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Abstract

The purpose of this research is to study the approximation of functions in the space

L,, which is an expansion of the Lebesgue space L, using the Fejer operator in terms of the

average modulus of the second-order with the application of two of the theorems.
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1. Introduction

In the last decade of the 21 century, the approximation of functions was
studied by many researchers, for example, Lupus (see [1]) and by Phillips (see
[2]). Generalizations of the Bernstein polynomials based on the g-integers
attracted a lot of interest and were studied widely by several authors (see [3]).

Recently, the approximation of unbounded functions in Locally-Global
Weighted Lp s,,(X)-Spaces and in Multiplier spaces Lp g, (B).B = [0.21], has
been studied by some researchers, especially Dr. Sahib Al-Saadi (see [4] and
[5D.

In this research, we will study one of the ways to approximate unbounded
functions, but at the beginning, we will put the most important definitions.

Let L,(X) the space of all bounded measurable functions defined on
1

X = [a.b] with the norm. = |ifl, = ([, If@IM) <o 1 <p<o
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Then for the real-valued function f defined on X = [—m. 7], if there is a
continuous function w(x) such that, ( Jx (fw)(x)) < oo, then f is called
weight integral function and w(x) is called a weight for integral. The weight

integral norm can be defined as follows:
1
£, = {(fX [(fw)(x)|P dx)P:x € X} , where w(x) is the weight for
integral with [|flz,,, = I fllp.w -

Nots that for f € L, then f € Ly, by taking w(x) =1 thus L, € Ly,
But the converse is not true in general. From above.

Let L,,,(X) ={f:lIfllpw <}, X=[-mn].be the all unbounded
continuous functionsf,1 < p < oo, which are associated with the above norm.
Where (fw)(x) is the real continuous functions on X and

IGwWlp = 11fllpw = (1)

2. Preliminary:

The following mathematical concepts are needed:

Definition 2.1: For f € Lp,,(X).X = [-m.7m].1 < P < oo the Fourier series of
the function f at any point x is given by, f(x) = ?+Z,‘f=1(ak cos kx +
by, sin kx), where:

a, = %f_nn(fw) (t) cosktdt and b, = %f_ﬂn(fw)(t) sinkt dt .

Definition 2.2: For 2 — periodic function f € Lp,,(X) let us define the n-th
partial sum S,, of Fourier series as:

Sn(f. %) = 2 + Si_1(@y cos kx + by, sin kx) (2)

Proposition 2.3: Let f € Ly, (X) .X = [—m.@]. Then:

sm(2n+1) 2 dt

Su(f. X)——f W) — = (3)

Proof: S,(f.x) = % + Y51 a cos kx + b sin kx where,
a, = %f_nn(fw)(t)dt . Then

1 T
Su(fx) = 5 f (fw) (D)t

Yroy E J© (fw)(t) coskt coskx dt + %f_”n(fw)(t) sinkt sin kx dt]
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= if_nn(fW)(t) [1+2X7%., (coskx - coskt + sinkx - sinkt)] dt =
2T Gw)O) |5+ Ziy cosk(t — )] at
= %f_"n(fw)(t) D, (t — x) dt , where D,,(t — x) = %+ Y7_, cosk(t — x)

. t
‘. 2n+1)-
Called Dirichlete kernel for (t — x). Now to prove D, (t) = Sm;%)z

sinz

2
sin(2n + 1)E =sint+sinZ —sinf+sinZ —sinZ + - +sin 22

. 2 2 2 2 2 2 2
—sin(2n —1) >

=sin§+sin§-2cost+251n§-cost+25in§-cos3t+---+
2 sin%cos nt = sin% [1+2Y}_,coskt].Then sin (2n + 1)% = sin % [1+
2YR_, coskt].
sm(2n+1)

Sothat ———2 = [[1+22 1coskt]].
SIHE

2 +1)
Thus 222" 2=—+Z -y coskt.
251n2

51n(2n+1)

Therefore S, (f.x) = —f fw ()— dt =

Definition 2.4: For  f € Lp,(X), let S,(f.x) = % + Yioq1(ag coskx +
by sinkx), be the partial sum of Fourier series then we will define the Fejer
operator as follows:

o_m(f x) — Sﬂ(f-x)+§1(f-x)+"'§m(f-x) (4)

m+1
Proposition 2.5: Forf € L, ,,(X). Then
on(f. %) == [" (fw)(t — X) Fyu(t)dt (5)

. .12
Where F,(t) = [Sm(nzf)]

sin-
2

Proof: Since 0, (f. %) = ——[So(f. %) + S, (f.X) + -+ Sy (f . %)]

=21 FUw)(®) e m) L™ (WO F(t = 2) d,

m+1

where E,(t) = # [Dy(t) + D.(t) + -+ Dm(t)]. And  sinceD,,(t) =

. 2m+1
[th)t ] we get

2 sinz
2
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sint+sint++sinG22y¢  2msint
E. () = —2 2 2 . 2
m = T —t
2msmE 2msmE
(1—cos t)+(cos t—cos 2t)+:--+(cos(m—1)t—cos mt)
= 4msin2t
2
1-cosmt 2 sinzmTt sinzmTt
Fm(t) = T = = [
4msin2= 4msin2-  2msin2Z
2 2 2
Thus
. 2 m(t—x)
1w 1w sin“( )
o (f.x) == W)(t)E,(t —x)dt == w)(t) — %= dt *
w0 = L L@ =0 de = [T (WO s

Definition 2.6: Forf € Ly, (X).X = [—m. 7], let
k - kh | . —kh
A;{l(fx) = i'{zo( i )(_1)k lf(x—7+lh):x+7€
X the difference of f order k

O (f; 8)pw = Subocpss||Ai(F-2)||, -6 = 0. Which is said the usually
weighted modulus of smoothness of fand T%( f;6) . = 1Q*(f.8) Il is the
weighted averaged modulus of smoothness of f order .

Definition 2.7 [6]: Letf € Lp,, (X). Then the degree of best approximation of
function f concerning trigonometric polynomials T;, € I1,, where II,, the set of
all trigonometric polynomials is given by:

Ex(Ppw = in fryen, {IIf = Tullpw} (6)

3. The Main Results
Before we state our main results, we need the following lemma and notes
Lemma 3.1: For f € Ly, ,(X). Then
QX(f;8)pw < TS5 8)puw Q)

Proof: Let f € Ly, (X) then (fw)(x) is an integral function on X this
means that W)L, = {fx [(fw) (x)|P dx }5 . Now By [6] and (1) we have
K ((fw)(0); 8), = 055 Opay < TH(fWI();8), = T*(fi . Then
Q(f; 8)pw S T3 8)paw *

Lemma 3.2: Forf € Lp,,(X). Where C is a constant, we have.

lom(f)llpw < Clifllpw ®
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Proof: ||g,, (M llpw = sup{J” [ 1T 0w)(t — X)Fy(Dd]P dx}P <
sup{f_nﬂ[ﬁff,rl(fw)(t—x)ll’dx]5 - E,(t) dt} < ﬁ sup{[f_nnl(fw)(t -
O dxl7 - [* Fu(D)dt )

1
< sup{[Z 1 (fw) (¢ = 0)IPdx}? - 22 7 By (0t < [fllpaC
Then [[gm (Nllpw < Clif llpw *
In this section, we will get the approximation for f € L, ( X) by

using 0,,(f.x)

Theorem 3.4: For f € L, ,,(X) . we get that
En(f)p.w < C(k)ﬂk(f; %)p.w (9)

Proof: Let I1,, be the set of all trigonometric polynomials. f € Ly, (X).

1
Ifwll, = [fx |fw(x)|pdx]§ , exist Then by (Sendov Theorem, see [7])
there is a polynomial Tm € Iy such that
I(fw) — Tll, < G (k)QF (Uw);%)p. Then by (1), we get |If — Tl pw <
k(f. 1
AOLUGE.
Em(F) pw = infrpen, {IIf = Tull pw} = If = Tllpaw <
k(f. 1
C(k)Q (f,;)plw
Thus Em(f) pw < CUOQ*(f;2) o Where Tp, is the best approximation
of f =
Theorem 3.5: For f € Lp,,(X).X = [-7.7].n € N. we get
18 (F) = fll pa < € T*(f5) - (10)

Proof: Let T, € I1,,, be the best approximation of f and §,,(T,,) — T,, , When
m — oo we have:

16 (F) = fllow = 16 (f) = f = 6m(Tn) + 6 (T) — Ton + Tl pw
S 160 () = 6m(Tadllpw + 116 (T7) = Tallew + If = Tllpw

S N8m(f = Tadllpw + 1162(T) = Tllpw + IIf = Tallow

By linearly of §,, . Then using (8) we get

160 (F) = FOllpw < Gill f =T llpaw + 18 (T) — Tllpw +
I f=Tallpw -
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And since  limy ol 6 (Tn) — Trllpw =0 we  have || 6,,(f) —
fllpw = CGll f =Ta llpw - And by (7) and (9) we get

Il () _f”P,W SGlf —Tallpw = m(f)p.w < C3Qk(f'%)p.w <
(0 Tk(f,%)p_w .Then 16m(f) —fllpw < C3 Tk(f;%)p_w .

Theorem 3.6: For f € L, (X).X=[-mn].1< P< o and meN
We have

limy, 016 (f) = fllpw = 0 (11D

Proof: by using (10) we get||6,(f) = fll poy < CT* (f; %)PW.

Then  limyoe0llm () — fllpw < limy,e CTX (f; i) and  since

m/pw

. 1
lim — = 0, we have
m—-oom

hmm—>oo||6m(f) - f”P.W < liInm—wo CTk (f: %)PW = CTk(fl 0)P.W = 0

This means that  lim,,6 |0 (f) — fllpw = 0 *

4. Application

For feLp,(X).1<p <o .X=[-mn],where L,(X) € Ly, (X), and
for w(x) =+Vm2x —x3 with x € [0.1] be the weight for integral let use the

following function f: X > R : f(x) = /”2_"2
X
to an application (10) and(11). Let

(fw)(x) = <F m) - (JT ﬁM) _ 2

which is an unbounded function

For f € Lp,y (X). we have S, (f.x)p. = = f, (fw)(t = x)D,,(¢) dt for all
x € X where

sin(2n+ 1)%

Dn(t) = = §+ Yr_icoskt we get. For n=1 we have

-t
Zsm2

D,(t) = % + cost thus

S (f- Dpaw = = e Wt =)Dy () dt == [ (12 = (t—0)) (5 +
cost)dt

== [0 (1% = (t = 0)?)(5 + cos t)dt + = [(w? — (t — x)?)(; + cos t)dt

By using integration by part we have §, (f.x) = —x? + % +4
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For m=2 we have D,(t) =3+cost+cos2t Again by using
integration by part we have

So(f-x) == [, (fw)(t = 0D (8) dt = = [ (x? = (£ = x)*) (% + cost +
cos 2t)dt

2 2
=—x2+2%+3 Thus S,(f.x) = —x2+2%+3,

o (f. x)pw= Zm“S (f.x) , and for m=1, al(f X)pw
—[§1+Sz]— [( x2 4+ 2 +4)+( x? +—+3 )]——x +2 435

8:1(f.x) = —x? +T+ 3.5. Now for p =1 we have |[oy(f) — fll1.w
2 2
« |—x2 +%+ 3.5 — (n? —x2)|dx

2 2
=0 |35 - Z|ax+ [ |35 - Z|ax =13 Then lloy(f) — flliw
1.3

Then the difference between o4(f.x),,, and f(x) € L;,,(X) equal
(1.3)

1
For = 3, we have S;(f.x),, = ;fx (fw)(t — x)D5(t) dt . Where
Dy(t) = % + cos t + cos 2t + cos 3t Also By using integration by part we
have
Ss(f.x) = lf (2 - (t— x)z)(é + cost + cos 2t + cos 3t )dt
= —x2+2 +— So that Sg(f.x):—x2+¥+3.4. For n = 4 we

have

So(f- X1 = = (FW)(t — 2)D,(t) dt  Where

D.(t) = % + cost + cos 2t + cos 3t + cos 4t Then by using integration
by part again S, (f. x)1W = lf (m? - (t— x)z)(% + cost + cos 2t + cos 3t +

2
cos 4t )dt = —x? + 2= 4 £ So that S,(f.x),,, = —x* + 2% + 3.194, and

form =3

03 (f- X)100 = 5[y + S, + S5 +§,] = [—x +—+4+( —x?) +
¥+3+( x2)+—+34+( x?) + 2 © 13194 ] =—x2+T+3.4.
Thus o5(f) = —x? +T+3'4' Thus



722 A.H. ZABOON

o5 (F) = Flluw = fy | =37 + 2=+ 3.4 = (% = x?)| dx =
f_"ﬂ|3.4 —”?2| dx + [T |3.4 —?| dx = 0.675.

Then the difference between &;(f(x).x) and f(x) € Ly,,(X) equal
(0.675) .

1
Now for n = 5 we have  Sq(f.x);,, = ;fx (fw)(t — x)Ds(t) dt
D:(t) = %+ cost + cos 2t + cos 3t + cos 4t + cos 5t Then

Ss(f-x)1w = lf (n? — (t - x)z)(%+ cost + cos 2t + cos 3t +

3019 2, 2m?
cos4t + cos 5t )dt = —x? +—+% So that  Sg(f.x) = —x*+=—-+

3.354.

k+1

In general S,(f.x);,, = —x> +_+Z k;

Then Um(f- Xiw = m+12m+1§ f.x)= [Sl + S, Sl =
—x2 +2 Zm+12 4kt

3 k=1 k2
In general when m — oo the amount Zm‘fl n_ 14(_}2“1
w2 272 m2

3.292517 =~ we  get [|om(f) = flluw = | (-2 +2 4T -

(m? —x?)|dx =0

Then the difference between ¢,,(f)1, and f(x) € Lq,,(X) equal zero,
when m — oo . Then

lim, o [6,,(f) — flli,, =0 Which means that o,,(f),, is the best
approximation of f. And in general, we have

1om(F) = Fllpw < €Y T2 (F;2)

pw

5. Conclusion

Through this research, a wider space was found than the Lebesgue space,
to approximate the unbounded functions of the Fejer operator using the second-
degree of the weighted averaged modulus of smoothness, which led to finding
the best approximation of the functionf, such that the difference between the
function f and its approximation &,,(f) is equal to zero, as this has been proven
in practice through the application.
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