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Abstract
In this work, we establish some results for fuzzy differential for analytic functions 

associated with the Hadamard product for generalization Srivastava-Attiya operator is 
defined in the open unit disc L = {w ∈ C:|w|< 1}. In the present paper, the operator is 
applied to a new class of analytic functions with the Hadamard product. The goal of this 
article is to study some properties of fuzzy differential subordination and fuzzy differential 
superordination of analytic functions related to the Hadamard product. Using double 
theories, a sandwich-type theorem was obtained.
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1. Introduction  
Let  denote the family for analytic functions in   *         +and 

 ,   - represent a subclass of   that includes the following function: 
 

  ( )                      

Suppose A is a subclass of   and   that includes all functions of the 
following type: 
 

  ( )                  ∑   
          (         )        (1) 

 
In addition, their Hadamard product (or combination) of      and 

                : 
 

(       )( )    ∑   
               (      )( )                (2) 

 
A function      is named univalent starlike of order   (0     ), if 

 

  {  
 ( )
 ( ) }              (   ) 

Denote this class by  ( ). 
In [6], Srivastava and Gaboury introduced the linear operator 

  (  ) (  )  
     ( )      as follows: 

 

 (  ) (  )  
      ( )    ∑   

   
∏   
   (    )   
∏   
   (    )   

 .      /
  (         )
 (         )   

  

             (3) 

 
Where  
(    (       )               (       )            

It’s simple to look that    . (  ) (  )  
      ( )/

 
 

   (    ) (            ) (  )  
      ( )     (  ) (  )  

      ( )  
 
Definition 1 [1]: Assume   is a non-empty set. A fuzzy subset is defined as the 
application        ,   -  Another, more specific definition would be  A 
try (    ), where          ,   -  and   *                +  
     (    )  be known as a fuzzy subset. The membership function of the 
fuzzy subset (    )                                  
 
Definition 2 [2]: Assume that two fuzzy subsets of    (    ) and (    ). 
the fuzzy subsets   and   are equivalent if and only if    ( )     ( )   
  which we indicate by(     )  (    )  The fuzzy subset (    ) 
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contains the fuzzy subset (    )  if and only if   ( )      ( )     and 
the inclusion relation is denoted by(    )   (     ). Assume   is a set in 
  and     are analytic functions. We usually signified by: 

 ( )        (  ( )   ( ))   *  (  )        ( ) ( ( ))         + 
and      ( )      (  ( )   ( ))  * ( )      ( )  ( ( )        
 
Definition 3 [2]: Assume that         , is a constant value, and the 
functions      ( )  The function f is claimed to be a fuzzy subordinate of g 
written 
        o   ( )    ( )                                            : 
 

   (  )   (  )                        ( )( ( ))    ( )( ( ))     
 
Definition 4 [3]: Let            and   are univalent in    If   is analytic 
in   and the (second-order) fuzzy differential subordination is satisfied 

  (    )( ( ( )    ( )      ( )  ))    ( )( ( ))             ( ) 
 ( ( )    ( )      ( )  )     ( )       

then   is named "a fuzzy answer of the fuzzy differential subordination. The 
univalent function   is named a fuzzy dominant of the fuzzy answer of the fuzzy 
differential subordination, or simply a fuzzy dominant, if  ( )    ( )   
  fo  all   satisf ing      the fuzzy dominant  ̃ that satisfies  ̃( )    ( ) 
    fo  all fuzzy dominant   of (4) is claimed the fuzzy best dominant of (4)".  
 
Definition 5 [5]: Let              and    be analytic in  . If   
and  ( ( )    ( )      ( )  ) are univalent in   and satisfy the (second-
order) fuzzy differential superordination. 
 

  ( )( ( ))     (    )( ( ( )    ( )      ( )  ))         ( ) 
     ( )   ( ( ( )    ( )      ( )  ))                

 
then   is named "a fuzzy answer of the fuzzy differential superordination. The 
analytic function   is named fuzzy subordinate of the fuzzy answer of the fuzzy 
differential superordination, or simply a fuzzy subordination if  ( )     ( ) 
    fo  all   satisf ing      A univalent fuzzy subordination  ̃ that 
satisfy  ( )     ̃( )  for all fuzzy subordinate   of (5) is claimed the fuzzy 
best subordinate of (5)".    
 
Lemma 1 [4]: Assume that   is a univalent function for the unit disk   and Let 
  and   be analytic in a domain                ( ) with   ( )     when 
    ( ). Set  ( )       ( ) ( ( )) and  ( )     ( ( ))     ( ). 
Assume that:  
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1. Q is a starlike univalent in   and  

2. Re.    ( ) ( ) /            .                                ( )   ( )   
  ( )    and           ( ( )    ( ))    ( ( ))     ( )  

 ( ( )) is analytic in    
 Then   (    ), ( ( ))     ( )   ( ( ))-    ( ) ( ) , 
 Implying    ( ) ( )    ( )  ( )  
 i.e.  ( )    ( ) where   is the fuzzy best dominant. 
 
Lemma 2 [5]: Assume that      a convex univalent function for the unit disk   
and       and   be analytic in a domain    containing  ( ). Assume that: 
1.    . 

 ( ( ))
 ( ( ))/                

2.  ( )     ( ) ( ( ))                            
 If  ( )    , ( )  -    with ( )       nd        

   ( ( )   ( ))   ( ( ))     ( )   ( ( )) are both univalent in 
  

 then   ( ) ( )    (    ), ( ( ))     ( )   ( ( ))] 
 implying   ( ) ( )    ( ) ( )  
 i.e.,  ( )     ( ) where   is the fuzzy best subordinate. 
 
2. Main Results 
Theorem 1: Let   be analytic and univalent in the open unit disk   such that: 

 ( )    and  (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

  ( ) 

for all    , where                                with          , 
… and      . 

Assume that   
 ( )

 ( )   is starlike univalent in  . Let: 
 

  (  
  ( )

  ( )    
 ( )

 ( )     ( ( ))
     ( )   )                   ( ) 

 
 (           )   

    

(

 
  ( (  ) (  )  

     (     ) ( ))
 

( (  ) (  )  
     (     ) ( ))

  
 ( (  ) (  )  

     (     ) ( ))
 

 (  ) (  )  
     (     ) ( )

  

)
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(

 
    ( (  ) (  )  

     (     ) ( ))
 

 (  ) (  )  
     (     ) ( )

)

 
 

  

  

(

 
    ( (  ) (  )  

     (     ) ( ))
 

 (  ) (  )  
     (     ) ( )

)

 
 

 

  ( ) 

then    (    ), (           )-   (    ),      
   ( )
 ( )     ( ( ))      ( )] 

   ( ) ( )                                                     (8) 

             

(

 
   ( (  ) (  )  

      *
 

   (  ) (  )  
        

)

 
 

 

 ( ) (

 
    ( (  ) (  )  

     (     ) ( ))
 

 (  ) (  )  
     (     ) ( )

)

 
 

 

   

   ( ) ( )                                                     (9) 

i.e. (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

   ( )  where   is the fuzzy best dominant 

 

Proof: Define   ( )  (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

  ,                             (10) 

      
 ( )

 ( )   

(

 
  ( (  ) (  )  

     (     ) ( ))
 

( (  ) (  )  
     (     ) ( ))

  
 ( (  ) (  )  

      (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

  

)

 
 

   

 

By obtaining  ( )             and  ( )   
    it is clear that 

            analytic in   * + and  ( )   ,      * +.Consider  ( )  
    ( )  ( ( ))       

 ( ) 
 ( )  and  ( )    ( )    ( ( ))      

     
 ( )

 ( )     ( ( ))
     ( )  we derive that   is starlike univalent in  . 

  (     
( )

 ( ) )    (  
 
  ( )  (   )( ( ))

    
 ( )

 ( )    
  ( )
 ( )  )      

using (8),we deduce             (    ) .      
    ( )
 ( )     ( ( ))

     ( ) / 

   (    ) (      
   ( )
 ( )     ( ( ))

     ( )+ 
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Using Lemma 1 as a guide,  we get   ( ) ( )    ( ) ( )      By 
using (10), we obtain 

 

(

 
   ( (  ) (    

      *
 

   (  ) (    
        

)

 
 

 

 ( ) (

 
    ( (  ) (    

       (     ) ( ))
 

 (  ) (    
       (     ) ( )

)

 
 

 

   ( ) ( ) 

i.e. (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
      (     ) ( )

,

 

   ( ) and    is the fuzzy best dominant. 

 
Corollary 1:                                     with          , ... 
and      . Assume that (6) is correct. Then  
  (    ), (           )- 

    (    ) (   
(   ) 

(    )(    )   (    
    *

 
      

    ) 

        (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

  
      
              

     is the fuzzy best 

dominant. 
 
Proof: For   ( )      

               The given conclusion follows 
from Theorem 1. 
 
Theorem 2: Let   is analytic and univalent in   such that  ( )    and   

 ( )
 ( )  

be univalent starlike in  . Assume that: 
  .   ( ) 

 ( )    
   ( ) 

 ( )/                        (11) 
Let     represent complex number  with          , ... and       .             

If  (           ) is univalent in   and  (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

 

 , ( )  -    where  (           )is defined in (7), then 
 

(        
 ( )

 ( )     ( ( ))    ( )+    (    ), (           )- 
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            ( ) ( )  

  

(

 
   ( (  ) (  )  

      )
 

 (  ) (  )  
        

)

 
 

 

 ( )

(
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

                                         

   i.e.  ( )    (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

 and                   subordinate.    

 

Proof: Define  ( )  (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

      

consider       ( ) = µ   +    + α and  ( ) =      it is clear that   is analytic 
in  ,   is analytic in   \{0} and   (   ≠0,       \{0}.  

In this situation, 
  ( ( ))
 ( ( ))  

  ( ),     ( )- ( )
 , 

which implies     ( 
 ( ( ))
 ( ( ))*    .

 
  ( ) 

 ( )    
   ( ) 

 ( /     
                    

We obtain          (     )  (      
   ( )
 ( )     ( ( ))

    ( ))  

   (    ) (    
   ( )
 ( )   ( ( ))    ( )   ) 

Using Lemma 1, we drive that  

  ( ) ( )   

(

 
   ( (  ) (  )  

      *
 

  (  ) (  )  
        

)

 
 

 

 ( ) (

 
    ( (  ) (  )  

     (     ) ( ))
 

 (  ) (  )  
     (     ) ( )

)

 
 

 

 

i.e.  ( )    (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

 and                   subordinate.   

Theorem 1and  2  are combined to form the sandwich theorem shown 
below. 
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Theorem 3: Let               analytic and univalent in   such that   ( )  
  and   ( )   for all     , with   

 
 ( )

  ( )
 and   

 
 ( )

  ( )
 as univalent starlike . 

Consider that    s       ( )            (  )     s,   represent complex 
numbers with  ≠0, 1, 2, …          .If   (           )is given in (7) as 
univalent in   and 

(

 
    ( (  ) (  )  

     (     ) ( ))
 

 (  ) (  )  
     (     ) ( )

)

 
 

 

  , ( )  -    

        (    ) (      
 ( )

  ( )
  (  ( ))

     ( ))  

  (    ), (           )-  (      
 ( )

  ( )
  (  ( ))

     ( ))  

Implies     ( )  ( )   

(

 
   ( (  ) (  )  

      )
 

  (  ) (  )  
        

)

 
 

 

 ( )

(
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

 

   ( )  ( ). 

i.e.,                                            ( )   (
   ( (  ) (  )  

     (     ) ( )+
 

 (  ) (  )  
     (     ) ( )

,

 

    ( ) 

and     and    are also the fuzzy best subordinate and the fuzzy best dominant, 
respectfully.  
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