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Abstract
In this paper, we consider the blow-up solutions of a semi-linear heat equation with 

a Neumann boundary condition, where the nonlinear terms, appear in the differential 
equation and in the boundary conditions, are of exponential types. We study the effect 
of the nonlinear terms on the last blow-up behavior. Precisely, the upper (lower) blow-up 
rate estimates are established by using integral equation method and maximum principle 
techniques. The results show that the presentence of the reaction and boundary terms has 
important effects on the upper (lower) blow-up rate estimates forms. 
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1.  Introduction

We consider the following problem:
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where , , 0;p q λ η>  is the outward normal; BR is a ball in Rn; u0 is non-
negative, radially symmetric, non-decreasing, smooth function and 
satisfying the conditions: 

00 ,        , (2)quu
e x

η
∂

= ∈∂Ω
∂

0
0 00,    (| |) 0,    . (3)pu

r Ru e u x xλ∆ + ≥ ≥ ∈Ω

Over the last years, many authors have studied the blow-up 
phenomena in time dependent problems [1-7], such as, the semilinear heat 
equation with a Neumann boundary condition, which takes the form: 

0

( ),     ( , ) (0, ),

( ),     ( , ) (0, ), (4)

( , 0) ( ),     ,

tu u f u x t T
u g u x t T

u x u x x

λ

η

= ∆ + ∈Ω ×
∂ = ∈∂Ω × ∂ 
= ∈Ω 

This problem has been considered by some authors, [8-11]. The main 
question of these works was “how do the nonlinear reaction and boundary 
terms affect the blow-up properties?”

In [8], a special case of problem (4) has been studied, where 0;λ <  
1n =  or ,RBΩ =  and 

( ) ,    ( ) ,    , 1. (5)p qf u u g u u p q= = >

It is proved that the value 2 1p q= −  is a critical for blow-up in the two 
cases: 
1.	� for 2 1p q< −  (or 2 1p q= −  and – ),qλ <  there are some blow-

up solutions and the blow-up occurs in a finite time only on the 
boundary. 

2.	� for 2 1p q> −  (or 2 1p q= −  and – ),qλ >  every solution exists 
globally and it is globally bounded.
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Moreover, for the case (2), with 1,n =  [0,1],Ω =  J. D. Rossi, [9], has 
shown that the upper (lower) blow-up rate estimates are as follwos: 
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2( 1)

[0,1]
max ( , )( ) ,    0 .qc u t T t C t T−≤ ⋅ − ≤ < <

where C, c are positive constants. 
Later, another special case has been studied [9], in case of 1; λ =  f, 

g is taken as in (5); Ω  is a bounded domain or the interval [0, 1]. It has 
been shown that if and only if max{ , } 1,p q ≤  then every solution is global. 
While, if max{ , } 1, p q >  then every solution has to blow up, only on the 
boundary, in a finite time. In addition, for 1, [0,1],n = Ω =  the forms of 
upper and lower blow-up rate estimates has been established as follows 
[9,10]: 
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It is clear that, if then the nonlinear boundary term determines the 
blow-up rate estimates, whereas, in case of 2 1,p q> −  the nonlinear term, 
which appears in the differential equation, is dominated and it shapes the 
blow-up rate estimate.

Another case was considered later, [11]: 
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where 0, , 0;a p q u>  satisfies (2) and (3); Ω  is a bounded domain.

It has been shown that the critical exponent for problem (6) is given as 
follows:
1.	 If 2q < p, for all initial function, solutions are globally bounded. 
2.	 If 2q > p, for large initial functions, solutions blow up in finite times. 
3.	� If 2q = p, for large initial functions, some solutions may blow up in 

finite times.
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In addition, if ,RBΩ =  then every solution blows up only on the 
boundary.

Moreover, the upper (lower) blow-up rate estimates are as follows: 

	
1 2

1 1log log( ) max ( , ) log log( ),  0 .
2 2B

C T t u t C T t t T
q q

− − ≤ ⋅ ≤ − − < <

This indicates that the blow-up rate estimates of problem (6) takes 
the same forms as those established for problem (6), in case of a = 0, [12].

In this paper, we consider the last blow-up profile of problem (1). 
Namely, the upper and lower blow-up rate estimates are derived. 

This paper is divided into five sections. In section two we discuss the 
local existence and uniqueness to problem (1)-(3). Moreover, some basic 
properties of the solutions of this problem are given. In section three, 
we derive the lower blow-up rate estimate for problem (1)-(3) using two 
techniques: maximum principle and integral equation. Section four is 
devoted to establish the upper blow-up rate estimate form for problem 
(1)-(3). In the last section, based on the proved results, some conclusions 
are pointed out. 

2.  Preliminaries

The local existence and uniqueness of classical solutions for problem 
(1) can be guaranteed by the fact that the problem is uniformly parabolic, 
and the nonlinear functions, appeared in the equations and in the 
boundary conditions, are smooth functions [13]. In addition, u0 satisfies 
the compatibility condition (2). On the other hand, we can show that 
every nontrivial solution to this problem has to blow up in a finite time. 
Moreover, based on the known blow-up properties of problem (1), with 

0,λ =  [13], we can show that  RB∂  is a subset of blow-up set by using the 
comparison principle [14].

For simplicity, we may denote u(x, t) = u(r, t).
The next lemma states some properties to the solutions of problem 

(1), and it can be proved easily using maximum principle techniques [1]. 

Lemma 1 : Let u be a solution to problem (1)-(3). Then 
1.	 0u >  and it is radial for ( , ) (0, ).Rx t B T∈ ×

2.	 0,ru ≥  for ( , )  [0, ] [0, ).r t R T∈ ×

3.	 0,tu >  for ( , ) (0, ).Rx t B T∈ ×
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From Lemma (1), 0,ru ≥  for ( , ) [0, ] (0, ),x t R T∈ ×  thus: 

max ( , ) ( , ),    (0, ).
RB

u t u R t t T⋅ = ∈

Therefore, we can derive the upper (lower) blow-up rate estimates 
only for ( , ).u R t

3.  Lower Blow-Up Rate Estimate

Next, the lower blow-up rate estimate to problem (1)-(3) is derived. 

Theorem 1 : Let u(x, t) be a solution of problem (1)-(3), which blows-up at T > 
0. Then there exists c > 0 such that: 
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where max{ , }.p qα =

Proof : Define the function: 
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By Lemma(1),  0,tu >  for (0, ), . Rt T x B∈ ∈  Thus, ( )M t  is increasing 
in (0, )T

With respect to u, the integral equation of problem (1) has the from 
[11]: 
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For 0 , ,Rz t T x B< < < ∈  and Γ  denotes the fundamental solution of 
heat equation, which has the following from: 
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Since ( , ) ( , ),u y t u R t≤  for ;Ry B∈  equation (7) becomes 
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Based on the last inequality, and since u is a continuous function on 
,RB  we obtain 
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With choosing 0 1/2,µ =  [15], there are 1 2, 0d d >  such that: 
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It follows that the inequality (9) becomes 
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A similar result is proved in the next theorem, by adding some other 
assumptions on q and u0. As we shall see that the proof of next theorem 
depends on the maximum principle and we there is no need to use the 
integral equation.

Theorem 2 : Let u be a solution to problem (1)-(3), with ,q 1≥  which blow-up 
at T. Moreover, assume that the initial function satisfies the following condition: 
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Proof : The new function J is defined as: 

	
( , )( , ) ( , ) ,    (0, ).u r t

r R
rJ x t u r t e x B T
R

= − ∈ ×

By doing some calculations, we obtain 

2

2

1 ,

1 ,

1 1

2 .

puu
t rt rr r

u u
r rr r

pu
rr rt rr r r

u u u
rr r r

r nJ u e u u pe
R r
rJ u e u e
R R
n nJ u u u pe u

r r
r e u e u e u
R R

λ

λ

 −
= − + + 

 

= − −

 − −
= − + − 
 

 − + − 

It follows that

	

2
2

1 1 2 .puu u u u
t rr r r r r r

n n r r rJ J J u e pe u e e u e u
r R R R Rr

λ
   − −

− − = − − + − + +   
   

Thus 

	
2 2 0,u u

t r r
rJ J bJ e u e u
R R

− ∆ − = + ≥

( , ) (0, ) { 0},Rx t B T r∈ × ∩ >  and 
2
1 .pu n

r
b peλ −

 
 

= −

From condition (11), we get ( , 0) 0,    .RJ x x B≥ ∈
Moreover, we have 

(0, ) (0, ) 0;   ( , ) 0,    (0, ).rJ t u t J R t t T= ≥ = ∈

Since 

	 (0, ) (0, ]
sup ,     for     ,
R t

b t T
×

< ∞ <

by maximum principle [1], we obtain 

( , ) 0,    ( , ) (0, ), and 0.
R

R
B

JJ x t x t B T
η

∂

∂
≥ ∈ × ≤

∂

It follows that 



UPPER AND LOWER BLOW-UP RATE ESTIMATES� 171

	

1 0.
R

u u
rr r

B

ru e u e
R R

∂

 
− − ≤  

Thus 

	

1 1 .
R

pu u u
t r r

B

nu u pe e u e
r R

λ
∂

 −
≤ + + +  

This implies that 

	
( , ) ( , ) (1 ) ( , ) ( , )1 2( , ) ,    (0, ).qu R t pu R t q u R t u R t

t
nu R t e pe e e t T

R R
λ +−

≤ + + + ∈

So that, there exist C > 0, such that 
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Since u blows up at, by integrating the last inequality from t to T we 
obtain:
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4.  Upper Blow-Up Rate Estimate

Next, the upper blow-up rate estimate to problem (1)-(3) will be 
established. 

Theorem 3 : Let ( , )u x t  be a solution of problem (1)-(3), which blows-up at T > 
0. Moreover, we assume that 
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By the assumption (12) and since 0 ( )u r  is bounded in ,RB  we obtain 
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0 0 0( , 0) ( ) ( ( )) ( ) 0,    ,r RJ x u r f u r u r x Bε= ∆ + − ≥ ∈
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By doing some computations, we can show that 
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Since u blows up at R, by integrating the last inequality from t to T 
and , we obtain 
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5.  Conclusions

In this article, we have derived the upper (lower) blow-up rate 
estimates to problem (1)-(3). From Theorems 1, 2 and 3, we can state some 
conclusions:

•	� In case of q > p, the nonlinear term, which appears in the boundary 
condition, has an important role in determining the lower blow-up 
rate estimate, which has the from: 

1log log( ) ( , ),    (0, ).
2

c T t u R t t T
q

− − ≤ ∈

	� In addition, this estimate has the same form as the lower blow-up 
rate estimate of problem (1), with 0,λ =  derived in [9]. While, in 
case of p > q, the nonlinear term, appears in the differential, equation 
take an important role, and the lower blow-up rate estimate is given 
as: 

1log log( ) ( , ),    (0, ).
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•	� The upper blow-up rate estimate of problem (1) depends only on the 
nonlinear term, which appears in the boundary condition, and takes 
the form:

1( , ) log log( ).u R t c T t
q

≤ − −

	� On the other hand, it is known that the upper blow-up rate estimate 
of problem (1), with 0,λ =  [9], is as follows: 

1( , ) log log( ).
2

u R t c T t
q

≤ − −



174� M. A. RASHEED AND M. CHLEBIK

	� This indicates that the nonlinear term, which appears in the 
differential equation, has an important role in shaping the form of 
the upper blow-up rate estimate. 

References

[1]	 P. Quittner and Ph. Souplet, Superlinear Parabolic Problems. Blow-
up, Global Existence and Steady States, Birkhuser Advanced Texts, 
Birkhuser, Basel, (2007).

[2]	 	M. A. Rasheed, H. A. S. Al-Dujaly, T. J. Aldhlki, Blow-up rate estimates 
for a system of reaction-diffusion equations with gradient terms, 
International Journal of Mathematics and Mathematical Sciences, 2019(1) 
1-7 ; (2019).

[3]	 M. A. Rasheed and L. J. Barghooth, Blow-up set and upper rate 
estimate for a semilinear heat equation, Journal of Physics: Conf. Series 
1294(2019) 032013.

[4]	 M. A. Rasheed, Deriving the upper blow-up rate estimate for a 
parabolic problem, Iraqi Journal of Science, special issue, The first 
conference of Mathematics, (2020), 200-203.

[5]	 M. A. Rasheed and M. Chlebik, blow-up rate estimates and blow-
up set for a system of two heat equations with coupled nonlinear 
Neumann boundary conditions, Iraqi journal of Science, 61(1) , 147-
152, (2020).

[6]	 M. A. Rasheed, R. A. Hameed, S. K. Obeid, A. F. Jameel, On numerical 
blow-up solutions of semilinear heat equations, Iraqi Journal of Science, 
61(8), 2077-2086, (2020).

[7]	 M. A. Rasheed, On blow-up solutions of a parabolic system coupled 
in both equations and boundary conditions, Baghdad Science Journal, 
18(2), 315-321, (2021).

[8]	 	M. Chipot, M. Fila and P. Quittner, Stationary solutions, blow-up 
and convergence to stationary solutions for semilinear parabolic 
equations with nonlinear boundary conditions, Acta Math. Univ. 
Comenian. 60, 35-103, (1991).

[9]	 	J. D. Rossi, The blow-up rate for a semilinear parabolic equation with 
a nonlinear boundary condition, Acta Math. Univ. Comenian. 67, 
343-350, (1998).



UPPER AND LOWER BLOW-UP RATE ESTIMATES� 175

[10]	 	Z. Lin and M. Wang, The blow-up properties of solutions to semilinear 
heat equations with nonlinear boundary conditions, Z. Angew. Math. 
Phys. 50, 361-374, (1999).

[11]	 	S. N. Zheng, F. J. Li and B. C. Liu, Asymptotic behavior for a reaction-
diffusion equation with inner absorption and boundary flux, Appl. 
Math. Lett. 19, 942-948, (2006).

[12]	 	K. Deng, The blow-up behavior of the heat equation with Neumann 
boundary conditions, J. Math. Anal. Appl. 188, 641-650, (1994).

[13]	 	O. A. Ladyzenskaja, V.A.Solonnikov and N.N.Uralceva, Linear and 
Quasilinear Equations of Parabolic Type, Translations of Mathematical 
Monographs, American Mathematical Society, 23, (1968).

[14]	 	C. V. Pao., Nonlinear Parabolic and Elliptic Equations, New York and 
London: Plenum Press, (1992).

[15]	 	A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-
Hall, Englewood Cliffs, N.J., (1964).

		  Received March, 2021




