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which are analytic in    {    | |   }  
A function           the multivalent starlike function of order  , if 
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Denote the class of multivalent starlike functions by         In particular 
the class             
 
Definition 1.1: [9] If    and   are analytic functions in   and if there exists a 
Schwarz function     , analytic in   with        and |    |   , we say 
that    is subordinate to         or                 or   superordinate 
to     such that        (    ) . The term "quasi-subordination" was coined 
by Robertson [7]. If there exists an analytic function |    |    such that 
     
     analytic in   and                     that is, there exists      Schwarz 

function then           (    )  
Albehbah and Darus [1] defined  a linear operator   

       on    by  

  
             

   ∑ |            
|          

                                (1.2) 
where 
     

      
                                                   { }    

to simplify the notation, we write   
         

    . 
It follows from (1.1) that 

 (  
         )     

                   
         .                   (1.3) 

We differenting  (1.3) for         times, we get 

 (           )
    (             )

   
             (            )

   
  

 (           )
    

 (              )
     

             (           )
                  (1.4)                                                                   

 
Lemma 1.1: [7] Let      univalent function in  ,   and   be analytic in 
domain   containing      with        where         Let  
                   and       (    )        
Let 
      starlike univalent in , 
   (  

    
    )     

If      is analytic   then 

 (    )         (    )   (    )          (    )   
implies           and      is best dominant of above equation. 
Suppose that    class of analytic and starlike univalent functions   in U 
with       . 
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2.  Results and Application  
Definition 2.1:           is function in the class              if it meets the 
quasi-subordination requirement: 

               
 (           )

       

(           )
        

       
  

 (           )
     

(           )
                  (2.1)                                                                        

where           and      
Several authors studied differential subordinations for higher- order 

derivatives for another classes, such as [2], and another studied differential 
subordination of a class of multivalent functions for other classes, like [5,6,8]. 
 
Theorem 2.1: Let       . 
Then                                                                
Assume that  

              
  

 (           )
       

(           )
                                                (2.2) 

Then, given       , the function   is analytic in    
Since                  , then, we have 

               
 (           )

       

(           )
         

       
  

 (            )
     

(            )
                 (2.3)                                                                                                      

We use (2.3) and take derivatives on both sides of (2.2) in terms of z. 

               
 (           )

       

(           )
        

       
  

 (         )
     

(           )
       

       
         

              

By application of Lemma(1.1), we have 
                                                            (2.4) 

Nothing that    
    and that   is starlike univalent in  , as a result of 

(2.2), (2.3), and (2.4), 

               
 (           )

       

(           )
        

       
  

 (           )
     

(           )
         

 
 [   

            
 (           )

       

(           )
        

       
  

 (           )
     

(           )
      ]  

 (   
 )             

Therefore,                 . 
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Theorem 2.2: Let   { }    and      Then 
                                

Proof: Let                    and suppose that 

                    
 (           )

       

(           )
        

       
  

 (           )
     

(           )
               (2.5)                                                                                                                                                                                                                                                                      

Then, (1.4) and (2.5) is equivalent to  

     (   
       )

         
  

 (           )
       

(  
         )

        
        

  
 (             )

       

(             )
             (2.6)                                                                              

Differentiating (2.6) and using (1.4), we get 
            

   
       (

          
    (           )

     

(           )
         

        (           )
       

(           )
     +  

        
  (  (           )

     

(            )
         

        (           )
       

(           )
     +.                                       

(2.7)  
From (2.6) and (2.7), we get 

             

                   (             )
       

(             )
         

        
  

 (             )
     

(             )
        

that is   

      
   

     

               
 (           )

       

(           )
        

       
  

 (           )
     

(           )
                           (2.8) 

Since                      then it follows from (2.8)  

         
                              { }          

As application of  Lemma (1.1) and (2.5) we get                 

               
 (           )

       

(           )
        

       
  

 (           )
     

(           )
              

This shows that                    and the proof is completed. 
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Theorem 3.3: Let         and                         If     , 
where 

   
 
 (  

     
 ∫  

   
   

   
 
   +

  

                         (2.9) 

then                    The bound   is the sharp when       
      

 
Proof:  Suppose that  

             
  

 (           )
       

(           )
                                    (2.10) 

Let                        with      and      Then, we have  

      
       

     

                 
 (           )

       

(            )
        

       
  

 (           )
     

(           )
                   

By Lemma (2.1), we obtain 

       
        

   
       

 ∫  
       

          
                   (2.11) 

where              
   

       
 ∫  

       
   

      
                                 (2.12)                                          

If        , where      is given by (2.9) , then it follows from (2.12) 
that 

  (    )   
       

 ∫ 
       

     (  
    *   

 

 

     

  
       

 ∫ 
       

   

     
 

 

         

By using the Herglotz representation of       from (2.10) and (2.11), 
obtained 

        
  

 (  
         )

       

(           )
                          

Since   is starlike univalent in  , then                    
For       

    and            defined by  

        
  

 (           )
       

(           )
        

        
   

       
 ∫  
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We have  

               
 (           )

       

(           )
        

       
  

 (            )
      

(            )
                    

Thus  
                         Also, for     , we have 

  {          
 (           )

       

(           )
       }  

        
 ∫  

       
   

      
       

    

which implies that                    therefore the bound    cannot be 
increased where                        

 
Theorem 2.4  Let                   be defined as in (1.2). Then the function 
  defined by  

        
  ∫             

                                         (2.13) 

is also in                  
 
Proof: Let                   be defined as in (1.2). Then , we get 

               
 (           )

       

(           )
         

       
  

 (           )
     

(           )
                 (2.14) 

For           and         , from (3.13) that          and  

                  
                                                        (2.15) 

Define function     : 

                    
 (           )

       

(          )
        

       
  

 (           )
     

(          )
               (2.16)       

Differentiating (2.16) and using (2.14) and (2.15),we get 

               
 (           )

       

(           )
        

       
  

 (           )
     

(           )
         

            

 (      (
            

   *)
       

(      (
            

   *)
         

       
  

 (      (
            

   *)
     

(      (
            

   *)
      

 
   (     

        
  

 (          )
       

(          )
          

        
  

 (          )
     

(          )
     )  

 
   (     

        
  

 (      (      )*
       

(      (      ))
        

       
  

 (      (      )*
     

(      (      ))
     ,  
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   (  

          )        
     

            

By application of Lemma (1.1)   we obtain               
By using (2.16), we get  

                
 (           )

       

(          )
        

       
  

 (           )
     

(          )
               

implies that                   
 
Theorem 2.5:  Let                           and 

   {  
    
    }  

 
                                                    (2.17) 

Write         
     

Then                      
 
Proof: Let                     and           Then we have 

               
 (             )

       

(             )
        

       
  

 (             )
     

(             )
      

                     (           )
       

(           )
        

       
        (           )

     

(           )
       

                                                                                                          (2.18) 
 
Where 

                    
 (           )

       

(           )
        

     
  

 (           )
     

(           )
              

(2.19)                        
From (2.17) ,      has the Heglotz representation: 

     ∫      
     

 
| |                                                                        (2.20) 

where ∫         
| |   and      is a probability measure on unit circle | |       

Since   is starlike univalent in  , so from (2.18),(2.19) and (2.20) that  

               
 (             )

       

(              )
         

       
  

 (              )
     

(             )
      

∫            
| |            

This shows that                      
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