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Abstract

We investigate the characteristics of differential subordination for meromorphic
multivalent functions and superordination linked to defined multiplier transforms for
meromorphic multivalent functions. As a result, we get sandwich outcomes.
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1. Introduction
Let K = K(U) be the class of analytic functions in U = {z € C: |z| < 1} let
K[d,n] (deC,n € N) denotes subclass of functions f(z) € KQ) :

f2)=d+d,z" +dp 12"+ (d €OQ), (1.1)

and A, be a subclass of K by form:
z) =z P+ ) odpz"" " p €EN), 1.2
(2) P+ ko diz" P ( ) (1.2)

that is analytic in U* = U /{0}.
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Let f,F € K. f is subordinate(f < F) to F if w(0) =0a Schwarz
function and |w(z)| < 1 such that f(z) = F(w(z)) (z € W), then f < J (see
[7D:

f(2) < J(@) o f(0) =J(0) and f(U) c JW).

Let £, €K, and o(r,s,t,2z):C3 x U — Cand # univalent in W.If ¢

analytic in U and satisfies the second-order differential subordination

0(£(2),z¢t'(2), 2°¢" (2); 2) < (2), (1.3)
if £ satisfies the second-order differential superordination
t(z) < 0(£(2),z¢'(2),2z%¢"(2); 2), (1.4)

then ¢ is called a solution of the differential superordination (1.4), if f is
subordinate to F, then F is superordinate to f.

Miller and Mocanu[8] obtained conditions on %, #, and ¢ holds :
t(2) < 0(£(2),20'(2),2*¢"(2); z) = §(2) < t(2).
An analytic function #(z) is called a subordinate of (1.4) if 7 < £ for all £
satisfies (1.4).
A subordinate 7(z) that satisfies # < 7 for all subordinates #(z) of (1.4) is
called the best subordinate.

Ali et. al. [2] used Bulboaca's [6] results to derive the necessary criteria for
f@
zf'(2)
q1(2) and g,(z) univalent functions in U with g,(0) = g,(0) = 1. For further

result (see[2]).

In 2017, Wang and Li [7] defined a new multiplier transform y; ';, P for the
function f € A, by

nl . _-p o Br+1 4 n k+1-p X
Yypp =277+ Bio (k+1)! (V+l(k+l)) Az z €10, (1.5)

a given normalized analytic function f(z) to meet g,(z) < < g,(2), where

wheren > 0,1 > 0,p € N,and B,y > 0,
and (B)y is the Pochhammer symbol by
if k=0,

1,
B =0 ppr1)..(+k—1), ifkeN.
That for all f € A, we have

2(Y™ o f) @) = BYY, 50if (@) — (B+PIYL of (@), z€U.  (1.6)

The principle question of present properties discovering adequate
conditions

q:(2) < yr;:lz)_ﬂf(z) < qy(2),

whenever g, and g, are known univalent functions U with g, (0) = ¢,(0) = 1.
Many scholars in this sector were interested in the sandwich results of univalent
and multivalent functions. For example, see[1-5].
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The next lemma is the foundation results in the theory of sandwich results
of Meromorphic Multivalent functions.

2. Preliminaries
Definition 2.1: (see[9]): Let @ be a set in C, g € I1[a,n] and g'(z) # 0. The
class of admissible functions W), [®, g] consists of 7': C3 X U — C that fulfill the
following requirements :

0(i,g,j:§) €D
when

(=90 g=0 21 SR ()

whené € 0Uandm >n > 2.

Theorem 2.1: (see[9]): Let T € ¥, [®, q.] with q(0) = a. If £ € Q(a) and

0(8(2),2¢'(2),2£"(2); 2)
is univalent in U, then

& C {p((2),2¢8'(2),2%¢"(2);2):z € W}
implies that
a(z) <€(z) (zeW).

3. Subordination Results

We prove the following results.

Definition 3.1. A set ® in C,§ € Q; N H;, and &,;[D,S] class of admissible
functions consists of 9:C3x U — C fulfill the following requirements
admissibility condition:

9(a,b,c;z) ¢ @ (zeW
whenever

0=, =8O THEO

(c-a) 6" (1)
Re ("(Cj—zu)sze(%+ 1) (k=1)
when (t € JOU/E(S).
Theorem 3.1: If the function f € A, O € ®/[D,8] satisfy the following
condition:
{ﬁ(zp’y;l"lﬁ_lf(z), Zpy;l";‘ﬁf(z), zpy;”_ﬁ+1f(z); z),z€W}cd, (3.2)
then

Y 5 f(2) < S(2)

Proof: By F(z) in U
F(z) = 20Yy 51 f (). (3.3)
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Differentiating (3.3) and (1.6), we get
1 ’
Yy s (D) = S [BF (@) + 2F' (2)]. (3.4)
Furthermore compositions show that
1 n !
2PYpy piaf (D) = 555 [2°F" (2) + 2B2F' (2)] + F(2), 3.5)

the transformation from C3 to C defined by

. _ gtBi _ j+2Bg+B(B+1)i
a=i b= = Gy
Let
. . j+Bi j+2 B+1)i
T(i,9.j;2) = 8(a,b,c;2) = O (r, "%, PRI, (3.6)
Using (3.3), (3.6)-(3.9), from (3.6), we have
T(F(2),2F'(2),2°F"(2);2) = 9(2°Yyy, i f (), 2P Yy o f (2), 2P Yy 44 f(2); 2). (3.7)

Hence (3.2) leads to
T(F(2),zF'(2),z*F" (2);z) € ®.
Note that

t, . (B+D)(c-b)
SH1=EER -+ D+ 1),

As a result, the admissibility of ¥ € ®;[®,S§] in Definition (3.1)
corresponds to the admissibility for 7" in Theorem (2.2).
YN f(@) < a@).
Corollary 3.1: Suppose that S be a univalent function with ¢(0) =1 and
@ cC Let9 € 9[D,8,], S;(2) = S(02). If f € Ay and S, for some o € (0,1)
satisfies the following conditions:
{9(z? %,B_lf(z),zp ;i‘ﬁf(z),z”’y;'lﬁﬂf(z); z),z€EU} € P,
then
Yy s 1 f (@) < Sz (zew.
Proof: By using Theorem (3.1), we obtain
Yy 0 f (@) < 5,(2)
The result of Corollary (3.1)
§(z) < 8,(2), (zeW).

In the particular case when §(z) conformal transformation of U onto &
such that ® # C is simply connected domain, thus @ = §(U), we denote the
class @;[S(U),S§] by @,[h,S]. Theorem (3.2) and Theorem (3.3) are the
immediate repercussion of Theorem (3.1) and Corollary (3.1).
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Theorem 3.2: Suppose that ¥ € ®,[h,S]. If f € A, and q € Q, satisfy the
condition (3.2) and

O(2P Yy prf (@, 2Py of (2, 2P Y 5o f(2);2) < S(2), (3.8)
then

PYM o f(@) < S@)
The following results show the differential subordination's best dominant
(3.8).
Theorem 3.3: Suppose that ¢ be a univalent function in U, and let 9: C3 X U —
C), and T be given by(3.7). Let
T(£(2),z¢'(2), 24" (2); 2) = 0(2), (3.9
has a solution §(z) with §(0)=1 and satisfies (3.4). If f € Ap satisfies (3.9) and
O(2PYyy g1 f (@), 2PYyy o (2), 2P Yy 51 f (2); 2),
is analytic in U, we get
ypﬁ 1f(Z) < ‘S(Z)

where §(z) is the best dominant.

Proof From Theorem (3.1), § is a dominant of (3.8). Since § satisfies (3.9) and
(3.8) Hence S is best dominant.

Definition 3.2: Suppose that ® be a set in C,§ € Q; N H;. The class of
®;[D, §] consist of 9 satisfy the following :

9(a,b,c;z) ¢ ®
whenever
_ _ 23’ @+mBqg(r) (B+DW-w) 1 5" ()
=q(1), b === ke (P2 28 + 1)) < TkRe (S0 +1),

where (7 € OU/E(g) and m = 1).
Theorem 3.4: Suppose that 9 € ®;[®,S]. If the function f € A, with
Yy 5 (2) € Qu, if'S € Hy with S'(z) # 0 and

I(Y s f 2P YD f (D), VY o f(2):7)

is a univalent function in U, then
dc {ﬁ(zpyyp p-1f (@), zpyyp sf(2), Z”’y;“’;_ﬁﬂf(z); z),z €U}, (3.10)
indicates that

S(2) < 22Yyn 5 1 f (@)
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Proof: From (3.7) and (3.10), we get
® < {T(F(2),2F'(2),2*F" (2); 2)}.

According to equation (3.6), for 9 € ®;[®, §], in Definition(3.2) is similar
to the requirement for J° in Definition (2.1). Hence T € W,[®,S] and by
Theorem (2.1), we obtain

S(Z) < Zpyypﬁ 1f(Z)'

If ® # C, Then, for some ® = w(U) conformal mapping of U onto ®. In
this instance, the following two outcomes are direct results of Theorem (3.4).

Theorem 3.5: Suppose that 9 € &;[w (W), S| and let w be analytic in U. If the
function f € A, with zpy;l';ﬁ f(2) € Qand if g € Hy and
ﬁ(zpyypﬁ 1f(Z) Zpyypﬁf(z)lzp‘y;/l"zl)’ﬁ+1f(z);Z)

is univalent in U, thus

w(z) < 9(2PYyy 51 (2, 2Py s f (2), 2P Yy 51 f (2); 2), (3.11)
indicates that
S(2) < zpy%ﬁ_lf(z) (z e ).

Theorem 3.6: Suppose that w be a univalent function in U, and let 9 and T be
given by (3.6). Let

T(S(2),28'(2),228"(2); z) = w(2), (3.12)
has a solution §(z) € Q. If the function f € A, with zpyyw f(2) € Qy and
ifS§ € H, withS'(z) # 0 and

9(2PYyy p-if (2), 27y, 5 (2, 2P Yy 51 f(2); 2),

is univalent in U, then

w(z) < 9(2PYyy 51 f (@), 2°Yy o (2), 2P Yy pia f(2); 2)
$(2) < Zpyy,p,g_lf(Z),

and §(z) is the best subordinate.

Proof: We can see that g is a subordinate of S from Theorems (3.3) and (3.9),
(3.11). Since S is a solution of (3.12), it is also a solution of (3.11), and therefore
S will be subordinate to all subordinates. As a result, § is the best subordinate.
This concludes Theorem's proof (3.6).

We obtain Theorem (3.7) Sandwich Theorem by combining Theorem(3.1)
and Theorem (3.4).
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Theorem 3.7: Let t, and S, be an analytic function in U, let t, be a univalent
function in W and S, € Q; with §,(0) =8,(0) =1 and 9 € d’,p[tz,é'z] n

Yyt pof @
Jypp-2l%2)

@, [t1,841]. If the function f € A, with TP

€ Q, N H; and the function

(y;f',i_,;_zf(z) Yh g f (@ Yy 52

, , ; Z |is univalent in U, then
Y g S @ UM f @) YN o (@) )
Yy 5 of @D Yy p 1 f@) Yy pf @)

Y e S @ Y o f @) Y o f(@)

t,(2) < 19( Z) < t,(2)

implies that
Yy p—af @

S:1(2) <
1( ) y}rll‘,l‘ﬁ_lf(z)

< 8,(2) (z e ).

References

[1] AL-Ameedee, Sarah A., Waggas Galib Atshan, and Faez Ali AL-
Maamori. “On sandwich results of univalent functions defined by a
linear operator.” Journal of Interdisciplinary Mathematics, 23.4 : 803-809
(2020).

[2] R. M. Ali, V.Ravich and , K. G. subramanian, Differential sandwich
theorem for certain analytic functions, for East J.Math. Sci., 15, 87-94
(2004).

[3] W.G. Atshan and N. A. Jiben, Differential subordination and
superordination for multivalent functions involving a generalized
differential operator, Inter. |. Adv. Research in Science, Eng. and Tech.,
4(10), 4767-4775 (2017).

[4] W.G. Atshan and R. A. Hiress, On differential sandwich theorems of
meromorphic univalent functions, Journal of Al-Qadisiyah for Computer
Science and Mathematics, 10(3), 8-15 (2018).

[5] W. G. Atshan and S. A. A. Jawad, On differential sandwich results
for analytic functions, Journal of Al-Qadisiyah for Computer Science and
Mathematics, 11(1), 96-101 (2019).

[6] TA. Bulboaca, A class of superordination-preserving integral
operator, Indag. Math. (N.S.), 13(3), 301-311 (2002).



658

[7]

(8]

[9]

(10]

S. A. AL-AMEEDEE AND A.]. OBAID

Z.-G. Wang and M.-L. Li, Some properties of certain family of
multiplier transforms, Filomat, 31, No. 1, 159-173 (2017).

Miller, Sanford S., and Petru T. Mocanu. Differential subordinations:
theory and applications. CRC Press (2000).

Miller, Sanford S., and Petru T. Mocanu. “Subordinants of differential
superordinations.” Complex variables 48.10, 815-826 (2003).
Shubham Sharma & Ahmed ]. Obaid. Mathematical modelling,
analysis and design of fuzzy logic controller for the control
of ventilation systems using MATLAB fuzzy logic toolbox,
Journal of Interdisciplinary Mathematics, 23:4, 843-849 (2020), DOL:
10.1080/09720502.2020.1727611.

Received March, 2022
Revised April, 2022



