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Abstract

The primary purpose of this study is to look at the differential quasi-subordination result for
meromorphic multivalent analytic functions. We show how higher-order differential quasi-
subordination discoveries can be applied in a variety of ways in an open unit disk. We provide a new
class S, ,(&, ¢, @). to represent higher-order derivatives of meromorphic multivalent analytic
functions associated with the operator. We have some findings for this class.
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1. Introduction
[, class of meromorphic multivalent function T by

1 [ee)
T(2) = i Ym0 LnspZ”™*?, (1.1)
which are analyticin U = {z € C:|z| < 1}.
A function T € §(p,m) the multivalent starlike function of order &, if
zT'(2)

(see[4]) Re {W} >38,(z€U,0<38<p).
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Denote the class of multivalent starlike functions by S;(@). In particular
the class S,,(0) = S,

Definition 1.1: [9] If T and g are analytic functions in U and if there exists a
Schwarz function w (z), analytic in U with 4+(0) = 0 and |« (2)| < 1, we say
that T is subordinate to g (T < g or T(z) < ¢(2),z € U) or g superordinate
to T, such that T(z) = g(w(z)) . The term "quasi-subordination" was coined
by Robertson [7]. If there exists an analytic function |[J(z)| <1 such that

7@ analytic in U and ]T((ZZ)) < g¢(2), z € U, that is, there exists w(z) Schwarz

1(2)
function then T'(z) = J(z) (w(z))

Albehbah and Darus [1] defined a linear operator M, (£, 7) on I, by

erp 1 ve O
M8, T(2) = 25+ T [ 2| nepz™, (1.2)

where

@, = % =¢(f+1)..(L+n—-1), (G#£0,-1,-2,.., £€C/O}),

to simplify the notation, we write M, (¢, 7) = M, (¥).
It follows from (1.1) that

Z(JV[;({’) T(z))' =tM,({+ 1) T(2) — (£ + p)M, () T(2). (1.3)
We differenting (1.3) for (¢ + n — 1) times, we get

2(My(0) T(2)" = £(Mp(e+1) T(z))g_l —C+p— (e—1)Mp©®) T@) T

&tn

(M, T(2) =
e(Mye+ ) 7)) @ p- e+ n-DOGOTD) (1.4)

Lemma 1.1: [7] Let g(z) univalent function in U, 8 and ¢ be analytic in
domain D containing q(U) with £(w) # 0 where w € g(U). Let

() = 24/ (Dt(a(2)) and +(2) = 6(a(2)) + 0(2).

Let

e Q(z) starlike univalent in ,

Re (ZZ(S)) > 0.

If p(z) is analytic , then

0(a(2) + zp' Dt (p(D) < 6(a(2) + 24/ (2) (4(2),

implies p(z) < ¢(z) and g,(z) is best dominant of above equation.
Suppose that K class of analytic and starlike univalent functions k in U
with k(0) = 1.
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2. Results and Application
Definition 2.1: T € §(p,m) is function in the class S, ; (¢, ¢, @) if it meets the
quasi-subordination requirement:

)(s+n—1) )(s+n)

(e+n-1)12(Mp O T(2)
(]V[; ® T(Z))(£+n—1) <l

where £ € C, p,e € Nand ¢ € K.

E(e+n)1 Z2(Mp (D) T (2)
_detn ( L o <q 02, (2.1)
(M0 7))

-1

&l

Several authors studied differential subordinations for higher- order
derivatives for another classes, such as [2], and another studied differential
subordination of a class of multivalent functions for other classes, like [5,6,8].

Theorem 2.1: Let 0 < & <.
Then Spamtm; @) S, (& 4,m ).

Assume that
)(e+n—1)

_ (etn-1) Z(M;S(f) T(2)

(M; ® T(z))(e+n—1) .

9(2) (2.2)

el

Then, given g(0) = 1, the function g is analytic in U.
Since T € S, ,(n, ¢, m; @), then, we have

)(£+n—1) _ n(e+n)! Z(M;;(f’) T(Z))(Hn)

(e+n—1)12(Mp (&) T(2)
ern-120% T <q 9(2), (23)
(M0 7(2)

(-1 =
(M@ 7)Y ¢!

&l

We use (2.3) and take derivatives on both sides of (2.2) in terms of z.

(e+n—1) 2(M3(®) T(z))(Hn_l) )t z(M;(e)(z))(Hn)
(TI - 1) ol . (etn-1) <l . (e+n)
T (poTe) L (o T)
n ,

= - < .
9(2) Gin-D? (2) <4 9(2)

By application of Lemma(1.1), we have

9(2) <4 ¢(2). 24

Nothing that 0 < % < 1 and that ¢ is starlike univalent in U, as a result of
(2.2), (2.3), and (2.4),

(e+n-1)1 2(Mp(0) T(2) E(e+n) 2(Mp ) T(2) £
¢-1 GrnD g (- (-
(M0 7)) L (poT@)

(e+n-1) (e+n)
(e+n—1)12(M; (O T(2)) _ n(etn) 2(M; (0 7))

(0 7@) " ¢ (o)
(1-5) 9@ <4 0@.

Therefore, F € S, ; (&, £, m; ).

)(e+n—1) )(s+n)

&l

D

gl
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Theorem 2.2: Let Re{f} = 0 and a # 0. Then

Spa&t+1m;@) S, (& €, m; )
Proof: Let f € S, ,(n, € + 1, m; ) and suppose that

(e+n—-1) (e+n)
(e+n-1)2(M3 O T(2) _ ferm 2050 T@)

g(2) = (§ -1 — (o) T R L (2.5)
Then, (1.4) and (2.5) is equivalent to
. (e+n-1) . (e+n—1)
9(2) = (€+¢Z_1 _ 1) e(g+:—1)!Z(Mp(f)T(Z))(Hn_l) _ eg(:»n)zZ(M,,(Hl)T(z))(SM_U. 2.6)
(M0 7)) (Mpe+1) 7(2)

Differentiating (2.6) and using (1.4), we get
9(2) + zg'(2)
(e+n) (e+n—-1)

0 tetn-1) Z(Mp@ T(2) (e+n-1z(Mp ) T(2))

-1 (etn-1) (e+n) -

(M50 T(2) (M0 7))
(e+n) (e+n—-1)
2etn) [ (M3 T (@) (@+n-1)z(M; () 7(2))
(30 7)) (pore) ™ )

e+n—1 g!

&l

2.7)
From (2.6) and (2.7), we get

tg(2) +29'(2)
_ (¢ — 1) fern1) 2(M5(+1) T(2) e(e+m) 2(Mp(+ D) T()

)(E+"b—1) £l )(£+n) ,
that is

)(E+n—1) )(£+n)

gl

(M e+ 7(2) (M5 (e+1) T(2)

1
9(2) +529'(2) =
(e+n-1)1 2(M; (O T(2) e 20T @
(MZ’; ([) T(Z))(S+4'L—1) Ell (M;;({’) T(Z))S+n

)(s+n—1) )(s+n)

-1 (2:8)

&l
Since T € S;,,q(n, £+ 1,m; @), then it follows from (2.8)

g(2) + ézg,’(z) <4 9(2), (Re{#} = 0,2+ 0).

As application of Lemma (1.1) and (2.5) we get g(z) <, @(2).

)(£+n—1) )(£+n)

(e+n-1)1 2(M; (O T(2)

(M;(f) T(z))(£+n—1) el

E(e+m)! Z M (£) T(2)
- (5 T <q 9(2).
(M0 7@)

-1

&l

This shows that T € S, (&, ¢, m; ¢) and the proof is completed.
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Theorem 3.3: Let § > 0,8 > 0and T €S, ,(&, ¢, m;Bp +1—p). If B < B,

where

i\

1 (p-9) 1

Bo = 5(1 -2, uleu> : (2.9)
then T € S, ,(0,£,m; @). The bound Byis the sharp when ¢(z) = i

Proof: Suppose that ( )
E+n—1
+n-1)12(Mp(0) T(2)
g(z) = E22 b )<) (2.10)
P (my@72)

Let 7 €5,,&,¢,m;Bp+1—p)with &> 0andp > 0. Then, we have

§0) + g (2)

)(s+n—1) )(£+n)

(e+n—1)! Z(M;(e) T(2) E(e+m)! Z(M;,(e) T(2)

= (5_1) | etn—1 | T ﬁ(p(z)+1—,3.
& (o T(z))( ’ & (Mo T(z))( r
By Lemma (2.1), we obtain

_ (e+n—-1) (g+n—1)

9(2) < 2T E [0 F Te@dt+1-B=(B+0)@), 211)
(etn—-1)
(e+n—-1) —F 1

B(e+n—-1) —5— rzt 3

where 6(z) = T”z Jo——dt+1-8. (2.12)

If0 < B < B, , where f; > 11is given by (2.9) , then it follows from (2.12)

that
z
fle+n—1) [ Etn-D (
= [3 —
Re(@(z)) 3 fu Re I —uz) du+1-p
ZO (£+n—1)_1
>B(£+n—1)fu § du+ 1 >1
g T—u b2z
0

By using the Herglotz representation of 8(z), from (2.10) and (2.11),
obtained

(e+n—-1)
(e +n-112(M0) T@)

(]\/[;; ({) 7 (Z))(s+n—1)

Since ¢ is starlike univalent in U, then F € S, , (0, a, m; @).

el <4 (@ x0)(2) <, (2).

For ¢(z) = 1% and T € §(p,m) defined by
(e+n—1) (etn-1)
(e+n—1)! Z(M};(f) T(Z)) ° _ Ble+n-1) Z—(EL{” zt ¢ L

— = —dt+1-0,
(150 7)Y g = B

el
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We have
(e+n-1)12(M;(0) T(2)
1) £l (e+n-1) gl
L (peT@) :

)(Em_l) _ e+ 2(M;0) 7(2)) e

o =Pe(2) +1-p.
(M50 7@)

¢ -

Thus
T €S8,4,& ¢,m;Bp+1—p).Also, for B > B, we have
(M0 7@) " et
-1 Z V4 —
Re (e+n—1)! » — N B(e+n-1) fzu du+1— ﬁ < 1'
X " & 0 1-u 2
(M0 7(2)

which implies that T & S, ,(0,%,m; ¢). therefore the bound S, cannot be

&l

. 1
increased where @(z) = —
—Z

Theorem 2.4 Let T € S, ,($,T, m; @) be defined as in (1.2). Then the function
k defined by

k(z) = Z2 [ e  T(0)dt, (Re(e) > —p), (2.13)
is also in S;,,q)(f, £, m; ).

Proof: Let T € S, (&, ¢, m; @) be defined as in (1.2). Then , we get

(e+n-1) (e+n)
(e+n-1)12(M; (O T(2)) e 20 T@)

— <,0(2). (214
(e+n—1) (e+n)
(p07@) 2 (gore) T !

For T € §(p,m) and Re(e) > —p, from (3.13) that k € §(p, m) and

-1

gl

ek(z)+zk'(2)

T(z) = p (2.15)
Define function y(z):
(e+n—-1) (e+n)
(e+n—1)! (M, (D)k(2) E(e+n)! 2(M;(Dk(2)
y(2) = (¢ — ) ELRREO@) 2 S OGO@) (g 1)
L (M ok@) T (Mpok@)

Differentiating (2.16) and using (2.14) and (2.15),we get

N (e+n—-1) . (e+n)
1 (e+n-112(Mp (0 T(2)) £(e+n)1 2(Mp(0) T(2)) B
(5 - ) el (e+n-1) ~ g (e+n) — (f -
(M) T(2) (M0 7(2)
A ({,)(ek(z)+zk’(z)) (En=1) 2 M*({,)(ek(zﬂzk'(z)) (e+m)
1) (e4+n—1)! s e+p _ §en)! » e+p .
¢ <JV[* (e)(ek(2)+zk’ (Z)))(Em_l) g (M* ({)(ek(z)+zk' (z))>(€+%)
» ety (4 e+p
. (e+n—-1) . (e+n)
e 1 (e+n-1) 2(M; (Ok(2)) £(e+n)! 2( M5 (OK(2))
etp ¢-1 el . (e+n-1) ~ g . (e+n)
EAGLIO) (M, K@)
(e+n—-1) (e+n)
B PPN z(M;,(f)(zk'(z))) Ty Z(M;(f)(zk’(z)))
- (etn=-1) (e+n)
ety ¢ (goEr@) & (a0 @)
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(@ +- +1,;v (zv'@ +py(@)) =v(2) + zy'(2) <, ¢(2).

=e+ﬁ e+ p
By application of Lemma (1.1) , we obtain y(z) <, ¢(2).
By using (2.16), we get
(e+n-1)

(e+n —1)1 Z2(M5(0) k(2) E(e+n)1 2(Mp (D) k(2)
(5_1) e ( E )(e+n—1) - Sgln ( - (S+4’L) <q) (p(Z),
(M, Dk() L (Mpok@)
implies that k € S, (&, £, m; @).

)(s+n)

gl

Theorem 2.5: Let T € S, (¢, ¢, m; 9), g € 6(p, m)and
zg' (@) 1
| Re {—g = } >2 (2.17)
Write G = g (2)

9(2)

Then T G €S, ,(§, 4, m; ).

Proof: Let T €S, ,(¢,a,m; @), and G € 6(p, m). Then we have

. (e+n—-1) . (e+n)
(€ — 1) EtnmD! 2(M(0) T+G(2)) _ fern 20O T6@)
¢ o) S geTe@) T
4 P
(e4+n—1)! 20607@) " gerny (g0 7@) "
(6 — )G I et D
(M0 7 @) (M7 @)
=G(2) * ¢(2), (2.18)
Where
(e+n— (e+n)
Ern- 200 7@) " @ 7@)
¢(Z) = (f -1 2l Gtn-D g D g <P(Z)-
N A ORIG)) T (mpoT@)
(2.19)
From (2.17), G(2) has the Heglotz representation:
dw(x)
6@ = [, 1 e, (2.20)
where flxl:l dw(x) = 1 and w(x) is a probability measure on unit circle |x| = 1.
Since ¢ is starlike univalent in U, so from (2.18),(2.19) and (2.20) that
(e+n—1) "
1 (e+n-1)1 (15D T+6(@)) ) E(e+n)! 2(M(0) TG (2) ) _
(E - ) ol . (etn—-1) el . (e+n)
(M50 T+6()) (M0 7+6(2))

fryer $G2)d0 () <, 9(2) -
This shows that T« G € S, ;(£, £, m; ¢).
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