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Abstract

In this work, we establish some results for fuzzy differential for analytic functions
associated with the Hadamard product for generalization Srivastava-Attiya operator is
defined in the open unit disc £ = {w € C:| @|< 1}. In the present paper, the operator is
applied to a new class of analytic functions with the Hadamard product. The goal of this
article is to study some properties of fuzzy differential subordination and fuzzy differential
superordination of analytic functions related to the Hadamard product. Using double
theories, a sandwich-type theorem was obtained.
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1. Introduction

Let Hdenote the family for analytic functions in £ = {w € C: |w| < 1}and
H[a, m] represent a subclass of H that includes the following function:

flw)=a+a,w™+a, 0™+

Suppose A is a subclass of H and A that includes all functions of the
following type:

filw) =a,;+a,;w*+ - =w+Xi, a0 (G =12keN) )

In addition, their Hadamard product (or combination) of f; € A and
f2 € A is given by:

(i*xf2) () =w+ X, agidy, w* = (f; * f)(w) 2

A function f € A is named univalent starlike of order 7 (0 < 7 < 1), if

Re {wf’(w)} >1 (w e L)

f(w)
Denote this class by S(7).
In [6], Srivastava and Gaboury introduced the linear operator

s,a,A ) .
J(Ap)-(#q).b (f):X > X as follows:

sa,l _ o H?:l (Aj+1)k-1 (1) A(atk,b,s,2) w_k
J(ﬂp)'(#q)‘bf(w) =0+ iz o, (w+1),_, (a+k) A@ribs) M 3)
Where
(Becl=1..,n;s€CGau€C\wy(j=1,..,9;p<q+LweL
It’s simple to look that w (J(S/‘{;';(#q) bf(a)))
— s,a,A _ s,a,A
- (Al + 1)(7(11+1.12,"'ﬂp),(#q)‘bf(w) Alg(lp),(uq),bf(w)'

Definition 1 [1]: Assume X is a non-empty set. A fuzzy subset is defined as the
application F:X — [0,1]. Another, more specific definition would be: A
try (§,Fs), where "Fs:X - [0,1] and S={x € X: 0 <Fs; < 1} =
supp (S, Fs)" be known as a fuzzy subset. The membership function of the
fuzzy subset (S, Fs) is named after the function Fs .

Definition 2 [2]: Assume that two fuzzy subsets of X, (M, Fj;) and (IV, Fy.).
the fuzzy subsets M and V" are equivalent if and only if Fy;(x) = Fy (x), x €
X which we indicate by(M, Fjr) = (I, Fp). The fuzzy subset (M, Fj)
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contains the fuzzy subset (I, Fp-) if and only if Fp,(x) < Fj (x), x € X and
the inclusion relation is denoted by(M, Fp) S (W, Fy-). Assume D is a set in
C and f, g are analytic functions. We usually signified by:

f(D) = supp(f(D), Fry) ={f (w):0 < Frp) (f(w)) < 1w € D}
and g(D) = supp(g(D),Fg(D)) ={g(@):0 < Fypy (g(w) <1, w €D

Definition 3 [2]: Assume that D c C,w, €D, is a constant value, and the
functions f, g € H (D). The function f is claimed to be a fuzzy subordinate of g
written

as f <p g or f(w) <r g(w) If the following requirements are satisfied:

1. f(wo) = g(wy), Z-Ff(z))(f(w)) < Fg(D)(g(w))’ w€D

Definition 4 [3]: Lety : C3 X £ — C and A are univalent in £. If p is analytic
in £ and the (second-order) fuzzy differential subordination is satisfied

Fy(coxe) (W (0(0), 0p' (), 02" (@) ©)) < Fay(A(@)), ()
P(p(), wp' (@), 0?p" (@) 0) < A®), ©€ L,

then p is named "a fuzzy answer of the fuzzy differential subordination. The
univalent function q is named a fuzzy dominant of the fuzzy answer of the fuzzy
differential subordination, or simply a fuzzy dominant, if p(w) <y q(w), w €
L for all p satisfying (4). the fuzzy dominant § that satisfies §(w) < q(w),
w € L for all fuzzy dominant q of (4) is claimed the fuzzy best dominant of (4)".

Definition 5 [5]: Let ¥:C3x L > C and 4 be analytic in L. Ifp
and Y (p(w), wp' (w), w?p" (w); w) are univalent in £ and satisfy the (second-
order) fuzzy differential superordination.

Far) (A (@) < Fy(csxe) (@), wp' (@), 0?p" (@) @) (5)
i.e. (W) <p (Y(@W),0p' (W), w’p" (W) w), wEeL

then p is named "a fuzzy answer of the fuzzy differential superordination. The
analytic function q is named fuzzy subordinate of the fuzzy answer of the fuzzy
differential superordination, or simply a fuzzy subordination if q(w) < p(w),
w € L for all p satisfying (5). A univalent fuzzy subordination § that
satisfy q(w) <p §(w), for all fuzzy subordinate g of (5) is claimed the fuzzy
best subordinate of (5)".

Lemma 1 [4]: Assume that q is a univalent function for the unit disk L and Let
0 and ¢ be analytic in a domain D containing q(L) with ¢ (w) # 0 when
w € q(L). Set Q(w) = wq'(W)Pp(q(w)) and A(w) = 6(q(»)) + Q(w).
Assume that:
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1. Qs a starlike univalent in L and

2. Re(w(;s)) >0 forw € L. If pitisanalytic in L, with p(0) = q(0),

¢ (p(w)) is analytic in L.

Then Fyc25)[0(p(w)) + wp' (@) - ¢(p(@))] < Fppyf(w)
Implying Fpp(w) < Fypq (w)
i.e,p(w) <p q(w) where q is the fuzzy best dominant.

Lemma 2 [5]: Assume that q is a convex univalent function for the unit disk L
and Let v and ¢ be analytic in a domain D containing q(L). Assume that:

. R v'(q(w)) c
e (—¢(q(w))) > 0 for w € L and

2. Q(w) = wq'(w)p(q(w)) is starlike univalent in L
Ifp(w) € H [q(0),1] n Qwithp(£) € D and:C*> X L -
(C,lp(p(cu),p’(w)) =v(p(w)) + wp'(w) - p(p(w)) are both univalent in
L
then Fppyh(2) < Fy(czxp)[V(p(@)) + wp'(@) - p(p(w))/
implying Fq(ryq(w) < Fyyp(w)
i.e, q(w) <p p(w) where q is the fuzzy best subordinate.

2. Main Results

Theorem 1: Let q be analytic and univalent in the open unit disk L such that:
n B

sad
w<J(;;’)'(P-q),b (f1+f2) (w)>

q(w) # 0 and G
J(’lp),(uq),b(f 1#f2) (W)

e H(L)

for allw € L, where s,a represent complex numbers with a # 0,—1,-2,
..and B,A > 0.
q' (w)

Assume that wq ) is starlike univalent in L. Let:

+

Re<wq”(w)_wq’(w) 2u
q'(w) q(w) 4

(@(w))? +§q(w) + 1) >0 6)

Y(,nuwy,Bw) =

" s,a,A
o B e @) @ (‘7 G ()1 2) (‘“)>
a+yB -

(ol @) Tihtugalh P
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[o (]533(“%“1 fz)W))\ [ <IE§§(u)b(f1*fz)(w))\

+ 7
uk 0 o (1*12) (@) ) \ szg‘(u)b(fl*fz)(m) } 2

B

then Fy ez, [W(nmy,Biw)]<Fyc2upla+y = q(w) >+ n(@(@))? +na()]
= Fypyh(w) (¥

rn B
(J&“)A(ﬂ )b(fl *f2) (a)))
Implying F N sad
(90 wn ) Jp) g1 * f2) (@)
Wz (9]
Iap)(uq)p
< Fyyq(w), )

r B

o 35 ) (@)
. (2p)(1q) b . .
ie., <r q(w) where q is the fuzzy best dominant

T uqypUr2) @)

I
B
,a,A
a)(J&a ), (# )b(f1*f2) (w))

s,a,A

J(A )(# )b(fl fz) ((‘))

Proof: Define p(w) = ,w EL, (10)

" ’

S,a,A . sa,l i}
©p' (@) 5 w(‘j(lp).(#q)'b(fl f2) (w)) w(ﬂ(lp) (1g)b (f1*f2) ((u))

p@ )
<J(S/'12),( ug)p 12 (m)>

7 saA

(l )(# )b(fl f2) ()

By obtaining 8(w) = pw? + nw + a and p(w) = %, it is clear that
6 and ¢ are analytic in (C\{O} and ¢ (w) # 0, w € C\{0}.Consider Q(w) =
0q' @) (9@) = ¥ 22 and h(w) = Q) + 6(a(@)) = @ +

wq (w) "(w)

@) + u(q (a))) + nq(a)) we derive that Q is starlike univalent in U.

wh' (w) 2u wq'(w) q" (w ))
( 0@ > Re (1 +-q(w) + & )(Q(w)) 7(@) tw q(w) >0
using (8),we deduce Fy(czxr) (a 4y 2 ) 4 H(p(w))* +n p(w) )

< Fy(exr) (a +y wqq(g))) + n(@(w))* +1 q(éd))
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Using Lemma 1 as a guide, we get F,(;)p(w) < Fyq(w), w € L, By

using (10), we obtain
n B
|/ ((-](5;7'51(# b (f1* f2) ((U)> \

, S, | <F,qw)
/ gfp%(uq B \ J(AP)A(M b (f1 % f2) (w) / 4

s,a,A )
\ Jap)uqb
B

s,a,A
“(‘7 (p) (q)p 12 <w>>

ie., Sal <r q(w) and q is the fuzzy best dominant.
J(}“p)'(uq).b (f1#f2) (@)

Corollary 1: Let s, a represent complex numbers with a # 0,—1,-2, ...
and ,A > 0. Assume that (6) is correct. Then
Fy(czxe) ¥ (1 v, B w)]
<F N M —Nw N (1+Mw)2+ 14+ Mo
=ME)\ T T o)+ ve) P\ ve) T T ve
B
s,a,A .
w<‘7(l )(H )b(fl 12) (OJ)) 1Mo 14 Mo
sl (fu*fy) (@) <F Tinw and 1+Nw
(2p)(nq)b~172

implies is the fuzzy best

dominant.

1+Mw

Proof: For q(w) =
from Theorem 1.

,—1 <N <M <1, The given conclusion follows

Theorem 2: Let q is analytic and univalent in L such that q(w) # 0 and w;( ((;)
be univalent starlike in L. Assume that:
r 2 !
Re (1q(@)q' (@) + % ¢*(@)q' (@) >0 (1)
Let s, a represent complex number with a # 0,—1,—2, ...and §,1 > 0.
r B

,a,A
w(‘jgﬂa)(ll )b(fl*fz) (OJ)>

sal

(A )(ﬂ )b(fl *f2) (w)

If%Y(a,n, 1y, B; w) is univalent in £ and

H[q(0),1] n Q where ¥W(a, 7, 1, ¥, B; w)is defined in (7), then

wq'(w)
<a +y 7(@) + u(q(m))2 +nq(u>)> < Fy(@x0) eyt
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implying Fyq(w) <

!
B
(s o)
F f S,a,A ,
s,a,4 ! Jr (irfa) (@)
M © (Ap).(uq)b
Js.ac.)t
(Ap)'(ﬂq),b
B
w(J(Sﬁ;/)ll(uq),b (f1+f2) (w)>
ie., q(w) <p and q the fuzzy best subordinate.

Jai;})h'(l’-q)'b (fr*f2) ()

r B
S,a,A
w<(7(}“p)'(#q).b (f1#f2) (w))

S,a,)' *
J(lp)r(#q),b(fl f2) (w)

Proof: Define p(w) =

,WEL,

considering v (w) = pw? + nuw + a and p(w) = L, it is clear that v is analytic
in C, ¢ is analytic in C \{0} and ¢ (w) #0, w € C\{0}.
In this situation,
v(q(@) _ q'(@n+2pq@)]q@)
9(aw) - ¥ ’
which implies Re (];((3((;0))))) = Re (;’—/q(w)q’(w) + zy—”qz(w)q’(w) >0,

fora,n,u,y €Cy+ 0.

Weobtain  Fyc2yy) (a +op 2@y u(q(w))z +77Q((D))

q(w)

wp'(w) )
< Fy@eese|a +vy (@) +up@)* +np(w) +a

Using Lemma 1, we drive that

n B
w ( (Sj‘;'i(uq)‘b(f1 * f2) (CU)>

L

Fq(L)q(w) <F
(as,a,l
(2p).(1q) b
Js,a.,A
RCOIE

r B
s,a,d
w(‘j(’lp)'(uq).b (f1+f2) (w)>

s,a,A N
J(Ap)v(liq).b (f1+f2) (@)

ie. q(w) <p and q the fuzzy best subordinate.

Theorem land 2 are combined to form the sandwich theorem shown
below.
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Theorem 3: Let q,and q, both analytic and univalent in L such that q,(w) #
wq';(w) an wq',(w)
q1(w) q2(w)
Consider that q; satisfy (6),q, satisfy (11).Lets, a represent complex
numbers with a#0, 1, 2, ... and ,A > 0.If ¥ (a,n, 1, v, B; w)is given in (7) as

univalent in L and

n B
/ (J(S,la)/l(ﬂ )b(f1 * f2) (w)> \

TS i * ) @) }

0 and q,(w) # for all w € L, with as univalent starlike .

H[q(0),11nQ

2
Then Fyc2xr) (a +vy qql(fn)) +u(q1(w)” + nql(w)) <

Fy@xo¥(anny, B;w)] < (a + Y“’ql(m) + u(ar (@) + nql(w)>

N
s,a,A
! w<J(’1p)'(uq).b (f1+f2) (w)>
Implies Fq,(q:(w) < F . i
goah dJ (furfy) (@)
( (p) (1 )b) (Ap).(nq)b
w?ziq w)
Y0p) (1q) b
Fo,0)q2(®).
B
! w<J(s;;;/)1 (uq)pU1*2) (w)>
- @) <¢ | —zr <r 4,(0)

L’](}L )(ﬂ )b(fl 12) ()

and g, and g, are also the fuzzy best subordinate and the fuzzy best dominant,
respectfully.
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