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Abstract

We study a nonlinear singular differential equation of Lane Emden type. The problem
used the Caputo derivatives and Riemann-Liouville integrals. We first prove an existence
and uniqueness result. Another main result is established. At the end, the discussion of
two examples to show the applicability of the main results is given. This paper has some
relationship with some other papers that have already been published by the same authors.
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1. Introduction

The differential equations of fractional order is of great importance
and many researchers have interested in their applications. One can read
the references [5, 7, 11, 18] for more details. The differential equations
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with singularities have also importance in applied sciences, see the papers
for instance [1, 2, 3, 14] for details. In this paper we study a part of the
standard Lane-Emden equation which has a considerable importance in
astrophysics, see [8, 16, 17] and the reference therein. The standard Lane
Emden equation is:

V”(t)+%V’(t)+ £t V) = g(t), t €(0,1], 220,

with
V(0)=b, V'(0)=b

o7/

where b, b, are constants, f and g are continuous functions (see [17]).
In [12], the authors have studied the following problem:

. k
DEX(B)+ 5 D" X(B)+ f(t, X(1) = (1)t €(0,1],
k>0,1<a<2,0< <1,

with
X0)=X,,X'0)=X,,

where u#, and u, are constants, f and g are continuous functions and the

derivatives are of Riemann-Liouville. The collocation method has been

used to present some numerical solutions for the above proposed problem.
In [8, 9], the author has studied the problem given by:

D* [Da +§) V()+ f(E V() = g(t),
O<a,f<1,0<t<1,a20,

and he has considered that V(0)=V(1)=V(r)=0,0<r<1; the existence
and stability analysis have been studied.

In [4], the two authors have proved the existence of solutions and the
Ulam stabilities for the non homogeneous system:

D (D" +b,g,())x,(t) + £, (t,x,(t), x, (1))
=5 (t,x (t),x,(t),0<t<1,
D" (D™ +b,g,(t)x, (1) + f,(t, x, (), x,(t))
=w,S,(t,x,(t),x,(t),0<t <1,
x,(0)=0,D%x, (1)+b,g, (1)x,(1)=0,
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suchthat 0< 8, <1,0<a, <1,b, 20,0 <@, <o,k =1,2 and the derivatives

D’ and D are in the sense of Caputo. The functions f, :[0,1] x R* >R
and S, :[0,1]x R*> 5> R are continuous, 8, 110,11 > [0,+w) is continuous
and singular at t=0.

In [6], the three authors have treated the following problem

DM (D“Z ...(Da” (Dﬁ +§D J S(t)+ f(t,S(t), D’ S(t)) + g(t, S(t), I”S(t))

+h(t,S(t) = ()t €]0,1],
S(0)=0,

S(1)=0,

D“(D’5(0)) =0,

D1 (D" (D”S(0))) =0,

D*(D..(D""(D”S(0)))...) =0,
D(D"..(D""(D"S(1)+ ¢, ,(1)S(1)))..) =0,
k>0,

such that J:=[0,1], 0<p<1,0<a,<1;i=1,2,..,n, & <min(B,a,),
$ (1) = the derivatives are in the sense of Caputo, I” denotes the
Riemann-Liouville integral of order p. Some results on the existence f
solutions have been proved by the authors.

In our present paper, we pass to generalize problem of [6] and we
study the following problem:

al o (a0 k) 5
D kD LD LD +t—#U...Ju(t)+A(t)fl(u(t),D u(t))

+B(t) f, (u(t), I”u(t)) + f,(t, u(t)) = f,(t),t €]0,1],

u(0)=0,

u(l)=20,

D’u(0)=0,

D" (D’u(0)) =0, (1)
D"1(D"" (D’ u(0))) =0,

D3 (D"..(D"" (D”u(0)))...) =0,
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D2(D™..(D"" (D"u(1)+¢, ,(Du(1)))..) =0,
k>0,0<u<1
where 1< <2, 0<ea,<1; i=12,..,n, 0<d <min(a,), ¢k,,(t)_

firfy: R?> 5> R are two given functions, also f,:JxR—>R is a glven
function and f,, A and B are functions defined on J.

2. On Fractional Caputo Approach

We refer the reader to [6, 10, 13, 15] for more information on fractional
calculus preliminaries.
Definition 1: Let ¢ be a continues function on [0, 1] and areal a > 0. The

Riemann-Liouville integral is:

e e @

Definition 2 : The Caputo derivative for a function ¢ €C"([0,1],R) is:

a _ Jn-a d
Dp(t)=1 g 3)

and then we get

1+a n

()
D'o0= gl g )

where n=[a]+1

Lemma 3 : [10] Iff n eN'\{1}, and n—-1<a <n, then the solutions of the
equation D*u(t)=0 are

n-1
u(t)= Z et (€)onnnn ER. (5)
i=0

Lemma 4 : [10] In the case of n eN" \{1} and n—1<a <n, we have

n-1
I“Du(t)=u(t)+ Y ct', (€)1 1 ER. (6)

i=0

We prove the result:
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Lemma 5:If h € C([0,1]), then the solution of
(o (o kN )
D | D.. D | D +—||...|u(t) = h(t),t €0,1],
L L L tﬂU)() (t),t €]0,1]
u(0)=0,
u(l)=20,
D’u(0)=0,
D" (D" u(0))=0, )
D“~1(D“"(D”u(0))) =0,

D3 (D..(D"" (D”u(0)))...)= 0,
D2(D"..(D""(D"u(1)+4¢, ,(Hu(1)))...) =0,
k>0,0<a,<1,1<f<2;i=1,2,..,n

can be given by:

n

( )
1 1 o1 k
wt)= ——[ (t-9)"" | ——[ (s-)"  h(z)dr ——u(s) |ds
L(p)7o r>a,) 0 s

iaﬁﬂ
S "1-9)" " (e)ds

(e, )F(iai +4+1)
. ( n

+ Ljola_s)ﬂ*1 +I:(s—r)i:1
V) ra)

a1

i

h(r)dr Lﬂu(s)} ds—0 |t.
s

(8)
Proof : Thanks to Lemma 4, we see that
D .. (D" (D’ +§))...)u(t) =I"h(t)-c,,

a a k o, +a, a
D%..(D™(D* () =177 () -1, —c,,
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n-3 n-27

D" (D” +§)u(t) = [ () - [, — [ L e —c

k anar Z;:a, Z":;ai a, a,
(D* ) = 1= () =15 =15 e — =1, =1, e
So, we obtain
(s ) N o
wh) =1 LI h(S)——u(s) J (- =
F(Za, +p+1)
i=2
_C—ltéa'+ﬂ _C—2t§a1+ﬂ R R Y
TQ e, +p+1) rQa, +p+1) Mo, +f+1)
i=3 i=4
_C"—*ltﬂ —ct-c

T(ﬂ+1) Cn n+l’
©)

It yields that the following quantities are true:

u(0)=0=c¢c,, =0

D*2(D"..(D"" (D" u(1)+ 4, ,(Hu(1)))..)=0=c, = -I"1h(1)
, D’u(0)=0=c _, =0

D" (D’u(0))=0=>c, , =0

D"1(D""(D*u(0)))=0=¢, , =0

n-1

-3

D*(D*..(D""(D"u(0)))..)=0=¢, =0
D" (D*..(D""(D"u(0)))..) =0 =¢, =0
ul)=6=

[ 01(1 — 91 s)ds

(e, )F(Zn:al. +p4+1)
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( n

a1 P
(s—1)™! h(r)dr ——u(s) |ds— 6
J .

rha-
T F<Za )

10
Replacing c,,c,,c,,...,c,., we end our proof. ( Ei
We introduce to the reader the space:
M :={x eC(J,R),D’x eC(J,R)} (11)
and also:
Il fly=Ilx [l +1ID°x], (12)
with,
Ixll.=suplx®)1, | D’x||,= sup| Dx(t)]. (13)

We take the application T: M — M

u(t)——J -5 [5- 0" ()~ f (e ut)

F(Za

=A(7) f,(u(z), D’u(r)) - B(z)f, (u(r), I’ u(r)))dr - SkTu(s)]ds

tga'w t
- [ =9 (f,(5) - (5, u(5))
D@ )T, +p+1)

—A(s)f,(u(s), D’ u(s)) — B(s) £, (u(s), I” u(s)))ds

-5)"7(

j e ()~ Feu(e)

—A() f,(u(z), D’ u(z)) - B(z) £, (r, u(z), I°u(z)))dz —ﬁﬂu(s))ds - 9}.
S
(14)
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3. Two Results

We need now to consider:

(H1) : The functions f, and f, defined on R? are continuous and f,
defined on | xR is also continuous.

(H2) : There are nonnegative constants L,,L,,G,,G, with any ,
x,x; €R,

2
|f1(x1'x2)_f1(x1*'x2*)|SZLilxi_xi* ’ (15)

i=1

2
|f2(x1,x2)—f2(x1*,x2*)|SZGiIxi—x‘.*l, (16)

i=1

and there is also one positive number r,; forany te], x,y €R,
|- fE] < rlx-yl. 17)
We design by

L":= Max(L,,L,), G":= Max(G,,G,). (18)

(H3) : We have non negative constants Cf ,Cf ,Cf ,a,b; forany t €],
x €R,y €R, we have

AEDIEC, 1 LEISCENI<C,. (19)
|A()| < al|B#)| < b (20)
(H4) : We take: || f, ||, = Cf4.
Also, we impose
bG' [ 1
o+ 1)J Lr(iai +p+1)

Q1=2 [ro+aL’+bG’+

1 kI'(1- u)

+— \+ 1 }, (21)
e, + ﬂ+1)F(a1+1)J P = p+1)

bG'

( S, \( 1
QZ:LYOJF”L +bG +F(p+1)JL

F(Zn:ai+ﬂ—5+1)
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! 2
" +
F(zai +f -6+ (a, +1) F(Zai +B+1)IQ2-8)(a, +1)
i=2 2 \ i=2 ( 1 2 \
T +kT(1L- ) . |
F(Za[+ﬂ+1)r(2—5)J Lr(ﬂ—y—5+1) r(ﬂ_ﬂ+1)J

(22)
We have to prove the theorem:

Theorem 6 : Suppose (Hi)_,,, are satisfied and also we have Q <1, Q:=
Q1+Q2. Thus, (1) has a unique solution.

Proof : We prove that T is a contraction application.
We take (x,y) € M*. Then,

(
||Ty—Tx||ws2{{r0+aL’+bG’+rbG,1} - !
(p+1) rQe, +p+1)
)

e +F’(‘;(_1"j)l)}y—x||w 23)

rQe, + B+ (e, +1) H

Also,
D'Tut) = —— [t -5y |——| (o e " e~ foe)
F(ﬂ—5) 0 n 0 4 3

F(Zai)
—A(7)f,(u(z), D’ u(z)) - B(z) f, (u(z), I’ u(r)))dr — S%u(s)} ds

S
S S KEDRNTACEIACHO

F(al)F(iai+ﬁ—5+1)

—A(5) f,(u(s), D" u(s)) = B(s) f, (u(s), I”u(s)))ds
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~ '

(e, )F(iai +B+1)(2-6)

—A(s) f, (u(s), D’ u(s)) - B(S)f2 (u(s), I ”u(S)))ds

[Ja=9""(£,(5)- £i(s, 1)

ot

+L“(/”)J‘( o F(Za -[(S )" (f4(T)—f3(r,u(r))

~A(7) f,(u(r), D°u(r)) - B(T)fz(u(T) I"u(z)))dz

2 s
—S—#u(s))ds—e}—r(z_a)t (24)
thus, we have
|D°Ty -D°Tx ||, < Kro+aL’+bG’+FbG’l}( - L
(p+1) LF(Zai L B-5+1)
1 -
+ n
rQa,+B-5+1)(a, +1)
i=2 2
+ n
rQe, +p+1IQ2-6)(a, +1)
h 2 ) ( 1
+— S 7)) [ —
F(Za.+ﬂ+1)F(2—5)J \F(p—u=5+1)
2
+m}} |y - (25)
By (23) and (25), we see that
[Ty-Txl[l, < Qllx=yl,-
O

Next we prove another result:

Theorem 7 : Suppose that (H1), (H3) and (H4) are verified. Therefore, (1) has

at least one solution.
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Proof : The following steps are needed for the proof:

Continuous of T : The functions f,,f,,f, and f, are continuous,
hence T is continuous.

Boundedness of T : Let us take r>0 and then consider the ball
B, :={x eM;| x|, ,<r}. For y €B,, by of (H3) and (H4), we can write
1

n

F(Zai +p4+1)

2

(
Ty, <2 (Cf4+Cf3+aCf1+bCf )L

— 1 N km‘“)l }+|9|<+oo (26)
IO, +f+1)(a, +1) F(f=u+1)
and
1

n

ID°Ty||, < (C, +C, +aC, +bC, )(
e [F(Zai+ﬂ—5+1)
1 i1
F(zn:ai +p -0+ (a, +1)
- 2
F(Zn:ai +B+DI(B -6+ (e, +1)
2 )

F(Zn“ai +B+D)I(B-5 +1)J

+

+

+k[(1- (27)

( )
,u)L + J +] 8| < +oo.
L(B-u-06+1) I(B-u+l)

The tw inequalities show clearly that || Ty |, < +oc.

So, T is uniformly bounded.

Equicontinuity: We prove that for any bounded set B, for instance,
we obtain that T(B,) is an equicontinuous set of M.

Let us take B, of M. Let also y €B,, and t,t, €[0,1] with t <t,.

Then we have
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C, +C, +aC, +bC, : :
| Ty(t) - Ty(t,)| < 22— 507 50

F(Zn:ai +4+1)

r(1-p) |
C(p-u+1) !
C, +C, +aC, +bC Saip Narp
fy f3 A 5 (|tl,,z —_t =2 |+|tl_t2|)

B-u —t P-u |
2

+

2

F(Zn:al. +B+DI(1+a,)

(cf4 +C, +aC, +bC

B )
" & Bt g |1 -,
F(Zai+,8+1) (B=ptl)
i=1
(28)
and
|D°Ty(t,)—D°Ty(t,)|
C, +C, +aC, +bC,  Sa s:p  Sa-6:p
S f4 n f3 fl fz Itli=1 _IJ:Z‘=1 |
rQa,+p-5+1)
i=1
kr F(l_:u) |t1ﬂ—,u—5 _tzﬂ—y—ﬁ |
F(1+p—-pu-9)
C, +C, +aC +bC ia‘ﬂ)‘—ﬂ ia,ﬂ)‘fﬂ
N fi fs f A It 4= |
rQa, +p+I(1+a,)
i=2
2(C, +C, +aC, +bC,)
1, f- f f, _ _
+ - 4 3 1 2 |t11 5 _tzl ) |
rQe, +B+DI(B-5+1)(a, +1)
i=2
. (cf4 +C, +aC, +bC, (- ) +0\ 5
rQa, + B+1) L1+ p-u) r2-o)
i=1
x |t11—5 _t21—§ | (29)

By Ascoli-Arzela theorem, we state that T is completely continuous.

Boundedness of Sy ={xeX:x=y Tx,y €]0,1[}.
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Let y €S, . Then one can see that y =y Ty for some 0 <y <1. Hence,

we can state

( ( 1
lyll, < ytz (Cf4+Cf3+aCfl+bCf2)L -

F(Zai+ﬁ+1)

+ ! 1, ka-p) +0}. (30)

r(Ya,+f+ D (a, +1) F(f=p+1)

One can say also that the inequality holds:
1

| D’y ||, < y((Cf +C, +aC, +bC, )( -
4 3 1 2
L LF(Zai+ﬂ—5+l)
i=1

1

+
rQa,+B-5+1)(a, +1)

2

+
rQa,+B+DI(B-6+1)I(a, +1)

i=2
2 )

F(Zn:a,. +B+DI(p-0 +1)J

+

381

( 1 2 ) )
RO F G e Tt 1O

Tanks to Schaefer theorem, we see that T has at least one fixed point.
O

Example 8 :

1 1 3
D0.3 (D0.2 (D0.4 (DE(DE (DO.é (DE + 1

( 1072
; ly(t)+ D" y(b)|
+—
s WO+ gg L1927z(1+ ly®+D""y®)1)

N~—

1

( N
2 : : 2
+t +1 Lsmy(t)-rsml y(t)J | cos y(t) bt o 2t 0L,

320 240e 200¢
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y(0)=0,
y(1)=2,

Dgy®)=0,

D* (Dgy(O)) =0,
D“(D“%D%ym»)=0,
DaUWD“@ﬁwmm=a
D™ (D% (D°‘1(D°'6(D%y(0))))) =0,

D*?(D% (DE (D™ (D" (ny(l) + ¢1,0.05 Oy =0,
¢ (==

- 7
5005 54005

where

_ lu, +u, |
1927 (1+ | u, +u, |)’

sinu, +sinu
fz(”l'uz) = - :
240e
cosu g

t,uy=——-+e ,
St 200¢'

f.()=2t,
t
Alt)=—,
) 20
2 +1
320 7

ACVEY)

7

B(t) =

and
D1=0.3231,D2 =0.4859,
D =D1+D2=0.809.

The conditions of Theorem 6 hold. This example has a unique solution
on [0, 1].

The second example is:
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Example 9 :

4 7 5 ( 107! A
02 /195 (1910 (1103 (173 1 t ly(t)| cosD™ y(t)
DDA DO O )+ 5| o s

3

N t+7 [cos y(t)+sin ISy(t)J N siny(t)

+In(t+2)=t,t €0,1],
2 481n2 sopt 1 D=Ll

y(0)=0,
1
]/(1)=E,

D§y®)=0,
D™ (D3y(0)) =0,

DY (D*(D*y(0))) =0,

D*(D* (D™ (D*y(1)+4, | (YD) =0,

1
¢%/0_01(t) - 34001 ’
where
lu, | cos,
U, u,)= +
Sl w) 80e*(1+|u, |) 40
cos U, +sinu
fz“‘v“z):W'
, )— y() +In(t+2),
3
f4(t)_t/
t
Alt)=—,
®) 5
P+
B(t) = ,
® 5
and
1+ 262
|f1(ulluz)|380—2/|f2(ulluz 241 % £, u)|<T+1n3
1+7r

1fill.=1, IA(t)|<— |A(H)] <
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In this case, Theorem 7 allows us to say that this example has at least

one solution on [0, 1].
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