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Abstract
Distance learning can be facilitated through e-learning, and students can enhance their 

understanding of course materials through the use of an intelligent querying system that 
enables self-learning. In this paper, an ontology-based method for organizing the knowledge 
of mathematics in high-school is presented. Ontology Rela-Ops model, which is a knowledge 
model for representing the knowledge of relations and operators, is combined with the 
knowledge component of functions. Based on the combining model, a structure of knowledge 
graph is proposed to represent relations of intellectual contents. An intelligent querying 
system is designed for the domain of high-school mathematics using these structures. This 
searching system can query contents of the course and extracts other knowledge related to 
querying results. The experimental results show that the proposed method is useful and 
effective to apply in the practice.

Subject Classification:  00A05 (Mathematics in general), 03B70 (Logic in computer science).

Keywords: Ontology, Knowledge graph, Intelligent searching system, High-school mathematics, 
Education, Knowledge engineering.

1.  Introduction

In the fourth industry, e-learning is a modern way for studying and 
is increasing its usage daily [1, 2]. For the effectiveness of this kind of 
learning, it needs an intelligent system to support learners for searching 
the knowledge of courses more conveniently [3]. Based on standards for 
an intelligent educational system, the requirements of an intelligent search 
system in education are determined [4, 5]: 

•	� To represent the knowledge of courses, the system has a 
comprehensive knowledge base.

•	� The system has the ability to search and query data from educational 
resources. It can interpret the meaning of a query and retrieve from its 
knowledge base results that are appropriate for that interpretation.

#	 E-mail:	thanhnlv@hcmute.edu.vn
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•	� The system can foresee the user’s requirements and make recom-
mendations based on current search results

Ontologies make it easier to gain access to knowledge and transmit 
information between people and heterogeneous systems [6, 7]. The ability 
to diverse distributed application systems is one of features of an ontology 
[8, 9]; hence, an intelligent search engine’s knowledge base can be 
represented by using ontology [10], particularly e-learning search engines. 
In [11], an ontology including concepts, relations between concepts, 
operators, rules, problems and their solving methods, is proposed. The 
application of this ontology leads to the design of an intelligent search 
system for high-school mathematics knowledge.

The study of mathematics is crucial for high school students [12, 13]. 
Students are in great need of assistance in order to master this material, 
particularly when they study for their final tests. This paper presents a 
method for organizing high-school mathematics knowledge using an 
ontology-based approach. This approach involves integrating the Rela-
Ops model, which represents relations and operators, with the knowledge 
component of functions. Based on the combining model, a structure of 
knowledge graph is proposed to represent relations of intellectual contents. 
Those structures are used to design a knowledge-based query engine for 
high school maths. The built system can organize this knowledge domain 
completely. The system utilizes the knowledge base to retrieve the course 
query contents and extract additional information related to the query 
results, students need to know those details in order to help their learning.

The paper is organized as follows. Some related works for designing 
of intelligent systems in education are presented in the next section. Section 
3 introduces an ontology for knowledge of relations and operators, Rela-
Ops model. This section also proposes a Rela-Ops model for integrating 
ontologies and knowledge of functions [14], Onto-Funcs model. It presents 
a structure of the knowledge graph to clearly describe relations between 
components of Onto-Funcs model. Section 4 of the document details the 
issues related to intelligent searching within the Onto-Funcs ontology, 
along with their corresponding solutions. There are two problems for 
searching: Classifying the input query and extracting main keyphrases of 
the query, and Matching the keyphrases with the content of the knowledge. 
The architecture of the search system, which is based on the knowledge 
model of functions, is presented in Section 5. The experimental results are 
shown in this section. Finally, we draw conclusions and consider future 
work in Section 6.
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2.  Related work

Intelligent Tutoring systems (ITSs) are learning systems incorporated 
in order to create more individualized educational systems [15]. Intelligent 
searching system is a part of an ITS. This system can support the querying 
on the knowledge of courses for students. There are many artificial 
intelligent techniques applied in intelligent searching systems are applied 
in ITSs in education, such as: ontology, rule-based reasoning, data mining, 
and Bayesian network [16].

The model of intelligent tutoring system for learner assessment was 
studies in [17, 18]. Authors in [17] was developed based on a Bayesian 
network. In an online learning environment, the Bayesian network was 
used to determine the student’s current level of knowledge so that the 
model might develop and provide new knowledge to enhance learner 
performance. However, this model did not have a component to store the 
content of learning courses.

EduplaX1 is a platform for students to study and self-testing their 
knowledge in high-shool mathematics. This system can assess the level of 
understanding of students. It also can track users’ progress through their 
tests and diagnose the content that needs to be enhanced based on the 
test results. Nevertheless, the function for searching on this knowledge 
domain only shows contents in each lesson, it has not yet worked on an 
inputted query.

Ontology COKB (Computational Objects Knowledge Base) was 
employed to represent the knowledge domains of graph theory [19] and 
discrete mathematics [20]. However, this ontology is too complex for 
designing an intelligent searching system, it is suitable for intelligent 
problem solver systems. Rela-model is an intellectual model of relations 
as ontology. This model and its extension was used to organize university 
courses about algorithms [21, 22]. Nonetheless, this model lacks of the 
knowledge of functions. Hence, Rela-model is not enough to design the 
knowledge base for querying on the knowledge domain about mathematics 
with contents of functions.

3.  Ontology for Knowledge of Functions and Knowledge graph

3.1 Ontology Rela-Ops model

Definition 3.1 [23]: The knowledge model of relations and operators, 
called Rela-Ops model, is an ontology including 04 components:    

(C, R, Ops, Rules)
1  EduplaX: https://www.eduplax.com/



ONTOLOGY-BASED MODEL FOR INTELLIGENT QUERYING SYSTEM� 453

where, C is the set of concepts which are classes of objects, each concept 
has a structure to represent concepts of the domain course; R is the set of 
relations between concepts in C; Ops is the set of operators; and Rules is 
the set of inference rules. The structure of each component are presented 
as follows.

3.1.1 C – set of concepts

The structure of each concept c ∈ C is: 
(Symbol, Attrs, Inner-Rela, Inner-Rul, Contents, Chapter, Key)

In which,
•	� Symbol: a text or keyphrase to recognize an idea in the field of 

knowledge.
•	� Attrs: a set of a concept c’s attributes.
•	 Inner-Rela: The set of relations among attributes in c.Attrs.
•	� Inner-Rul: set of inner rules of concept c. These rules are used to 

deduce other attributes from determined attributes in concept c.
•	 Synonym: it is a set of synonyms with concept c.
•	� Contents: Information of the concept c. They include some text 

paragraphs. Each paragraph is specified as [name_par, content_par] 
where name_par is the paragraph’s ID and content_par is its content.

•	� Chapter: the information about chapter, section in the curriculum of 
the course.

•	 Key: set of keywords related to the corresponding concept c.

Table 1 is an example of description the concept about LINEAR_
EQUATION in the course of Linear Algebra.

Table 1
The concept about LINEAR_EQUATION

Component Content
Symbol a.x + b = 0
Attrs {a: R, b: R; x: variable}      where R is a set of real nmbers.
Inner-Rela { }

Inner-Rul

r1: {b ≠ 0} → {x = – b/a}
r2: {b = 0, a ≠ 0} → {x: NULL}  (there is not solution for the 
equation)
r3: {b = 0, a = 0} → {x ∈ R}

Contd...
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Synonym Linear equation, first-order equation, equation of line

Content

Content := [[name1, content1], [name2, content2]]
• name1 := “Definition”
  content1 :=
“A linear equation is an algebraic equation where each term has 
an exponent of 1 and when this equation is graphed, it always 
results in a straight line.”
• name2 := “Form”
  content2 :=
“The standard form or the general form of linear equations in one 
variable is written as, a*x + b = 0; where a and b are real numbers, 
and x is a single variable.”

Chapter Grade 10, Chapter 3, Unit 2.

Key algebraic equation, straight line, linear equations system, quadric 
equation.

3.1.2  R – set of relations

Let r ∈ R, r ⊆ C × C. This implies that r is a binary relation between 
the concepts in C, which can be categorized into two types of relations in 
R - hierarchical relations and non-hierarchical relations..

R = Rhicher ∪ Rothers

In which,
•	� Rhicher = {is-a, include} consists of two relations: “is-a” and “include”, 

where:

. .
, , is - .Inner - Rela .Inner - Rela

.Inner - Rul .Inner - Rul

j i

i j i j j i

j i

c Attrs c Attrs
c c C c a c c c

c c

 ⊆
∀ ∈ ⇔ ⊆
 ⊆

, C,     include .s t s t t sc c c c c c Attrs∀ ∈ ⇔ ∈

•	 Rothers consists of all other binary relations in the knowledge domain.

3.1.3  Ops – set of operators

Beside operators between real numbers in R, set Ops also consists of 
operators on C. There are two kinds of operators in Ops: unary and binary 
operators. 

Ops = Ops1 ∪ Ops2
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In which, 
Ops1 ⊂ {Θ: Ic → Ic’ | c, c’ ∈ C} is the set of unary operators.

Ops2 ⊂ {⊗: Ic × Ic’ → Ic’’ | c, c’, c’’ ∈ C} is the set of binary operators.
The specification of an operator:

		  operator-def ::= OPERATOR <name>
               	                     	 ARGUMENT: arg-def+
					     RETURN: return-def;
                                   		  PROPERTY: prop-type;
                               		  END
		  arg-def ::= name, <name>: type 
		  return-def ::= <name> : type
		  prop-type ::= associative | commutative | identity

Definition 3.2: Definition of expression
< express >::= obj | ⊗ < express > | < express > Θ < express >

    where, obj: an object in C      Θ: binary operator     ⊗ : unary operator       
         If Θ is associative then: (p, q, r are expressions)

p Θ q Θ r =  (p Θ q) Θ r = p Θ (q Θ r)

3.1.4 Rules – set of inference rules

There are three kinds of rules in Rules-set: inference rules, equivalent 
rules and equation rules. The structures of a rule r in Rules is described 
in Table 2.

Rules = Ruleinfer ∪ Ruleequi ∪ Ruleequa

Table 2
Kind of rules

Ruleinfer Ruleequi Ruleequa

rul is an inference 
rule:
p(rul) → q(rul)
where p(rul), q(rul) 
are sets of facts.

The structure of an equivalent 
rule: 
h(rul), p(rul) ↔  q(rul)
in which, h(rul), p(rul) and 
q(rul) are sets of facts, they 
meet requirements:  
          h(rul), p(rul) → q(rul),  
and    h(rul), q(rul) → p(rul) 
are true.

rul is an equation rule:       
l = r
where l, r are 
expressions of objects.
Denote: left(rul) = l, 
              right(rul) = r  
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The facts of Rela-Ops model are classified into 5 kinds which are 
shown in Table 3.

Table 3
Kind of facts

Kind Meaning Specification Condition
1 Kind of an object x:c x is an object, c ∈ C
2 Determine an object o o ∈ Ic, c ∈ C

3 Determine an object 
through constant obj = <const> obj ∈ Ic1, c1 ∈ C

4 Determine a relation 
between two objects x Ξ y

Ξ ∈ R, Ξ is a relation.
x ∈ Ic , y ∈ Ic’, 
c, c’ ∈ C

5 Equation between two 
expresses <exp1> = <exp2>

<exp1>, < exp2>: 
expression

3.2 Knowledge model of functions

In the knowledge domain about maths in high-school, the knowledge 
of functions is an intellectual foundation. Thus, the contents of functions 
must be fully represented when building an intelligent search system for 
this domain. In this section, a model focusing on the integration of the 
Rela-Ops ontology model and functional knowledge is studied, called 
ontology for knowledge of functions, Onto-Funcs model. Rela-Ops model 
and functional knowledge integration is being worked on:

•	� Creating the component’s structure: This structure needs to be 
appropriate such that the new specification of functions is seamless 
and consistent to concepts of Rela-Ops model. It also has specification 
language using to describe its structure.

•	 Adding more kinds of rules about functions. 
•	� Solving the searching problem on the functions component and 

combining with ontology Rela-Ops model.

3.2.1 Specification of a function

In the practice, each function is determined by one of the followed 
methods: 1/ Determined by a formula, or 2/ Determined by a sequence of 
commands. The functions need to be specified to represent the functions 
intellectual in the domain.
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Definition 3.3: The following is a function specification:
Function-def := FUNCTION <name>:
	 ARGUMENT : arg-definition+
	 RETURN: return-definition;
	 [facts];
	 [variable];
	 [statements];
	 [properties];
END;
statement := assign-state | if-state | for-state
assign-state := <name>:= expression
if-state := IF logic-expression THEN statements+ END;
for-state := FOR name IN [range] DO statement+ END;
properties := continous | differentiable | monotonic | commutative

Eg. 3.1:  
•	 Determined by a sequence of commands.
	� The function PointProject(P : POINT, d : LINE)  returns a projection 

point of a point P on a line d (where POINT and LINE are concepts 
in C).

               	 FUNCTION PointProject(P : POINT, d : LINE)
				    ARGUMENT : P, d
				    RETURN:  H : POINT
				    Constraint: P :: POINT, d :: LINE, H :: POINT
				    Facts: NOT(P belongs d)
     				    Statement:   Let d’: LINE with (P belongs d’) and (d’⊥ d);
                         H = d’ intersect d;
                     END;
•	 Determined by a formula. For example, the function:  

23 5 4( )
2 1

x xf x
x
− +

=
+

3.2.2 Ontology Onto-Funcs model for knowledge of functions

A collection of functions makes up the knowledge component of 
functions, called Funcs-set. The structure of this set is described as followed:

Definition 3.4:  Let F = {g | g is a function specified as Definition 3.3} and
α: F → N:  determining the function’s number of parameters.
Funcs ⊆ {g ∈ F | k = α(g),  g: Ic1 × Ic2 … × Ick → Ic, c1, c2,…, ck, c ∈ C}
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Each function in the Funcs-set has its properties tested as well.

Definition 3.5: The knowledge model of functions is an integration of 
Rela-Ops ontology model with a set of functions, referred Onto-Funcs 
model. There are five components to this integrating model:    

(C, R, Ops, Rules) ⊕ Funcs
where, (C, R, Ops, Rules) is the knowledge model of relations and 
operators as ontology Rela-Ops model, and Funcs is a set of functions 
specified as Definition 3.4.

The symbol “⊕” means the integrating of ontology Rela-Ops model 
as (C, R, Ops, Rules) and the knowledge of functions as Funcs-set. Besides 
the connection on concepts, the integration is worked on additional facts 
of functions and an additional kind of rules.

Table 4 describes details of the integration between Rela-Ops model 
and Funcs set.

Table 4
The integration between Rela-Ops model and Funcs-set.

Foundation Detail of integration

Additional 
Facts

Kind 6: Identify a function.
  Specification:
g(y1, y2, …, ym);
Condition: g ∈ Funcs, m = 
α(g), 
  g: Ic1 × Ic2 ×…× Icm → Ic,
    yi ∈ Ici, ci ∈ C (1 ≤ i ≤ m).

Kind 7:  Determine an object 
through a function.
  Specification: 
o = g(y1, y2, …, ym);
Condition: g ∈ Funcs, m = α(g), 
 g: Ic1 × Ic2 ×…× Icm → Ic,
     yj ∈ Icj, cj ∈ C (1 ≤ j ≤ m),
    o ∈ Ic, c ∈ C.

Kind 8. Determine a function 
through an expression.
  Specification: 
g(y1, y2, …, ym) = <exp>.
Condition: g ∈ Funcs, m = 
α(g), 
 g: Ic1 × Ic2 ×…× Icm → Ic,
yi ∈ Ici, ci ∈ C (1 ≤ i ≤ m), c ∈ 
C, 
 <exp>: expression.

Kind 9. Determine a relation 
between functions. 
Specification: 
g(y1, y2, …, ym) Φ h(x1, x2, …, xn).
Condition: Φ ∈ R, 
 g ∈ Funcs, h ∈ Funcs,
m = α(g), n = α(h);  c, c’ ∈ C;
g: Ic1 × Ic2 ×…× Icm → Ic,
   yi ∈ Ici, ci ∈ C (1 ≤ i ≤ m)
h: Ib1 × Ib2…× Ibn → Ic’, 
  xj ∈ Ibj, bj ∈ C (1 ≤ j ≤ n).

Additional 
kinds of 
Rules

The equation rule r has the following form: 
l = r,
where l, r are functions or expressions. 
Denote:  left(r) = l            right(r) = r
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3.3 Knowledge graph and ontology for knowledge of functions

The Onto-Funcs model is an ontology that contains ideas, relationships 
between ideas, operators, rules, and knowledge-related functions. This 
model is fully and effectively to organize the knowledge base of high-
school mathematics. For doing the query on this knowledge domain, 
the relations between intellectual components need to be impressed to 
retrieve their content more precisely. This section proposes a structure of 
the knowledge graph to clearly describe relations between components of 
Onto-Funcs model.

3.3.1 Knowledge graph

Knowledge graph is a model used graph-structured to organize the 
knowledge base. This model is a directed graph, consisting of two main 
components, nodes and edges. Each node is an entity, and an edge connects 
two nodes, which represents the relationship between those two nodes.

Definition 3.6: Given the knowledge domain K = (C, R, Ops, Rules) 
⊕ Funcs as ontology Onto-Funcs model. The knowledge graph for this 
domain is a tube:

(N, E)
where, N is a set of nodes expressing knowledge of concepts or functions. 
Each node has the structure similarly to the structures of a concept in 
Section 3.1.1 or a function as Def. 3.3. 

E is a set of edges of this graph representing relations between nodes 
in N. Each edge is a tube (Attrs, Properties, Key, Start, End), wherein, Attrs 

Figure 1
A part of the knowledge graph of the high-school mathematics domain.
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is a collection of a relation’s attributes, Properties is a group of the relevant 
relation’s properties, Key is a set of keyphrases related to the corresponding 
relation, Start is a start node of the corresponding relation, and End is an 
end node of the corresponding relation.

Figure 1 shows a part of the knowledge graph of the domain of 
knowledge related to high-school mathematics. This graph can perform 
relationships of most of concepts in detail. It is helpful to support for 
knowledge querying and recommending related knowledge on this 
domain.

3.3.2 Database for supporting to represent ontology for knowledge of 
function

Although the knowledge graph can represent concepts of ontology 
Onto-Funcs completely, it cannot perform the knowledge of operators 
and rules in this model. Besides, the knowledge graph also has not yet 
been effective to represent binary relations between two items that share 
the same notion. Thus, a database is used to store that knowledge and 
combined with a knowledge graph to support each other. The structure of 
the database consists relationship tables as follows: (Knowledge, Rules, 
Relations)

In which: 
•	� Knowledge table: includes operators and rules which cannot be 

represented by the graph, such as the definition of “Derivative”, 
“Maximum Value”.

•	� Rules table: includes rules with associated relations, functions, and 
operators.

	 Eg. 3.2: The rule of three perpendicular lines includes:
	 -	 Related relations: “perpendicular (⊥)”, “belong to”
	 -	 Related function: Projection
	 -	 Related concepts: LINE, PLANE
•	 Relations table: consist of binary relations between two objects. 
	 Eg. 3.3: “Parallel (//)” between two lines (or two segments).
	 -	 Concept: Line (or Segment)
	 -	 Relation: Parallel (//)
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4.  Problems and Algorithms

In addition to the usual searching based on lessons and keywords, 
intelligent searching can search on every aspect of the knowledge domain, 
as well as each type of it, such as searching for concepts, rules, exercises, 
or solving methods, and it can also extract related knowledge from the 
current results. This section presents some intelligent searching for 
problems within the knowledge domain such as Onto-Funcs ontology, 
along with their respective solutions.

When a user inputs a query, the system collects data and searches for 
relevant material that matches the query. Additionally, the search engine 
suggests other related content in addition to the current results. There are 
two problems for searching: 1/ Classifying the input query and extracting 
main keyphrases of the query, and 2/ Matching the keyphrases with the 
content of the knowledge.

4.1 Classifying the input query and Extracting main keyphrases

The query is inputted into the system as Vietnamese. It will be 
extracted main keyphrases and those keyphrases are used to retrieve in 
the knowledge base. At first, the query is classified the intent of the user. 
There are several methods for classifying intent. Bidirectional LSTM, 
a neural network design, is used in this study because of its capacity to 
process vectors with both forward and backward directions [24]. There are 
three main stages for the intent classification system: Word Embedding, 
Tokenizer, and training with Deep Bi-Directional LSTM (Figure 2).

The tokenizer stage makes use of the PyVi toolkit2. Word2VecVN3 
is used to select the best pre-trained embedding during the embedding 
stage. The deep learning model was created using the Keras framework, 
which also adds a softmax function to output layer.

Figure 2
Intent classification architecture

2  PyVi Toolkit: https://pypi.org/project/pyvi/
3  Word2vecVN: https://github.com/sonvx/word2vecVN

https://pypi.org/project/pyvi/
https://github.com/sonvx/word2vecVN
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After that, keyphrases are extracted from a deep learning model, 
using PhoBert model to tokenize the query into keyphrases. PhoBert is a 
pre-trained language model for Vietnamese. is a pre-trained model with 
a large Vietnamese dataset, high accuracy. This model is used as a black 
box, just pass the data through this box, the keywords will be combined 
into keyphrases. At the data processing stage, the text is transformed into 
a list of tuples in the following format: [(token1, tag1),... (tokenn, tagn)]. The 
information is then transformed into a collection of tuples. To feed the 
text into our Bi-LSTM model, we must make sure that it is of the same 
length. Then, using the Keras framework, One-hot encoding is used for 
Named Entity Recognition tags. From there, the entered query’s primary 
keyphrases are extracted.

4.2 Searching on the knowledge base combining of knowledge graph

From extracted keyphrases of the query, the system will calculate the 
similarity between those keyphrases and keyphrases in the knowledge 
base. From then, the system leverages relations on the knowledge graph to 
determine concepts and functions for extracting the query’s results based 
on data from the knowledge base.

Solution: In the first step, the dictionary is created using the search 
engine’s knowledge base. Also, it has terminology for questions that 
help categorize various question types. To create a dictionary of key 
phrases, The set of keywords extracted from the utterance is compared 
with a lexicon. These keywords are used by the search engine to retrieve 
ontology-based programming knowledge. The system can also look for 
relevant knowledge based on the connections between the retrieval results 
and the inference rules of the knowledge base. Ultimately, a document 
containing each type of intent will be returned for all outcomes.

Algorithm 4.1: Determine the knowledge content that is pertinent to a 
given input query.

Input: Knowledge domain K as Onto-Funcs model,
            The knowledge graph G = (N, E) as Definition 3.6.
     The database D of the knowledge K includes relational tables as 
section 3.3.2
            Query q.
Output: Results : Knowledge content for query q.
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Algorithm 4.1:
Phrases ← Extract the keyphrases from query sentence q.
DOps ← KnowledgeTable(D.Knowledge) ;// list of operators
RConcepts ← [ ];
RFuncs ← [ ];
ROps ← [ ];
Results ← [ ];

for k in Phases do
     for node in G.N do
	 if (type(node) is concept) then
                 if (node.Symbol = k) then
		       Update node into RConcepts;
	     else
	        	     ParsC ← [ ];
		       for pa in node.Contents do
		           if (pa.name_par = k) then
			        Update pa into ParsC;     
 		        end do;
		        if ParsC  ≠  [ ] then
			   Update ParsC into RConcepts;
		        end if;
	     end if;
	 else  // node is a function
                 if (FunctionName(node) = k) then
		  Update node into RFuncs;
	     end if;
	 end if;	 //check type of node
      end do;
	
      for opr in DOps do			 
             if (Name(opr) = k) then



464� H. D. NGUYEN, H. HUYNH, T. T. MAI, D. A. TRAN, D. NGUYEN AND V. T. N. LE

	      Update opr into ROps;	
       end do;
end do;
Results ← [RConcepts, RFuncs, ROps];
return Results;

The knowledge source is located, and a set of knowledge is retrieved 
by analyzing the meaning of the query. This process involves scrutinizing 
the resemblances between the keywords in the query and the knowledge 
that is stored. The approach for addressing the knowledge searching 
problem has been translated in [21, 25]. 

The system provides additional information about the results it has 
found for a given query based on those findings. Algorithm 4.2 describes 
the solution to extract knowledge which are related to results of querying.

Algorithm 4.2: Determine the knowledge about a query’s outcomes.

Input: Knowledge domain K as Onto-Funcs model,
            The knowledge graph G = (N, E) as Definition 3.6.
     The database D of the knowledge K includes relational tables as 
section 3.3.2
            Query q.
Output: Related : a set of knowledge pertaining to results of query q.

Algorithm 4.2:

Results ← [RConcepts, RFuncs, ROps]; // list of results of query q which 
was determined by Algorithm 4.1, where:
                     • RConcepts: Set of results as concepts.
                     • RFuncs:  Set of results as functions.
                     • ROps: Set of results as operators.

RelatedConcepts ← [ ];  // related knowledge as concepts
RelatedFuncs ← [ ];  // related knowledge as functions
RelatedOps ← [ ];  // related knowledge as operators
Related ← [ ];
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for n in Results do
    for edge in G.E do
	 if (edge.Start = n) then
     	      if (type(edge.End) is concept) then
		  Update edge.End into RelatedConcepts;
	     else if (type(edge.End) is function) then
		  Update edge.End into RelatedFuncs;
	     else				  
		  Update edge.End into RelatedOps;
	     end if;
	 end if;  // check edge.Start
    end do;
    for rel in D.Relations do
             rel is a binary relation, so it has the form rel(a, b), where a, b are 
arguments of relation rel.
if (rel.a  = n) then
	     if (type(rel.b) is concept) then
		  Update rel.b into RelatedConcepts;
	     else if (type(rel.b) is function) then
		  Update rel.b into RelatedFuncs;		
	     else 
		  Update rel.b into RelatedOps;
    end if; // checking type of rel.b
else if (rel.b  = n) then
	     if (type(rel.a) is concept) then
		  Update rel.a into RelatedConcepts;
	     else if (type(rel.a) is function) then
		  Update rel.a into RelatedFuncs;		
	     else 
		  Update rel.a into RelatedOps;
    end if; // checking type of rel.a
end if;
    end do;
end do; // searching related knowledge in Results

Related ← [RelatedConcepts, RelatedFuncs, RelatedOps];
return Related;
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Also, the system will locate some knowledge that is linked to the 
outcomes of its own answers using the knowledge graph it has created. 
Moreover, the system also searches for relevant knowledge from the query 
results, taking into account the relationships between the results and the 
inference rules in the knowledge base stored in the database. Eventually, 
the user will be presented with all the results, which will be saved in the 
form of a document containing the query.

5.  Testing and Experimental results

5.1 The architecture of the searching system based on Onto-Funcs model

Incorporating the Onto-Funcs ontology presented in Section 3 and 
the searching algorithms outlined in the same section, the intelligent 
searching system has been constructed, which incorporates the knowledge 
of high-school mathematics in Vietnam. The knowledge base of the 
system is derived from the data gathered in this knowledge domain 
[26]. This technology can assist students in their academic pursuits by 
offering necessary course materials in response to user searches. Using 
the structure of an intelligent system based on its knowledge base [27], 
Figure 3 presents the architecture of this system which is built based on its 
knowledge base including the knowledge graph and database which are 
organized as Onto-Funcs model.

The system extracts keyphrases from user-inputted queries and 
represents its meaning through relations between those keyphrases. After 

Figure 3
The architecture of the searching system based on Onto-Funcs model
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that, the search engine processes to retrieve results from the knowledge 
base. In this process, if it lacks information for searching, the search 
engine can generate a basic question for the user to get more information. 
The determining of searching results is worked based on Algorithms 4.1 
and 4.2. After receiving results, the system can show them by readable 
language through the explanation component.

5.2 Testing

Eg. 5.1: Query “Hàm số là gì ?” (It means “What is Function?”)

After the processing this query, we have a set of keyphrases S1 := {“Hàm 
số”, “là gì”} (it means {“Function”, “What is”})
•	� Compare the set S1 with the dictionary containing question words. 

The word “là gì” (“what is”) is a question word, therefore, this is a 
“What is” query, the system will return the content of the concept.

•	� The system uses the remaining keyphrases of set S1 to find the 
content on the knowledge base.

•	� Then, based on relations of the knowledge graph, the system 
will return knowledge related to “Function”, such as “Graph of a 
function”, “Quadratic function”.

The output of the system:
•	� Definition of Function: If a quantity y depends on a variable quantity 

x for which for a value of x, there is always one and only one 
corresponding value of y then y is called a function of x.

•	� Lesson: Grade 10, Chapter 2, Unit 1
•	� Related knowledge: Graph of a function, Quadratic function.

Eg. 5.2: Query “So sánh hàm số đồng biến và hàm số nghịch biến ?” (It 
means “Compare the increasing function and the decreasing function?”)

•	� After the processing this query, we have a set of keyphrases S2 = 
{“Hàm số đồng biến”, “Hàm số nghịch biến”, “so sánh”} (it means 
{“increasing function”, “decreasing function”, “Compare”})

•	� Compare the set S2 with the dictionary containing question words. 
The word “so sánh” (“compare”) is the question word, therefore, 
this is a “Compare” query, the system will return the contents of 
concepts and their attributes and properties.
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•	� The system uses the remaining keyphrases of set S2 to find the 
content on the knowledge base.

•	� Then, based on relations of the knowledge graph, the system will 
return the knowledge related to “increasing” and “decreasing”, such 
as “Monotonic”, “the extremum of a function”.

The output of the system:

•	� Compare:

	 -	� Increasing function: Suppose K is an interval, a segment, or a 
half interval, and y = f(x) is a determined function on K. The 
function y = f(x) is said to be an increasing function on K iff: ∀
x1, x2 ∈K, x1 < x2 then f(x1) < f(x2)

	 -	� Decreasing function:  Suppose K is an interval, a segment, or 
a half interval, and y = f(x) is a determined function on K. The 
function y = f(x) is said to be a decreasing function on K iff: ∀ x1, 
x2 ∈K, x1 < x2 then f(x1) > f(x2)

•	� Lesson: Grade 12, Chapter 1, Unit 1

•	� Related knowledge: Monotonic, the extremum of a function.

5.3  Experimental results

High-school students in Ho Chi Minh city (Vietnam) tested the search 
system for high-school maths queries. They input queries for searching 
the knowledge of this course. There are two kinds of queries: “What is” 
and “Compare” queries. The extracted results have been verified twice:

•	� If the results are appropriate for the students, they will evaluate the 
system.

•	� Those results are also saved. High-school mathematical teachers will 
reassess them. 

•	� The results will be accurate if they are verified by students and 
teachers.

There are 70 queries that have been inputted by students. The test 
results are displayed in Table 5.
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Table 5 
Results for testing of queries

Kind Quantity Correct Rate
“What is” query 40 29 72.5%
“Compare” query 30 20 66.67%
Total 70 49 70%

In the kind of “What is” query, there are some keyphrases of queries 
do not exist in the dictionary of the system, so they are not recognized. 
Hence, the system did not return correct results for those queries. In 
“Compare” queries, with the same reasons, there are queries cannot 
do not have appropriate results of comparison. This weak-point can be 
improved by enriching the dictionary and using pre-train model to 
recognize synonym words in the dictionary.

Moreover, the method of this search system can process complex 
relations in the queries including inheritance relation, relationships which 
are far apart. The advantage of the built system is using the knowledge 
graph combining a structured database to speed up the search both in 
terms of content and relations. There are various opportunities to combine 
the suggested approach with other more advanced Vietnamese processing 
methods, including employing grammatical rules [28] and adding more 
data to the knowledge graph [29, 30, 31], it will increase the accuracy of 
searching.

6.  Conclusions and Future work

This study proposes an ontology-based model for representing 
mathematical knowledge in high-school is presented, called Onto-Funcs 
model. This method is an integration between the knowledge of functions 
and the understanding of relations and operators. Based on the integrated 
model, a structure of knowledge graph is proposed to represent relations 
of intellectual contents. This knowledge graph also combines databases to 
organize the knowledge domain more clearly. Those structures are used to 
design an intelligent querying system in high-school mathematics through 
solving problems for querying on this knowledge domain: Classifying the 
input query and Extracting main keyphrases, Searching the content of the 
knowledge based on the combination of knowledge graph and database. 
The system can retrieve contents of queries and extracts other knowledge 
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relevant to querying results which require for students to support their 
learning.

In the future, the intelligent searching system will be combined 
with a system for evaluating the intellectual level of students through 
multiple choice testing [18, 32]. The system for combining will be an 
entirely intelligent tutoring system for students to review in high-school 
mathematics. Moreover, it can develop as an answering-question system 
to become a personalized recommendation system of learning [33, 34].
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