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Abstract

During this paper, a new definition of M®-continuous mapping, M °-mixed monotone
and muli-coupled points are introduced. Also, we proved the muli-coupled point theorem
in complete S.metric space.
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1. Introduction

Fixed point theory is one of the theories that help to develop mathematical
approaches and benefit from them in both pure and applied mathematics.
Therefore, many authors have resorted to studying it to create an appropriate
framework for modeling a variety of known practical problems. In mathematics
and other sciences, its study has also continued in metric and standard spaces,
being extremely important in finding the best solutions, as several
generalizations appeared to it during the past few decades, see [1-8]. Now, we
recall some of the initial concepts found in [5].

Definition 1.1: Let X # ¢, Let &:X° x X© x X© - [0,0) be a mapping
satisfy the following:

. Gy z)=0ifxr=y=2z=0,

ii. S(x,4,3)>0,Vx,y EXC,x+y

iii. S(x,x,4)<6x4,2),Vx,4,5 €EXC,z+y
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iv. 6(x,x,4)=6(x314)=6(y,3x) ="
v. Sx,4,2) <6x,v,v)+6(v,y,2),Vx,4,5,1v €X®

Then the pair (X©, @) is called generalized metric space (S.M.S).

2. Main Results

This  section contains the  definiton of M® —continuous
mapping, M'® —mixed monotone and mulicoupled fixed point. Also, we prove
the existence and uniqueness of the muli-coupled theorem in Gmetric space.

Definition 2.1: Let (X®, <) be a partially ordered set(P.0.S), we say that the

mapping I': X x X x X© x X® - X®is

1.  M® — continuous mapping if for all £ > 0, there exist { > 0 such that for
all e;, 07,6, € X®,i = 1.2.3,4,
If@((elﬁ €2, €3, 64)' (01' 02,03, 04)' (CI' §2,63, C4)) < f' then
G(F(ep ey, e3,8,),1'(0y,07,03,04),T(61,62, 63, §4)) <&
or, for any sequences (g,,;) convergent to a; respectively where, i = 1,2,3,4
then, we  have(lg,;) convergent tola; respectively, for
all s;,74,5,,7,,€,0 € X®, such. that,r; <t,,and7; <7, € X, then we
have (s4,7,€e,0) < (5,,7,¢e,0)and (5,74,€,0) < (5,7,,€,0).0n the other
hand, for all s,7,e;,0,,e,,0, € X®ife; > e,,and v; > v, € X, then we
have (s,t,u;,0) = (5,1, u,,0)and(s,7,e,0,) = (5,7, e,0,). We denote by D
the set of all continuous mappings having mixed monotone properties.

2. Appoint (5,7,e,0) lies in X x X x X© x X® is called muli-coupled
fixed point(m.c.f.P) of T if satisfy s=F(s,7,e,0),F(1,5e€,0) =
7,F(e,v,5,7) =uand F(v,e,5,17) = 0.

Theorem 2.2: Let (X©,8) be a complete (S.M.S). andI': X© x X© x X© x
X® - X© be a mapping lies in D. Define the following, For all s,e,t,v,¢,
uwl,p,0,k,q€X® such that s>e>c,12v=>qu<l<pandv<k<gq,
then the inequality holds, &(I' (5,7, e,0), I (e,v,L k), I'(s,5,p,q))

k
< > [G(s,e,¢) +S(t,v,¢) + S(e, L, p) + S(v, k,q)] (1)
for some k € [0,1) . Then the set of (m.c.f.P) of T # Q.

Proof: By the condition of the theorem their exist s, 0, € X such that

50 < (50, To, €0, 00)> To < ['(To, %0, €9 ,00), €9 = I'(€g, g, %9, 7o) and

vy = I'(vy, €9, To, 5 ), We define s;,7,,e,,9, € XCas:

61 = I['(80, Tg, €0 ,00) = 50, T1 = I'(Tg, 50, €0, Dg) = T, €1 = I'( €y ,00,50,Tg) <
e and

o; = I'(vg,€0,T0,%0) <Dy -Let s, =T(sy,71,€1,0,),7, =(1y,51,€1,01) =
7,6, =T(e;,0q,951,71) < eand v, = I'(vq, 4,74, 5,). We Write,
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T2 (50, To, €9, 09) =
F(F(f’o' To, €0 ,00), ['(To, S0, €0, 00), T'( €9, Do, S0, To), T (00, €9, T, 50)) =
T((s1,71,€1,01)) = 55.And, T2(7y, 50, €9 , D) =
F(F(eo' %0, To »09), I'(0, To, €9, 00), ['( € , 09, S0, To), T' (09, €9, To, 50)) =
['(74,51,€,0) =7. Now, we have,s, = I'%(s,, Tg, €0 ,00) = (51,71, €1,01) =
['(80, To, Q0 » Do) = 81 = 8o.t, = ['%(T, 80,00 ,09) = ['(71,81,01,0) =
['(to, 50, €0,09) = Ty = To-And, 0, = T?(eg,09,5,To) = ['(ey,01,61,7;) <
(g, 00,50, To) = €1 < €g,0; = I'?(g, €9, Tg,50) = ['(01, €4,51,71) <
['(0g, €0, To, $9) = vy < vo.Continuing,vn > 0,5,,4 = ["™*1(sy, 7o, €9 ,0) =
T'(T™ (50, to, €0 ,00), T (To, 50, €0, 00), T (€0 , 0o, 59, To), [ (0, €9, To, 50))
ther = T 1(T0, 90, €0, 09) =
T(T™ (70, 50, €0 , o), T™(To, S0, €0 , Do), T (€9 , Do, S0, To), T™ (0o, €0, To 50))
Upq = ™1 (00, 09,80, 7o) =
F(Fn( €0, D0, %0, TO)' Fn(nﬂ' €0, To, 50)' Fn(SOl To, €0, n0)1 Fn(TOl $0,€0 » UO))
And,p,,; = T™1(vy, €9, Tp,50) =
T(T™ (0o, €0, To, 50), T™ (50, To, €0, 90), T™ (To, 50, €0, D)) = VN = 0, 55 <
['(s9, 7o, €0,00) = 51 < ['*(5,Tp, €0,09) = 8, <..<
™1 (50, Tg, €9 ,09) = Sps1 < (2)
7o = (70,50, €0,00) =t < T2(1p,50,€0,00) = Ty =+ =
Fn“((To:So’ €o :Uo)) =Tppr = - (3)
00 < T(eg,00,%,T0) = 01 < T?(€y,00,80,Tg) = €, <+ <
™1 ( ey, 00,50, T) = Upgq < = (4)
vg = T'(0g, €9, To) S0) = 01 < I'?(0g, €9, Tg,S0) = Dy = -+ = I (g, €4, T, 50)
=0p41 2 (5)
If (5141, Tne1r a1, Ons1 ) = (5n, Tny €5, Dy ). Then the set of (m.c. f.P) of T #
@. So, we assume (5,41, Tns1) €nt1r One1 ) # (Sn, Tny €5, 0y, ) for all n > 0 that
18, 8401 = [(8p, Ty €0y O ) # S5 OF Tppq = [(Ty, Sy €00, D ) # 1,
Vents = T(en, 00,90, Tn) # € V0p41 = [(0n, €5, 50, ) # Dy
We claim,@(l“"“(so, To,€0,90), I 1 (50, To, €0 , Do), T (50, Tos €0 ,no)) <
n
k? [S(T'(50, 7o, €0, 00, ['(50, To, €0 , Do), 50) +
S(I' (7o, 0, €0 ,90), ['(To, 50, €0, D0), To) +
S(T'(eg , 00,50, To), ['( €9, Do, S0, To), €0) +
S(T'(0, €9, To, 50), ['(0g, €0, To, 50), 00)] (6)
6(FnH(To: S0, €0 ,09), I (10,50, €9 ,09), T (T, 50, €9, Do)) <
n
k? [S(T (7o, 50, €0, 00), ['(T0, 50, €0, Do), 50) +
S(I' (50, To» €0, 0), ['(80, To, €0, D0), To) +
S(T'(eg , 00,50, To), ['( €9, Do, S0, To), €0) +
S(I' (0o, €9, To, 50), ['(09, €9, To) 50), 09)] (7)
(T™T'(eq , 0o, S0, To), [T (g, Do, S0, To), T T (€0 , 0o, S0, Tg) ) <
n
k? [S(T'(eg, 9,50, To), T'( g, 09,50, To), €0) +

S(I' (09, €9, To, 50), (09, €9, To, 50), Vo) +
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S(I'(s9, Tos €9, 90), I'(50, o, €0 , V), S0) +
6(F(TOF 50; 30 ) UO)' F(TOI 50: eO ) I’0)! TO)] (8)
(F"+1(n0, €0, To» 0)) Fn+1(’30; €0, T, 50), [ (0o, €9, To, 50)) <
kn
- [S(T (vg, €9, To, 50), T' (00, €0, To, 50), W) +
6(F(TOF 50; 30 ) UO)' F(TOI 50: eO ) I’0)1 TO) +
6(F(501 To, 30 ) UO)' F(SOI To, eO ) I’0)1 50) +
S(I' (7o, 50, €0 ,00), T'(Tg, 50, €0 ,00), Tg)] (9). For = 1, we have
6(FZ(SO, To, €0 ,0p), FZ(SO. T, €0 ,00), ['(80, To, €0 Uo)) =
F(F(SO' TO' eO ) DO)l l—‘(TO! 501 eO ) UO)! F( eO ) DOI 50) TO)I F(DOI eO) TO; 50));
S F(F(So. T, €0 ,00), T'(To, S0, €0, 00), T (g , 09, 8¢, Tp), T' (09, €9, To, 50))
,T'(50, o, €9, Dp)
<

SS[(F(%, To, €0 ,00), ['(S0, To, €0, Do), S0) +
S(I' (7o, 50, €0, 10), I'(To, %0, €0, Do), To) +
S(T'(eg , 9,50, To), T'( €9, 09, S0, To), €9) +
S(T' (0, e, To, 50), T'(0g, €9, To, ), Vo) ]
Since, I' (g, Tg, € , Vo) = 90, ['(Tg, 50, €0, 0g) = 1o, T( g, Dg, 50, Tg) =
ug, ['(0g, €9, To, 50) < to
Similarly, we prove (6),(7),(8), and (9) hold for n = 1 . Now, we assume that
(6), (7) ,( 8), and (9) hold for n = m .Using the facts that I™*(s,, 7,, g ,00) =
™ (30, To, €9, Do) and T™ (14,54, €0 ,00) < T™ (g, 50, €9 , Dg), We get
6(Fm”(so' To, €0 ,00), Fm+2(90' To, €0 ,00), Fm+1(50: To, €0 » 1’0))
= G(I(I™* (s, To, €9, 09), T (T0, 50, €9, 09), ), T+ (&g , 09, 89, To), ™+ (0, €0, o, %),
T(T™* (50, 7o, €9, 00), T™* 1 (19,50, €9 , 1), ), Fm+1( (9,00, 50, To))’ ™+ (v, €9, To, 50),
T(T™ (50, To, €9, 99), [™(To, S0, €9 V), Fm+1(( €009, S0, To))' ™+ (v, €9, Tg,59))) <
S [6(Fm+1(50' To, €9, 00), T2 (50, To, €9, 9), T (50, To, €9 ,Uo)) +
6(Fm+1(70' $0,€0 ,0p), FmH(To: $0,€0,90), ™ (0,50, €0 Uo)) +
e(rmﬂ( €0, 99,50, o), rm+i( €0, 9,50, Tg), ™ (g , Do, S, To)) +
G(FmH(Uo» €0, To,50), T (09, €9, Tg, 50), T (0, €0, T, 50))] =<
m
S [kT [S(T'(s0, Tos €0 00), ['(50, Tos €9 Dp), 50) +
SF((TO' %0, €0 ,99), ['(To, S0, €0 , Vo), To) +
S(I'(eg , 09,50, To), I'( eo,ﬁ?' 50, To)» €0 ) + S(I' (0o, €9, Tg, %) +
I'(0g, €9, 70, %0), 09 )] < kT [S(T' (50, To, €0, 00), I (S0, Tos €0, Do), %0) +
S(T'(7o, 50, €0 ,00), I (7o, 50, €0, D), To) +
S(I'(eg , 9,50, To), (€9 , 09, 50, To), 00 ) + S(T'(vg, €9, To, 0) +
['(vg, €9, To, 50), o )]- Similarly, prove the rest
6(Fm(so' To, €0 ,90), T™ (80, To, €9, 00), T (50, T, €0 Uo)) <
G(Fm(so, To, €9 ,09), T (80, To, €9, 09), T (89, T, €9, ’30)) +
S(I™ (50, 7o, €0 ,00), ™ (50, To, €0, 00), ™ 2 (50, To, €0 , Vo)) + - +
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6(1—‘n+1(50; TO; eO ) DO)I Fn+1(50' TOI eO ’ Do), Fn(SOI TOI e() 1] DO)) S

KM g g
— [S(T' (50, To, €0 ,00), T (80, T, €0, Dg), 50) +

S(T'(tg, 80, €0 ,00), T (T, 80, €0, 0g), Tg) +
S(T'(eg, 9,50, To), I (&g, 00,80, Tp) €0 ) +
S(F (0o, €9, 70, 50) + F (09, €0, T0,50), 09)] =

k™M (14k+- kML
( 2 ) [G(F(QOITOIeO IDO)IF(QOITOI €9 lUO)J 50) +

G(T'(7y, 80, €0 ,99), I'(Tg, 80, €9, 0g), To) +
G(T'(eq, 9,50, To), I'(ug , 09,80, Tg), Uy ) + G (T (g, 9, T, 50) +
I'(0g, 19, To, $0), 09 )] <

kZ
Y [S(T (50, To, €0 ,00), T (50, To, €9, Do), 50) +

S(T'(t, S0, €0 » 90), I'(Tg, 80, €9 , Do), To) +
S(T'(eg, 9,90, To), I (g ,00,80,To) €0 ) +
S(T'(vg, €9, To, 50) + ['(0g, €9, Tg, 50), Vo )] That is,
kn
G(sm' Sml sn) < m [6(51! 511 S0) + 6(Tlt Tll TO) + 6(61, ell eO) +
6(D1l Dll D0)]'
Thus & limy, 00 (S, Sy 1) = 0

Thus by Lemma 4, and by (s,) is &.Cauchy so, it is convergent in the
complete (6. M.S).Let s, > sasn — co. Similarly (z,),{e,), (w,) also&.
Cauchy and hence is convergent in the complete (&. M. S).

Let, 7, » 7,6, > €,0, > vasn - o,

ST (s s My 90, T T T B, 50) < o= [S(51, 51, 50) + &(11,71, 7o) +
S(ey, eq,€9) + S(vq,04,05)] .Taking the limit as n — oo and since T is
©.continuous we have, S(I'(s,7,e,0),(s,7,e,0),5) < 0, which implies that
I'(s,1,e,0) = s.Similarly,

el(t,5e,0) =y,[(e,,51) =zand I'(v,e,5,17) = 0. Then the set
of (m.c.f.P)of ' #0

3. Discussion and Conclusion

We introduced new concepts such as M ©-continuous mapping, M ©-mixed
monotone and muli-coupled point and studied the possibility of obtaining the
muli-coupled point in (&. M. §).
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