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Abstract

We apply Lie theory to determine the one-parameter point transformations which
leave complex-valued Korteweg-de Vries equations invariant. The conserved vectors of the
systems are constructed. We provide travelling wave reductions that lead to third-order
ordinary differential equations. These equations are highly nonlinear to solve directly and,
therefore, we establish their first integrals. The latter is of second-order and facilitates the
analysis of the complex-valued system, as well as some interesting blow-up solutions.
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1. Introduction

The Korteweg-de Vries (KdV) equation needs no introduction. It
has been obtained as a fundamental model for wave spread in number of
different physical conditions. Research on pole dynamics of KdV equations
and work related to it, started with remarks of Kruskal in the 1970s [11],
and subsequently, extensive work was then carried out at a later stage
[12, 3, 4, 16, 5]. We will concentrate on the research of generalised KdV
equations under a complex-valued sense. Such equations, in real-valued
terms, have been actively studied in terms of its solitons and solutions.
Recently, many studies have paid great attention to construct the complex
solutions by different methods [15, 8]. It is predicted that the complex
KdV equation, shares the same properties of the real-valued KdV class of
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equations [2], i.e. the integrable properties, the infinitely many symmetries
and infinitely many conservation laws [13]. More properties include, the
inverse scattering transformation [1], Hirota bilinear method [7] and
Darboux transformation [17]. In addition, the resulting coupled system,
that has been decomposed into real and imaginary parts, is a special case
of the general coupled KdV systems, connected to the two layer fluid
dynamical systems and two-component Bose-Eubstein condensates [14].
Such equations are important in dynamics and physics.

Our interest is to find out about the symmetry, conservation law and
solution properties of the complex-valued KdV class of equations. Such
properties have far reaching consequences [9, 10, 19]. Some recent papers
have considered important conservation laws, for example, see [20, 18, 6].

First, we consider the complex-valued KdV-Burgers” equation

¢r = 2¢¢x + ¢xxx + a¢xx 4 (1)

where ¢ =¢(x,t). For ¢ =0, we get the complex-valued KdV equation.
The complex equation can be decomposed into real and imaginary parts
if we suppose that

¢(x, £) = u(x, t) +iv(x, t),

is a complex valued dependent variable. Then Eq. (1) is equivalent to the
coupled system

—u, +2uu_—2v0_+u__ —ou_ =0,
X X xXxx xx (2)

-0, +2uv_+2vu_+v__—av_=0.
X X XX xx

X

Similarly, the complex-valued modified KdV equation (mKdV)
equation is

¢t :¢xxx _6|¢|2 ¢x _a(pxx’ (3)
and decomposing into the system of equations

—u, +u_ —6(u’+v ), —au_ =0,
t 4)

2 2 _
-0, +0v__ —6(u” +v7)o_—av_=0.

X

The plan of the paper is as follows. In Section 2, we briefly describe
the mathematical theory necessary for our investigation. Section 3 and 4
deal with the solutions of the complex-valued KdV Burgers” and mKdV
systems. Section 5 is the conclusion.
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2. Theory

The procedure for determining point symmetries for an arbitrary
system of equations is well-known [21]. Consider 4 unknown functions
u* which depend on p independent variables x', ie. u=(u',...,u),
x=(x',...,x"), with indices o=1,..,9 and i=1,...,p. Let

G, (x,u?)=0, ®)
be a system of nonlinear differential equations, where u® represents the
k™ derivative of u with respect to x. We consider the following symmetry

X=£&0,+n% , (6)

given by
X[G, (x,u®)]=0, when G, (x,u")=0, 7)
where X is extended to all derivatives appearing in the equation through

an appropriate prolongation. A current T=(T",...,T") is conserved if it
satisfies

DT =0, 8)

1

along the solutions of the given equation. Eq. (8) is called a local
conservation law. The multipliers A” of (5) satisfies the relation [22]

D.T' = A“G”, )
for all functions u”* and the overdetermined equations for A” are

% a%Ge1=0, (10)
ou”

that enables us to calculate conserved vectors.

3. The complex-valued KdV Burgers’ equation

Suppose that the Lie point symmetry of (2) is of the general form

X =& (x,t,u,0)0, +& (x,t,u,0)0, +1' (x,t,u,0)0, +1n°(x,t,u,0)0,,

then solving (7) gives the Lie point symmetries of the system of equations.
We note that there are two cases of interest: & #0 and a =0.
We obtain that the symmetries of (2), when o #0 are
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X'=0,X}=0,,X! :tax—%au. (11)

Similarly for a=0, that is, the complex-valued KdV equation, we
solve the determining equations to find that the symmetries of (2) are

X:=to, —%611, X} =0,,X;=0_,X;=x0,+3t0,-2ud, —2v0,, (12)
with Lie brackets presented in Table 1.

Table 1
Lie brackets of (2), Left: o #0, Right: =0
LI x5 [ X3 [x] X
LI X[ x) | X3 XX 0 | X2|0|2X]
Xjlo]o0|-X Xi|-X3| 0|0 ]|-3X]
X;{0|0] 0 X210 0 |0]-X:
0|0 X;|-2X?|3X;|X2| O

3

Next we conduct a detailed study of the conservation laws of this
system of equations. Suppose that the variable ¢ denotes the conjugate
of ¢. Each conservation law is presented in the variables u,v and the
original variable ¢.

Therefore, if (T',T*) is a conserved vector of a conservation law, then

D,T'+D.T* =0,

along the solutions of the differential equation, where T’ is the conserved
density and T* is the conserved flux. This case, for a#0 admits two
conservation laws, viz.

T =u=—(0+9),

X o o 1 "
Tl =aux _uz +Uz _uxx ZE((PX +¢x)_5(¢m +¢xx)_¢z’

T =v=,/¢</7—(%<¢+5)2)2,

and
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. _ 1, - 1, - -
T;=am—2MPwn=aJ@@—§@H¢Q—J@ﬁH—E@M+@)—J@ﬂ—¢m?
The conservation laws, for & =0 are the following six relations:

T =u=—(¢+3),

T = on, =200, +8,) -0,

and the conservation law

Ti=0= 66 -C(0+8),

T =yv =

: A@-s07,

2
TF = 2u*v+=v° —uv_+v.u_ —vu
3 3 xx x T x xx

—(6+9) ¢6—G<¢+6>j +§£,/¢6—(§<¢+6»2J

—%<¢+q‘>>\/¢u@x—[§<¢+¢7>j +§\/<5 ooy

—_

1 _ o (1, Y
_E(¢Xx+¢”) 0l [2(¢+¢)]-

t_l 2_2=11 —2_ —_1—2
T =2 —0?) 2[(2<¢+¢>j 199 -6 ]

-2 1 1
T! =?u3 +20%u—uu_, +Eu§ +ov, —Evi

21, Y (1 -V 1 _[ _
=?[5(¢+¢)J +(¢+¢)(¢¢—(§(¢+¢)j —E(¢+¢)[§(¢n+¢ﬂ)J
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11, Y ([ 1, — S DURRI e
+E(E(¢x +¢X)j +(\/¢¢ _(E(¢+¢)) ][\/‘PU(PXX _(E((PXX +¢xx)) j

1 (1, Y
_E[\/¢x+¢x_(5(¢x+¢x)J ] 4
¢ 1 t \2 1 - 1 o ’
T, =utv+§vx=5\/(¢—¢¢) +§"¢¢_[E(¢+¢)] X,

2 1 1
TF = 2utv+ =0t —utv_ +tu v —u to—uxt+—v_ ——xv
5 3 xx xx xx 2 2 2 xx

RN NG
=—2t(5(¢+¢)j \/¢+¢—[E(¢+¢)J +?[\/¢+¢_[E(¢+¢)J }
(2049 0. 5. T+ | 2@ 0R)
_t[%(%+q§ﬂ))\/¢+$—[%(¢+$)) —t% (@-00) +

1 _ (1 Y «x _ (1 _ Y
E\/¢x+¢x_[§(¢x+¢x)] _E\/¢xx+¢xx_(5(¢m+¢xx)J 4

and finally,

. =t(u2—v2)+ux={@(¢+6>j —[qxz?—%(ma)] ]+%<¢+$)x,

-4
T' =—uw’t+ 4 tu—xu® = 2utu  +ux’t+x0° +20tv  —vtx® +1u_ —xu
3 xx xx X xx

e C PPN S U I P

= (2(¢+¢)] +4t2(¢+¢>{\/¢+¢ (2<¢+¢>j J
1. =1 — (1, -

—Zt(E(‘PJf‘P)](E(% +q)m))+x t(§(¢+¢)]

+2t\/¢+<$ —G(qmﬁ)] \/% -y —G«pﬂ +<$n)j

(13)
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—t,/¢+6—%<¢+6)2 G«M)] +§<¢x+@>—x%<¢n+aﬂ>

1. Y _ (1, -Y
—x(§(¢+¢)J +x\/¢+¢—(§(¢+¢)] .

3.1 Symmetry Reductions and Solutions

In this section, we use the method of Lie invariants to firstly calculate
invariant functions to reduce our system of equations. We find that
the reduced equations are a system of third-order ordinary differential
equations which cannot be solved further using symmetries or directly via
software such as Maple or Mathematica. Instead, we find first integrals of
the reduced system with the aim of solving via these expressions.

Suppose we consider the linear combination of symmetries X| +4aX,
a constant, which gives the invariant functions

{=—at+x,
o(x,t)=F,(§),
u(x,t)=r,(%). (14)

Hence the reduced system of equations corresponding to (2), are

=21 (O (©)+(a+2F,(ENF, (&) —aF (&) +F,"(5) =0,

15
(@+2F OO +2F (OF () - af () +FI"(C) = 0. (15)

The above system is challenging to solve, so we find that the first
integrals of (15) for a #0 are

I =—aF(§)+aF,(§)+2F,(OF,(O)+F]' (), (16)
I, =—arF (&) +ar,(§)—F, (5 +F,(&) +F) (). 17)

Since I, and I, are of second-order, we attempt to use the first
integrals to solve for the unknown functions.

In terms of a solution, we find that one exists in terms of Abel’s
ordinary differential equation of the second kind, viz.

I, =—ab(y)+ay +y* +b(y)b'(y). (18)

for F,(§)=0 and for F,'(5)=b(y), F,({)=7.
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For a=0, one may consider the symmetry combination X +aX?,
that gives the invariant functions (14) and the same reduced system for
(15).

The first integrals of (15) here are

QR 4 FICR +F ORI~ F O O3 F (O
V2N Q-2 16 -5,

L =~ XORO+FHORQ QL €1,

'HZFl(C)Fz(C)_'_ZFZ(C)zFl(C)/
L =cF,(0)+2F,(OF, )+ ),
I, =ar,(§)~F, Q) +F,(§) +F, (0.

A special solution exists, where for I, =1, =0, we have f ({)=0, and

@)= (tan(zlf—%ﬁjj —%. (19)
Thus, v(x,t)=0 and
6(x, ) = u(x, £) = — [tan[ S Jy_TAtrx B (20)

or

o(x, t)__7[sec( G fy_zttx D

We plot the above solutions in Figure 1.

-1x1010

-2x101°

-3x101°

Figure 1

The evolution of (19) and 3D plot of (20) where the free parameters are chosen
tobe C,=1,a=2
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4. The complex-valued mKdV equation

For this system as well, we note that there are two cases of interest:
o #0 and o =0. The symmetries of (4), for o #0 are

X} =0_,X;=0,X]=-v0, +ud,, (21)

the commutators all vanish and for this case o # 0, we find no multipliers

and conserved vectors.
For o =0, in this case, the Lie point symmetries of (4) are

X} =00, ~u0, X} =0, X} =0, X! =20, +10,~20,~20, ()

with Lie brackets in Table 2.
Table 2

Lie brackets of (4) with oc=0

LI XX [ X5 ] X,
Xjlojojo]| o

X4
X310 0]0|-=

3
X;l0l0|0|-X;

X4

on?zxg 0

The conservation laws are calculated to be only one for o =0.

T! =%(u2 +0%),

1
T =30t 320?420t —uu_ +=u>-vo_+—-0,
2 2 2 2
and in the variable ¢(x,t), the conservation law is

1
T =—|0P,
5191

x_é 22 l Y l e Yy
T —2(I¢|) +2¢x¢x+2(¢¢n+¢¢ﬂ)z
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4.1 Symmetry Reductions and Solutions

As in the above section, we utilize the symmetries X +aX’, to find
the transformation (14) so that the system (4), with & # 0 reduces to

(a—6F (§)* =6 ,(5))F (&) —ar ) (§)+F,"(£) =0,

: . (23)
(a _6F1 (g) _6F2 (C) )F{(C) - O!F{’(C) + F1”,(C) =0.
The first integral of the system (23) is
I = e (F{QF] ()~ F©F©), (24)

which cannot be used to solve further.

The symmetry X; +aX;, leads to the reduced equations (23), for
o =0 where (14) is used once again. The system of reduced equations in
this case, possesses the first integrals

Li==F{(OF, Q)+ (OF;(S) (25)

L= O+ O -2 Y 2 FQF =21, @)

B QF + 0 ©OF =S 16 + a6 26)

For I, =0, we have the solution f({) =0 and the implicit solution

F(©) 1
J_rj dy-¢-C,=0.
\/y" —y*a+Cy-2I,

For C, =1, =0,a=1, theintegral is evaluated to be

+arctan [

1
NGE —1}

hence the explicit solution is

— 1 2
F(¢) =4 i C) Jtan(@+C,)* +1. (27)

Thus we have that v(x,t) is zero and we may recover that

1
¢(x,t) = u(x,t) = im

Jltan(—t+x+C,)) +1. (28)
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400 - 400 L

200 200}

200} —200f

400 400

Figure 2

The function (27) with C, =1, taking the positive and negative sign,
respectively

Figure 3

The function (28) with C, =1, taking the positive and negative sign,
respectively

This solution is easily simplified to be written in terms of
csc(—t+x+C,), so that one can see the singularity for —t+x+C, =0. We
plot the above solutions in Figure 2 and Figure 3.

5. Conclusion

The study of complex-valued KdV equations is far more involved
than real-valued KdV models, but it is not surprising that complex-valued
KdV equations share properties with real-valued KdV equations i.e.,
integrable properties, symmetries and conservation laws. In this study,
we concentrated on travelling-wave reductions, but obtained nonlinear
equations that were difficult to solve by quadrature. To this end, we
investigated the conserved quantities of the reduced equations, which
were of second-order and easier to deal with and found some solutions. On
particular, the solutions were real and involved trigonometric functions.
In one case, the solution depended on Abel’s equation of the second kind.
Our solutions involve trigonometric functions, but not the well-known
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solutions of the KdV equations that contain hyperbolic trigonometric
functions. The latter gives rise to solitonic solutions, where our solutions
are blow up solutions. In future work, we will extend this analysis to other
higher-order partial differential equations.
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