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Abstract

The quasi-Newton plays a basic role in constructing the Hessian approximation, and
quasi-Newton algorithms are built based on it. In this paper, a new class quasi-Newton
equation is presented. The proposed method always generates a new descent search direction.
Under appropriate conditions, the new method is proved to possess global convergence.
Comparative results show the computational efficiency of the proposed method.
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1. Introduction

Our objective is the minimization of a smooth multi-variable nonlinear
(convex or nonconvex) problem :

Min f(x) , xe R" (1)
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Throughout this paper, f is function and its gradient g is available,
see [16]. An interesting feature for quasi-Newton techniques are generally
held to be the adapted efficient and robust minimization methods for
solving problems (1), see [13]. The quasi-Newton techniques is a typical
iterative method of the form :

X, = X+ ad, (2)
where ¢ is a step size and d, is a descent direction. The precise line
search formula, which is defined as reducing f(x + od,), is the best

option ¢,. In the quadratic case, we can find an explicit formula for o,
which obtains :

&= ok 3)

is often a good representation of a more general function, especially
in the minimum. For more details see [1,8]. The step size ¢, was obtained
so as to satisfy the Wolfe conditions:

fee+ ad)< f(x)+ da8d, (4)

d g(x,+ ad)> od g, (5)
where 0< d< o< 1, see [12]. The search direction typical is obtained by
solving:

Bd+g=0 (6)
where B, is an approximation of the Hessian matrix, should satisfy the

secant equation :
B, .6.=v (7)

k+1

we correct the correction formulae for the approximate Hessian matrix B,
and its inverse H, can be expressed as:

B.5 6B ykj/z

BBFGS: B _ k“k "k "k + (8)
k+ k
! 5£Bk§k 5zyk
or:
sy B 07 H, [ AH g [69] o)
e &7, L &y Joy
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is the BFGS method. For more details see [15].

However, the performance of the BFGS method is greatly improved
in practice and globally convergent when f is convex; it has been studied
by some authors (see Byrd et al. [9]; Toint [18]). Unlike that the global
convergence is not guaranteed. To avoid a negative aspect may not globally
be convergent for non-convex functions and to deduce adapted efficient
and robust algorithms, which are numerically tractable and globally
convergent, many researchers modified the secant equation to obtain
a high-order precision in estimating the goal function’s second-order
curvature information (see Li and Fukushima [19]; Yuan and Wei [21];
Zhang et al. [23]). In the following, some of these methods are mentioned.

Wei-et al. [20]
+ Z(fk_ fk+l)+ (gk+l+ gk)T 5k

B...6= %= 1 P 4, (10)
Biglari-et al. [3]
Bd= Fim pb 0 fk”)}zi,gkﬂ Wa, (11)
e H
Chen-et al. [10]
B, ,6.= 7= 1+ oUem f"”)+;ilg"”+ 8)' 4 Hy (12)
e Hhe
Basim [4]
B .6 =%= %}’,ﬂr U fkﬂ)gzik/ 2801%) Hy (13)
Basim and Mohamed [5]
B, .6=%= yk—% , - (14)
Basim and Ghada [6]
B g geyo MThedan (15)

S, 1y
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Basim and Ranen [7]

3 (fo.,— f.)-3/28...5
Bk+15k E7k+ e ké‘Tﬂ e Hy
e M

(16)

where &y # 0, but they often have good computational performance.

In addition, based on Yuan et al. [21], we expect has good studies
of the other properties of BFGS method. The methods are developed by
combining modified unified quasi-Newton equations of Ataee et al. [2]
with the magnitude of the technique of Razieh et al. [17]. Based on this
combination, we provide a novel class model of a modified quasi-Newton
problem, will result to an efficient quasi-Newton equations.

2. A new class quasi-Newton equations and its algorithm

We propose an extension of several modified quasi-Newton
equations in the following sections. The unified quasi-Newton equation
was suggested by Ataee et al. [2] by extending (7):

2(f - + +g¢)'o
Bk+15k — fjf/k: ]/k+ w (fk fk+1)§T(gk+l gk) k /»lk (17)
4,

k Tk

where w e [0, 1, 2, 3] and g, is any vector satisfying & 4 # 0. Razieh et
al. [17], studied on this algorithms with additional important aspect, due
to the magnitude of the "s " if it’s small, then we have:

foi- fi= JJ Vf(x, +td)dt s, = g|s,. (18)

Thus, motivated by these facts, we present an updated version of it.,
as follow:

75,
S, 14

k Tk

B, .o

1% = Vi

Vet w Hy (19)

We now modify and derive the new modified quasi-Newton equation.
Multiplying both side equation (19) by &, , we have:

5:Qk+15k = 5Z7k+w 7Z5k= (1+ w)ﬁé‘k (20)

Thus, the equation (20) is equivalent to:

) ka+1 (S 5Zyk (21)

(1+ w
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It yields
'Q, .0, = & y— o] 22
5 Q1% = 67~ (1+ w) i 8k (22)
As a result, one alternative for a fair approximation to Q,, is:
w
8B.0,= 87~ 1+ w) 5.8 (23)
This results in the quasi-Newton equation:
B. S =7-= w58
k+17k k k (1+ ZU) 5Zﬂk k
58
=N O M (24)
5 H

where 4 is any vector satisfying &, 4, # 0 and @, = w/(1+ w) where we
can chooses w € [0, 1, 2, 3]. We provide the quasi-Newton equations that
are deduced from (24) by various choice of the parameter 4 = g, ..

Now, we establish our modified BFGS algorithm as follows, and we
call it new Algorithm.

Algorithm 2.1 (Modified BFGS algorithm)

Stage 1:Givean x, € R" and H,= I. Let k= 0.

Stage 2 : Compute g,. If ||gk ||= 0, then stop.

Stage 3: Computea d, = - H,g,.

Stage 4 : Find o, by (4) and (5).

Stage 5:Let x,, = x,+ ad,. If s/§,> 0, update H,_, by the formula (9)
and (24), otherwise let H, , = H, .

Stage 6 : Set k= k+ 1 and go to stage 2.
In our analysis, the positive definite property plays a important roles.

Theorem 1: If the curvature condition &, y,> O is satisfied, then the updated
matrix B, is positive definite.
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Proof: By definition 7, , one has that:

§Z7/k: 5:7k_ (25)

w
mff&

Since 87,>0 and - g >0 are positive values, then & y,— (w/(1+ w))
8,g,> 0, hence we have:

57> 0 (26)

The last inequality implies B, , is positive definite.

3. Convergence analysis

To give the convergence result, the following assumptions are given.
Assumptions:

(1) Let Q be the level set at the initial point x, :

Q= {xe R”

F< fx)) 27)

is bounded.

(2) The f is smooth and the same order between its gradient and the
variables holds, i.e.,

lg()- g@< Lo-c

, Yo,ce Q. (28)
The {f(x,)} is a non-increasing. Clearly, by Assumption 1, it holds
that:

lkim fi= f (29)

(3) Continuity of Q(x)= V?f(x) indicate that a neighborhood exists ()
and two positive constants m and Msuch that:

m|d] < d"Qeyd < M|d[, vd e . (30)

It holds for all xe S and d € R". These assumptions are the same as
those in [23].

Theorem 2: If f satisfy Assumptions and y, defined by (24). Then there’s a
constant M that says:
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[7]< M|l (3D)

Proof: Let us start by definition 7, as:

w 5:gk

B 7
A+ w) & g

10 = V= Vi (32)

Chiefly, by using equation (28) and inequality (30), we obtain:

yo W 5.8,
£+ w) ol

(w/(1+ w)d g,
-5

" 7 " < “H

< x|+ (33)

This inequalty implythe (31) with &= eq(w/(1 + w)) and M =L + &.

Theorem 3: Let {x,} be generated by new algorithm and there exist constants
a,> 0 and a,> 0 we obtained:

|B.5] < a,|6,| and B 8,> a,|s, (34)

For infinitely many k. Then:
lim inf "gk": 0. (35)

k—»o

Proof: Theorem 3.2 of Basim [4].
However, if f is ageneral function, may happen &, 7, < 0. For positive
definiteness of the B, ,, put:

ka7 /6= nm, p>0 (36)

We will also need the important lemma, which is due to Byrd et al.
see [10].

Lemma 1 : Consider {5,} and {y,} are sequences generated by new algorithm.
Then, there exists m and Msuch that:

"’2‘17"@ >m and || /85, < M. (37)
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Inequality, “(34) hold for at least [t /2] values of k € (1,2,.....,t} with any
positive integer t” .

Theorem 4: Let {x,} be generated by new algorithm. Then the lim inf " <, ||= 0
satisfies. s

Proof: By mathematical contradiction, putting that &> 0, Vk € K.
3. = (38)

Then it follows from (36) we get:
7> flo), vkek (39)

Using equation (33) with equation (39) together, lead to :
SR, e
I 7 9, < m. (40)

Applying lemma 1, to the matrix {B,} obviously, there exist 4,

keK”’

and a, then (34) hold satisfies for infinitely many k. Therefore, by theorem
3, completes the proof.

4. Numerical results

The numerical comparisons between all variants of the BFGS
approach based on our new quasi-Newton equation (24) and the classic
quasi-Newton equation (7) are shown in Table 1. We used [14] as a source
for our test problems. When one of the following three criteria is met, we

/|fx)

. For every problem, if " S ||< & or

stop the algorithm: “If |f(x,)| > 10°7, let stop 1= |f(x,)~ f(x,,,)

4

otherwise, let stop 1= |f(xk)— flx,.,)

stop 1< 10°° are satisfied, the program will be stopped”, as in [22].

Figures 1 and 2 indicate the performance of these four techniques for
solving these 30 test problems in terms of the number of iterations (NI)
and the number of function evaluations (NF), respectively, as measured
by the profiles of Dolan and Moré [11]. So, the versions of the BFGS
algorithms is encouraging and improved and we see that versions of the
BFGS algorithms solves about (53-76)% and (50-76)% of the test problems
with the fewest number of function evaluations and iterations.
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Table 1
Comparison of the tested BFGS methods

BEGS @ =1/2 @=2/3 @, =3/4
PNo. n |[NI| NF | NI NF NI NF NI | NF
Rose 2 |35 140 | 5 37 5 59 48 | 335
Froth 2 19| 26 11 30 6 11 5 16
Badscp | 2 |43 | 166 | 34 125 38 144 10 33
Badscb 2 3 30 3 30 3 30 3 30
Beale 2 |15 50 14 42 11 35 9 30
Jensam | 2 | 2 | 27 2 27 2 27 2 27
Helix 3 | 34| 113 10 29 9 26 9 26
Bard 3 | 16| 54 10 28 11 31 18 56
Gauss 3 2 4 2 4 2 4 2 4
Gulf 3 [ 2 27 2 27 2 27 2 27
Box 3 [ 2 27 2 27 2 27 2 27
Sing 4 120 60 14 44 20 60 15 47
Wood 4 (19| 6l 6 21 6 21 6 21
Kowosb | 4 | 21| 65 30 115 10 31 11 33
Bd 4 |17 ] 54 5 17 5 17 5 17
Osb1 5 12| 27 2 27 2 27 2 27
Biggs 6 |25 72 | 33 98 22 61 12 64
Osb2 1 ]3| 31 3 31 3 31 3 31
Watson 20 | 31 102 6 18 5 15 5 15
Singx 400 | 64 | 209 | 13 43 12 40 12 40
Panl 400 2| 27 | 2 27 2 27 2 27
Pan2 200 2| 5 2 5 2 5 2 5
Verdim | .100 | 2 | 27 | 2 27 2 27 2 27
Trige 500 | 9 .33 10 38 9 27 9 27
Bv 500 | 2 4 2 4 2 4 2 4
le 500 | 6 16 8 21 10 27 10 27
Band 500 | 57 | 281 8 28 6 43 10 60
Lino 500 | 2 4 2 2 4 2 4
Trig 500 | 3 7 3 3 7 3 7
Band 500 | 3 7 3 7 3 7 3 7
Total 453 | 1756 | 249 | 963 | 217 | 902 | 226 | 1101
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Figure 1

Performance profiles with respect to the number of iterations
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Figure 2

Performance profiles with respect to the number of function evaluations

5. Conclusions

We offer a new set of quasi-Newton equations in quasi-Newton
techniques in this study. Under assumptions, we proved the global
convergence property of our proposed quasi-Newton methods. Our
numerical results have shown that our versions of the BFGS algorithms
performs better than the BFGS method does, which requires less
iterations and function evaluations. Moreover, preliminary experimental
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comparisons also indicate that our extension is very beneficial to the
performance.
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