
    ( )   

 (   )
,     ( )       ( )-   ( )                    (3.5)                   

the transformation from    to   defined by 

                                        
                    (   ) 

 (   )    
Let  

 (       )   (       )   (               (   )  (   ) )                                (3.6) 

Using (3.3), (3.6)-(3.9), from (3.6), we have  
 ( ( )    ( )      ( )  )   (          

    ( )         
    ( )           

    ( )  )              (3.7)                                                           

Hence (3.2) leads to 
 ( ( )    ( )      ( )  )     

Note that 
                                          

 
    (   )(   )

(   )  ( (   )   ). 

As a result, the admissibility of      ,   - in Definition (3.1) 
corresponds to the admissibility for   in Theorem (2.2). 

          
    ( )   ( )   

Corollary 3.1: Suppose that   be a univalent function with  ( )     and 
   . Let     ,    -    ( )   (  )  If      and    for some   (   ) 
satisfies the following conditions: 

{ (          
    ( )         

    ( )           
    ( )  )    }     

then  

          
    ( )   ( )      (   )  

 
Proof: By using Theorem (3.1), we obtain 

          
    ( )    ( )     

The result of Corollary (3.1)  
 ( )    ( )     (   )  

In the particular case when  ( ) conformal transformation of   onto   
such that     is simply connected domain, thus    ( )  we denote the 
class   , ( )  -  by   ,   -  Theorem (3.2) and Theorem (3.3) are the 
immediate repercussion of Theorem (3.1) and Corollary (3.1). 
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 Differentiating (3.3) and (1.6), we get  

        
    ( )   

 ,  ( )     ( )-                                                    (3.4) 

Furthermore compositions show that  

          
    ( )   

 (   )
,     ( )       ( )-   ( )                    (3.5)                   

the transformation from    to   defined by 

                                        
                    (   ) 

 (   )    
Let  

 (       )   (       )   (               (   )  (   ) )                                (3.6) 

Using (3.3), (3.6)-(3.9), from (3.6), we have  
 ( ( )    ( )      ( )  )   (          

    ( )         
    ( )           

    ( )  )              (3.7)                                                           

Hence (3.2) leads to 
 ( ( )    ( )      ( )  )     

Note that 
                                          

 
    (   )(   )

(   )  ( (   )   ). 

As a result, the admissibility of      ,   - in Definition (3.1) 
corresponds to the admissibility for   in Theorem (2.2). 

          
    ( )   ( )   

Corollary 3.1: Suppose that   be a univalent function with  ( )     and 
   . Let     ,    -    ( )   (  )  If      and    for some   (   ) 
satisfies the following conditions: 

{ (          
    ( )         

    ( )           
    ( )  )    }     

then  

          
    ( )   ( )      (   )  

 
Proof: By using Theorem (3.1), we obtain 

          
    ( )    ( )     

The result of Corollary (3.1)  
 ( )    ( )     (   )  

In the particular case when  ( ) conformal transformation of   onto   
such that     is simply connected domain, thus    ( )  we denote the 
class   , ( )  -  by   ,   -  Theorem (3.2) and Theorem (3.3) are the 
immediate repercussion of Theorem (3.1) and Corollary (3.1). 
 

Theorem 3.2: Suppose that     ,   -. If      and      satisfy the 
condition (3.2) and  

 (          
    ( )         

    ( )           
    ( )  )   ( )           ( 3.8)                                                             

then  
          

    ( )   ( )      
The following results show the differential subordination's best dominant 

(3.8). 
 
Theorem 3.3: Suppose that   be a univalent function in    and let        
 ), and   be given by(3.7).  Let 

 ( ( )    ( )     ( )  )   ( )                                                   (3.9)                        
has a solution  ( ) with  (0)=1 and satisfies (3.4). If      satisfies (3.9) and  

 (          
    ( )         

    ( )           
    ( )  )  

is analytic in    we get 

          
    ( )   ( )        

where  ( ) is the best dominant. 
 
Proof From Theorem (3.1),   is a dominant of (3.8). Since   satisfies (3.9) and 
(3.8) Hence   is best dominant.  
 
Definition 3.2: Suppose that   be a set in          . The class of  
  
 ,   - consist of   satisfy the following : 

 (       )    
whenever  

   ( )         ( )    ( )
  ,   .(   )(   )(   )   (   )/   

    .
    ( )
  ( )   /  

where (       ( ) and    )  
 
Theorem 3.4: Suppose that     

 ,   -. If the function       with 
      
    ( )    , if      with   ( )    and 

 (          
    ( )         

    ( )           
    ( )  ) 

is a univalent function in    then  

  { (          
    ( )         

    ( )           
    ( )  )    }             (3.10)                                                                                                                        

indicates that 

 ( )            
    ( )  
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Proof: From (3.7) and (3.10), we get  
  * ( ( )    ( )      ( )  )+  

According to equation (3.6), for     
 ,   -, in Definition(3.2) is similar 

to the requirement for   in Definition (2.1).  Hence     ,   - and by 
Theorem (2.1), we obtain  

 ( )            
    ( )             

If    , Then, for some    ( )  conformal mapping of   onto  . In 
this instance, the following two outcomes are direct results of Theorem (3.4). 
 
Theorem 3.5: Suppose that     

 , ( )  - and let   be analytic in  . If the 
function       with            

    ( )     and if       and  

 (          
    ( )         

    ( )           
    ( )  ) 

is univalent in    thus 

 ( )   (          
    ( )         

    ( )           
    ( )  )            (3.11)                                                                                                                                

indicates that 
 ( )            

    ( )      (   )  
 
Theorem 3.6: Suppose that   be a univalent function in  , and let   and   be 
given by (3.6). Let 

 ( ( )    ( )      ( )  )   ( )                       (3.12)                   

has a solution  ( )      If the function       with            
    ( )     and 

if      with   ( )     and  

 (          
    ( )         

    ( )           
    ( )  )  

is univalent in    then 

 ( )   (          
    ( )         

    ( )           
    ( )  ) 

 ( )            
    ( )        

and  ( ) is the best subordinate. 
 
Proof: We can see that   is a subordinate of   from Theorems (3.3) and (3.9), 
(3.11). Since   is a solution of (3.12), it is also a solution of (3.11), and therefore 
  will be subordinate to all subordinates. As a result,   is the best subordinate. 
This concludes Theorem's proof (3.6). 

We obtain Theorem (3.7) Sandwich Theorem by combining Theorem(3.1) 
and Theorem (3.4). 
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Theorem 3.7: Let    and    be an analytic function in  , let    be a univalent 
function in   and       with   ( )    ( )    and      ,     -  

   
 ,     -  If the function      with 

        
    ( )

        
    ( )

        and the function  

 (        
    ( )

        
    ( )

         
    ( )

      
    ( )

       
    ( )

        
    ( )

  )is univalent in  , then 

  ( )   (        
    ( )

        
    ( )

         
    ( )

      
    ( )

       
    ( )

        
    ( )

  )    ( )  

implies that 

  ( )  
        
    ( )

        
    ( )

   ( )         (   )   
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