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I. Introduction

Fractional differential equations arise as an excellent tool in the
mathematical modeling of systems and processes of many fields of
science and engineering such as in physics, chemistry, control, risk theory,
circuit theory, viscoelasticity, electromagnetic, etc. For more details about
fractional calculus and applications, we refer the reader to the books [1]-[4]
and the papers [5]-[8] and the references therein. The subject of fractional
differential equations is gaining much importance and attention. For some
recent work of such subject, see, for instance, [9]-[12] and the references
therein. On the other hand, the study of a coupled differential system
of fractional order is also very significant in view of their occurrence
in the mathematical modeling of physical phenomena [13]-[15]. In [16]
Chalishajar and Kumar investigated the existence and uniqueness of the
solutions to a fractional order nonlinear coupled system with integral
boundary conditions. Mahmudov et al. [17] studied the existence of the
solution for a coupled system of fractional differential equations with
integral boundary conditions. Ahmad et al. [18] obtained existence
and uniqueness of solution for a coupled impulsive Hilfer-Hadamard
type fractional differential system by using Kransnoselskiis fixed point
theorem. Houas and Saadi [19] discuss the existence of solutions for a
coupled system of nonlinear fractional differential equations involving
two Riemann-Liouville fractional orders.

Boundary value problems of fractional-order differential equations
and inclusions supplemented with several kinds of conditions such as
nonlocal and antiperiodic boundary conditions have extensively been
investigated by many researchers. The nonlocal boundary conditions are
found to be of great utility in modeling the changes happening within
the domain of the given scientific phenomena, where the classical initial /
boundary conditions fail to describe some peculiar phenomena occurring
inside the domain [20]. On the other hand, the anti-periodic boundary
value problems occur in the mathematical modeling of a variety of
physical processes and have recently received considerable attention, see
a survey paper [21] and the paper [22] and the references cited therein.

Moreover, another important research area in mathematical analysis
which has recently gained more attention is the Ulam-Hyers type stability
analysis of the differential equations of integer and non-integer order. The
Ulam-Hyers type stability was first introduced by Ulam [23] in 1940 and
next by Hyers [24] in 1941. Since then, many researchers were interested
in Ulam-type stability. For instance, Ali et al. [25] obtained some results
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for Hyers-Ulam type stability of the coupled system of implicit impulsive
boundary value problems of fractional differential equations. Khan et al.
[26] studied the Hyers-Ulam stability for a coupled system of fractional
differential equations in Caputo’s sense with nonlinear p-Laplacian
operator. Ali et al. [28] investigated different kinds of Ulam stability such
as Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias stability and generalized Ula-Hyers-Rassias stability for a class of
fractional order boundary value problem for implicit fractional differential
equations with Riemann-Liouville derivative.

Recently, Ahmad et al. [29] considered the existence and uniqueness
of solutions for the following boundary value problem integro-differential
equation with two caputo fractional orders supplemented with a
combination of fixed and nonlocal anti-periodic boundary conditions:

{fDq (D" +a)y )+ BIg(t,y ()] = f(t, y(t),1<p, q<2, t €2 [a,b],

1
y(@+y®) =0,y (@+y ®)=0,y(&)+y(n) =0,y (&)+y'(n) =0, M

where “D? denotes the Caputo fractional differential operator of order
e(e=p, q), a and g arereal numbers, o> 0,[° is the Riemann-Liouville
fractional integral, g, f: [4,b] x R > R are given continuous functions,
and —o<a<&<n<b<o.

The present paper is motivated by the above papers and is aimed to
study the following system of nonlinear fractional differential equations:

{CD'? (D" +a)y(t)+BI7g Ly ()] = f(t, y(),0<p<1,1<q<2, t €[a,b],
y@+y®)=0, y(&)+ym=0, y'(&)+y (1) =0,
2)

where ‘D”, ‘D', the quantities «, 8, 0,1°,g, f,&,n are the same as defined
in (1). Afterward, we study the following coupled system of nonlinear
fractional differential equations:

‘D"[(‘D" +a)u(t)+ B 17 g (tult),vt)] = f,(t,u(t)v(t)0<p, <1,
1<gq, <2, tela,b],

‘DR[("D"™ +a,)u(t)+ B,17g,(t,u(t),v(t)] = f,(t,u(t),v(t),0<p, <1, 3)
1<q,<2, tela,b],

u(@+u®)=0, u(§)+u(n)=0, u'(5) +u'(n) =0,

v(@)+ov(b)=0, v(§)+v(n)=0, v'(§) +v'(n) = 0,
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where ‘D° denotes the Caputo fractional differential operator
of order ¢(¢=p,,p,.9,,9,), &, a,, p, and p, are real numbers,
o,,0,>0, I°(c =0,,0,)is the Riemann-Liouville fractional integral,
81,8, f,:[a,b]JxR—>R are given continuous functions, and
—o<a<é<n<b<on.

The rest of this paper is organized as follows. In Section II, we recall
some notations, basic definitions and some fundamental facts of some
related definitions of fractional calculus. The main results for the existence
of solution of the coupled system of two Caputo fractional differential
equations with fixed and nonlocal anti-periodic boundary conditions,
using the Banach fixed point theorem and Leray-Schauder alternative
fixed point theorem type are given in Section III. The study of Ulams type
stability for the coupled system is presented in Section IV. In Section V, an
example is provided to demonstrate the application of our main results.
Finally, a conclusion is given to simply recall our studies and results
obtained in Sections IIl and IV.

II. Preliminaries

For completeness, in this section, we will give some notations, basic
definitions and some fundamental facts of some related definitions of
fractional calculus which can been founded in [1].

Definition IL1 : [1] The Riemann-Liouville fractional integral I® of
order a >0 for a function velL, [a,b], —0o<a<b<+w, existing almost
everywhere on [g, ], is defined by

7o) = — | :(t —s)*u(s)ds, (4)

L
[(a)
where I' denotes the Euler gamma function.

Definition IL2 : [1] Let v,o"™ €L,[a,b]. Then the Riemann-Liouville
fractional derivative D? of order « e (m—1,m], meN, existing almost

everywhere on [g,b], is defined as
dm 1 m ¢
Do) =—T"“v(t) =————| (t—5)""*"v(s)ds. 5
o= T o0 = p s T ) (5)
The Caputo fractional derivative ‘D“v of order ¢ e (m—-1,m], meN

is defined as
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o t—a e t—a m-1
Dy v(t) =D, {U(t) v(a)-v (a)( )y D (g )(( _)1)'}
Definition I1.3 : If ve AC"[a,b], then the Caputo fractional derivative

‘Dfv of order e e(m—1,m], meN, existing almost everywhere on [a,
b], is defined as

Do) =1 0" () = o j( —5)" 1 0" (s5)ds.

In passing we remark that the fractional integral and derivative
operators I” and ‘D are respectively written as I* and “D” for the sake
of convenience. We notice that the Caputo derivative of a constant is zero.

The following properties are useful for the sequel.

Lemma IL4 : Let &, 8>0. If v is continuous, then 1°I’v=I1""v.

Lemma IL5 : Let neN", ae(n-1,n).Then, the general solution of the
fractional differential equation “D* v(t)=0 is given by
v(t)=cy+o o+t
where c,eR, i=1,2,---,n
Now, we state the Leray-Schauder alternative fixed point theorem
type in generalized Banach space.

Theorem I1.6 : [31] Let X be a generalized Banach space and let G: X — X be
completely continuous operator (i.e., a map restricted to any bounded set in X is
compact). Let £(G)={x € X :x = AG(x)forsome 0 < A <1}. Then either the set
E(G) is unbounded, or G has at least one fixed point.

Here we prove the following auxiliary lemma that will be used in the next
section.

LemmalIl 7: Let F,G e C([a,b], R). Then the unique solution for the problem

{CD" (€D +a)y(t)+ BI°G(E)] =F(1),0< p<1,1<q<2,t €[a,b],

6
Y@+ y ) =0,y +y(m =0,y +y'(m) =0, ©

is
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y(6) = I (F®) - al’ (y(6) - BI”" (G O)+ 6, ,(Olal’y () + I7"G(b)
I B)]+6, ,(O)a ('Y )+ Py )+ BUTGE) 177G ()
(I @)+ PIE@)I+ 0, , (Ol (Y @)+ Iy () + AU TG (E)

+I7TTG () - (I"TE(E)+ 1T F ()], 7)
where
t—a) t—a) t— p+1
491,,,(f)=p5—p3( af  pt-a) plt-a) ,
F(p+l) T(p+D) T(p+2)
t—a) t—a) t— p+1
0,,0=p+ 2T AL PO ®)
(p+1) T(p+l) T(p+2)
t—a) t—a) t— p+1
Hs/p(t)=p7+pr4( af  pt-a)"  p,(t-a) ,
(p+1)  T(p+1) T(p+2)
and it is assumed that A, #0 and A (y, —06,)—A,(y, —5,) =0 with
/10
P = ’
Ay =6,)-4(,—6,)
D, = 70_50
’ /10(71_51)_11(70_50),
:/)1/11 :1+,02/11 9)

p3 ﬂ/ /p4 ﬂ/ 4

0 0

1 1
%=E@+n&—nﬂl%=§O¢Fﬁ“ﬂ’
1

p7 :_(7/1:02 _70/34),

N

and the following notation:

B Vo Y o O o) g e e U
T(p+)""" " T(p+l) T(p+2) T(p+1)

LGy ey o alE-af =01 -y 4 -a)
’ T (p) o C(p+1) T (p+2)
P a[(f—ﬂ)’”+(77—a)”’1]+(§—a)”+(77—a)”.

' T'(p) C(p+1)

4
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Proof : We know that from Lemma IL.5 that the general solutions for the
problem (6) is defined as
y(&) =d, +1"(c))+I"(c,t)+ " (F(5) —al”(y (1) - BI"7(G ()
t—ay t—ay ¢ (t—a)™
S ) ) B ) S TR 17 WP YO
F(p+1) T+ T(p+2)

—BI77(G (), (10)

where c,c,,d, € R are arbitrary constants.

Using the fixed and nonlocal anti-periodic boundary conditions for
the problem (6), we find that

2d,+y,c, +r,c, =al’y(b)+ BI°PG(b)-I"""F (b), (11)
2d, +3,¢, +6,¢c; =a[I"y(§)+ "y (m)]+ B [I77G(E)+ 177G (n)]
—[I"F (&) +I"F (m)], (12)
Ao+ A, =all’y(E)+ Iy M1+ B L7 GE)+I77G(n)]
[ (&) + I F ()] (13)

It follows that
c, =—p5(al’y(b)+ 177G (b)—I"F (b)) +
py @[y (&) + "y (ml+ BILTTG(E) + 177G (] -[I""F (&) +I"F (m)])
+p, (@I Ty )+ 1"y ]+ BT G(E)+I7T'G (] -[I"""F (&)
+" T E()]),
¢, =p, +al’y(b)+ 177G (b)—I""F (b) -
pall’y )+ Iy (m]+ BIITTG(E)+ 177G (] -[I"F (&) + 1" F (1)])
—p, (@[ Ty (&) + 1"y ]+ BII7TG(E)+T7 G (] =[I""F($)
+I"TE ()])
d, =.p,(al"y (b)]+ pI7°"G(b) - I"""F (b))
+p,(a[I"y (E)+ "y (m]+ BUTG(E) + 177G (] - [I""F (&) + " F (m)])
+p, @[y () + 1"y (]+ BUTT'GE)+ 7 G (] -1 F (&)
+I"' U (1)),

with p,, p,, p,, p,, ps,tho, and p, are given as in (9).
Substituting the values of c,c,,d, in (10), we obtain the solution (7).

On the other hand, it is easy to prove that, if y(¢) is a solution of the
integral equation (7), then y (¢) is also a solution of the problem (6).
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III. Main Result
A. Existence results for fractional-Order Integro-Differential equations

In this subsection, we consider a system of nonlinear fractional-Order
Integro-Differential equations with fixed and nonlocal anti-periodic
boundary conditions (2).

Let E=C([a,b],R) denote the Banach space of all continuous
functions from [a,b] >R endowed with sup-norm | y||=sup{|y®)|,
t ela,bl}.

Definition IIL.1 : A function y € AC([a,b],R) is said to be a solution of
the problem (2) if y fulfills the equation ‘D’ [("D” + )y (t)+ SI°g(t, y(t))]
=f(t,y@t)in [a,b] and the conditions y(a)+y(b)=0,y(&)+y(n)
=0,y"($) +y'(n)=0.

Now, we give the following hypotheses.

(H,) Let f,g:[a,b]xR—>R be continuous functions and let there
exist constants L ,L, >0, such that Vx,yeR, Vela,b]

1772

lftx)-fEyl<sLillx—yll and [g(tx)-gt y)IsLllx-yll.

In the following theorem, we make use of Banach’s fixed point
theorem.

Theorem II1.2 : Let f,g:[a,b]xR — R be continuous functions and suppose
that the condition (H,) is satisfied.
Then, the boundary value problem (2) has a unique solution on [a, b] if

0,+|a|0,+|410, <1, (14)

where

—  — (h_g)re D (b — 7)1
®1=Ll{(1+¢91+26’2) (b=af ™, 205(b-a) }

F(p+q+1) T(p+9q)

(- ay” 205(b-a)’

0,=(1+6, +26, r(p+1) )

7

_ _ _ g\otptl n _ 4\otP
0, =Lz{(1+91+2492) (=@’ | 20:(b=a) }

I'oc+p+1) I'(c+p)

and
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01y =sup |6, ()], O2p=supl6, (B, 03,=supld, ®].

tela,b] tela,b] tela,b]

Proof : We transform the problem (2) into a fixed point problem by

introducing an operator @ :E - E as

Oy (t) =I""(f(t,y ) —al’(y(®)- LI (gt y () +6, ,(O]al"y (D)
+BI77g (0, y (D)~ 1"" f(b,y D)1+ 6, ,(O)[(e [I"y (£)+ "y (m)]
BT,y (EN+I7T g (, y 1 =[I"" f (S, y (EN+I"" f (1, y ()]
+0, (B[ y(&)+1" 1y(77)]+ﬂ[1°'”’ '8(&y(©)
+H7g, y =7 £ (& y EN+ 7 f(m, y o)) (15)

Notice that © is well defined. Indeed for ¢ €[a,b], the map t — @y (t)

is continuous. Now we need to show that ® is a contraction map. Let y,

yek,
||®y—®y||sF(Z;—%Ll||y—y||+|a|§b(;j);ny—y||
+|ﬂ|r((l:+;:p) ly-7 i+ {|a|“’( ﬂ>”)||y_y7”
+|ﬂ|%gny—ﬂ+% ly- yn}
Ez,p[2|a|§b(;f’p)uy 7l 2|ﬁ|((+—;:) -7l
+zr(fp‘+—“w)g||y—y||}é,,,{2|a|%uy—w
|ﬁ|% 1y -2 ‘(p’w) IIy—?II}

As O,+|a|0,+| 10, <1, O is a contraction, and hence, by Banach
fixed point theorem, ® has a unique fixed point which is a solution of (2).

This completes the proof.
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B. Existence results for coupled system of fractional-Order Integro-Differential
equations

In this subsection, we establish existence and uniqueness criteria of
solutions for the coupled system of nonlinear fractional-Order Integro-
Differential equations with fixed and nonlocal anti-periodic boundary
conditions (3).

Let E={u/ueC([a,b],R)} denote the space of all continuous
functions from [a,b], (a<b), into R equipped with the norm
l|ull=sup{|u(t)|,tela,b]l}. Obviously, (E,|l.|]) is a Banach space. Then
the product space (U =ExE,||(u,v)]|) is also a Banach space equipped
with the norm || (i, 0) ||=||ul||+ ]| v]|.

Definition IIL.3 : A function (u,,u,) € ExE is a solution of the coupled
system (3) if it satisfies the coupled system of integral equations

(0 = 1770 CF (b, (1), 0, (1)~ I (u, ()~ BT (8, 01,8, 14,(1)

+0, , Ol I"u,(b)+ BI7"7g,(b,u,(b),u,(b))—I""" f.(b,u,(b), u,(b))+]
0, ,, Ol 11" u, (&) + 1" u,(m]+ BT &5, u,(5),u,(S)
+17 g (1, (), e, (MD) =177 £ (€, 0,(8),,(£))
+17 £ G, (), ()46, , (Do "1, (§)+ 17, ()]
+BT T (&, (8),u () + I g (1, (), 1, ()]
=7 £ () u () + 17 (g, (), ()], £ =1,2. (16)

Here we establish the existence and uniqueness of the solutions for

the boundary value problem (3) by using Banach’s contraction mapping
principle. We considered the following assumptions:

H, The functions f,, g, :[a,b]xRxR — R are continuous, fori=1, 2,

H, Thereexistpositive constantsk,,i=1,2,3,4suchthat Vu,u,v,v R
Vtela,b]:
| f.(t,u,0) = fi(t,u,0|<k |u-u|+l|v-D],

and

lg.(t,u,0)-g(t,u,v|<k, |u-ul+l, |v-7],
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Define sup,_,, fi(t,0,0) =N, <w, sup, ., &(0,0) =N,<ox,
SUP,_ (1) £,(t,0,0) =M, <o and supte[u,b]gz(t,0,0) =M, <o and for the
sake of convenience, we set

(b _ a)h*ql (b _ a)pl (b _ a)0'1+p1 (b _ a)”z*‘h
1 = /A2 = /A3 = 7 Bl = 7

(b _ a)Pz (b _ a)"z*i’z
> = ’BS = ’
I'(p,+1) [(o,+p,+1)

O, =(1+06,, +20,, +20, YAk +|a | A+ |AK,), 17)
®,=(1+6,, +20,, +20, NAL+|B | AlL), (18)
D, = (1+§1,p1 +2§2,p1 +29‘3,p1 JAN,+| B, | A,N,), (19)
¥, =(1+06,, +20,, +20, )Bk,+|a,|B,+|B,|Bk,), (20)
Y, = (1+§1,p2 +29‘2,p2 +2e‘3,pz)(3112+ | B,1B,1,), (21)
¥, = (1+9_W2 +2§2,p2 +2§3,p2 )(B,M,+| B, | B,M,). (22)

Theorem I11.4 : (Uniqueness result via Banachs contraction mapping principle)

Assume that assumptions (H1)-(H2) holds. If ® +®,+¥, +¥, <1,
where ®,, ®,, ¥, and ¥, are given in (17), (18), (20) and (21) respectively,
then there exists a unique solution for (3) on the interval [a, b].

Proof : In view of Lemma (I1.7), we define the operator ® : U/ — U defined
by

O (u(t), v (1) = (0,(u,0)(t), 0,(u,v)(t)),
where ®,0, : U =ExE — E are as under
®, (u,0)(t) =I""" (f,(t, u(t), v (1)) — e, I" (u(t) = BI7 " (g, (£, u(t), 0 (1))
+6?1,p1 BOle "u)+ BI7" " g, (b,u(b),v(b))—I""" f,(b,u(b),v(b))]
+0,, Ola, 1" u(@)+1"u(m]+ B " g, (&,u(&),v(S))
+7" g (i, u (), 0 ()] -U""" £,(E,u(8),0(S))
+ f (o, u (), 0 ()16, , (e 1 u (@) +1" " u(n)]
+A L7 g (§,u(8),0(E)+ T g, (n,u ), v ()]
[T (G u(€), 0 (EN T £, u (), 0 ()], (23)
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@, (1,0)(8) = I (f, (£, u(t), 0 (1)) — at, " (0 (1)) - B, 1777 (g, (t,u(t), 0 (£)))
+0,, Oa, 1™ u()+ B, 1778, (b,u(b),0 (b))
=1 £, (b,u(b), v (0)]+6, , (O, (1™ u()+1" u(n)]
+B, 117728, (&,u(£),0(E)+17" g, (,u(n),0(n))]
—[17"% £, (&, u(£),0(E) + 1" £,(n,u(n),0(n))]
+0,, (D@1 o (&)+ 1" o ()] + B, 11778, (£,u(£),0(£))
+17 g (g, (), 0 ()] = [1777 £,(€,u(8),0(8))
1 £ (g, un), 0 () @)

Let (u,,v,),(u,,v,) € ExE, the for any t €[a,b], we get
1©,(u,,0,)=0,(u,,0)Il <(1+6,, +26,, +20, YAk +|a,|A,
+1 B LA Iy —u, 1| +(1+6, , +26, , +20, )
AL+ B 1AL v, —o, ]

consequently
” ®1(uzlvz) _®](ullvl) ”S ((I)l +(D2)(” uz _ul ” + ” '02 —Ul ||)'

Similarly, we have
1©,(1,,0,) = O, (uy, o) II< (¥, +¥,) (I u, — 1, [+ 110, =0, ).

It follows that
” ®(u2102)_®(u1101) ||S (q)l +(Dz +\P1 +lP2)(|| uz _ul “ + || Uz _vl “)

Since @, +®,+¥, +¥, <1, therefore, ® is a contraction operator.
So, by Banach’s fixed point theorem, the operator ® has a unique fixed
point, which is the unique solution of system (3). This completes the proof.

Next we will prove the existence of solutions by applying the Leray-
Schauder alternative fixed point theorem.

Let us introduce the following hypotheses which are used hereafter.

(H,)Assume that there exist real constants k,., Ii, m,,n, 20 (i=0,1,2)
and such that Vx, eR,i=1,2, we have

| £t u,0) <k, +k [ul+k, [0],] f,(t,u,0) <], +1 |u|+L | o],

and

| g, (t,u,v)|I<m +m |ul+m,|v]|,|g,({t u,0)|<n, +n,lul+n,|v].
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For the sake of convenience, we set

(- = (p,+q)- )
A=A L1+91,p1 +202,, +2 (;)_a; Hg,le, (25)
(= — =)

A, =A2L1+01”‘ +20,, +2(b—a)93”1J' (26)
(= - (o, +p)= )

A, = A, L1+491,p1 +263,p, +2(éf5)1¢93,plj, (27)
(- = (P, +0,)7 )

A, =B, L1+91,pz+292,p2+2 (2_5 ea,sz, (28)

A <B 118 +28 +2-P g | 29

27 ZL + 1P2+ ZF’2+ (b_a) 372), ( )
N C A S A

AS :B3 k1+91,p2 +202,p2 +2ﬁ93,p2J, (30)

A, =min(1-(A k+|a, | A +| B |m + AL+ B, |n),1-(AL+]p,|n,
+| B, Im, + A k,+|a, | A,)). (31)

Theorem IIL.5 : (Existence result via the Leray-Schauder alternative)
Assume that (H,) holds. In addition it is assumed that
Ak +la | A+ B Im + AL+ B, |n <1,AL+|pB,In,

+| B, Im, + Ak, +|a, | A, <1,

and
1-2|a,|A, >0, 1-2]|a,|A, >0,

where A, A,, A,, A, A, and A, are given by (25), (26), (27), (28), (29) and
(30) respectively. Then the boundary value problem (3) has at least one solution
on [a,b].

Proof : The proof will be divided into several steps.

Step 1 : We show that the operator ®:ExE—ExE is completely
continuous. Since f,, f,,g, and g, are continuous functions, then by the
same method used by Majouba et al. [27, Theorem 3.1], we can prove that
operator @ is continuous and compact.
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Step 2 : Boundedness of € ={(u,v) e ExE|(u,v)= A0 (1,v),0< A <1).
Let (u,v) € &, then (u,v) = 10 (u,v). For any ¢ €[a,b], we have

u(t) =10, (u,0)(t),v(t) = 10,(u,v)(t).

By (H,) we have

|u(®)] =120, (u,0)(1)|
Sr(b_L(lf(;+lf<:”u“+lf{;HU”)+|al| (b—a)
AR [(p, +1)

(b_a)"ﬁpl —_~ —
+ . + +
|ﬂl|F(Gl+Pl+1)(m0 my [ull+m,||vll)

[l

— b_ it —_ - — b_ P1
B B Ul S i P TIPSR PO K i
C(p, +q,+1) L(p, +1)

(b_a)o'lﬂﬁ _ .
m(mﬁm] lull+m, vl

Il ]l

151

5 2(b- pta ~ b ”

+02, p, #(ko"‘lﬂ||u||+k2||0||)+2|a1|&
Fpra+D C(p,+D)

b-a)" ~ ~ N

T(o +p p) Mot i, o)

— 2(b—a)t Tt ~ b—a)!
. {# ¥||u||

Il ]

+21 3, |

(k, +k, Null+k, llo])+2] e, |
C(p+q) " ' ? " T(p)

b_ otp-1 —
%(mo || +m, ||v||)}.
1 1

+2] B, |
Hence, we have

N ll< (A ko+1 By A mg)+(A K+ ey | A +] B [m) [ull+,(A k,+ B, [my) ][ v]],

and
loll< (A L+1 B, | Ayn)+(A L+ B, [ n) I ull+(A L+a, | A+ B, m,) 0]l

which imply that
ful[+lloll < (A k+1B 1A my+ A L+] B, | Ayny)
HA Kk +a | A+ B Im + A L+] B, [n)|ull
+(A1k2+|a2 |A2+|ﬁ1 |m2 +Allz+|ﬂ2 Inz) ||U || °
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Consequently, we get
Akg+| B I A my+ AL+ B, | An,
A 7

0

Il (u, )]l <

for any tel[a,b], where A is defined by (31), which proves that £ is
bounded. Thus, by Theorem (IL.6), the operator ® has at least one fixed
point. Hence the proposed system (3) has at least one solution.

IV. HYERS-ULAM stability of the system (3)

In this subsection, we study Ulams type stability for the coupled
system (3). For some €=(€p1,ql,ép2,q2)>0, we consider the following
inequality

D" (D" +a)ut)+ B17 g, u(B), 0 (1)) ]
—fit,u(t),v(t)|< . ,tela,b],
D™ [(D" +a,)o(t)+ B17g,(t,u(t), 0 (1)) |
- ftu®),o®)l<e,  telabl.

(32)

Definition IV.1 : A function (u,,u,) € ExE is said to be a solution of the
system of inequality (32) if there exist functions ¢ ,¢, € C(J,R) which
depend upon u and v respectively, such that

(4) 1g0)le, , I4bl<e,  , te],

(A,) and

DM(D" +a)u(t)+ B 17 g (tu(t),v(t)] = f,(t,ult),v(t)+¢ ()t €la,b],
‘DR[("D"™ +a,)v(t)+ B,17 g, (t,u(t),v(t)] = f,(t,u(t),v(t)+o,(t),t €[a,b].
u(@)+u)=0,u(&)+u(n)=0,u’(5)+u’(n)=0,

0(@)+0(b) = 0,0(£)+0 () = 0,0'(£) +v'() = 0.

Lh

(33)

Definition IV.2 : [16] The coupled system (3) is said to be Ulam-Hyers

stable, if there exist (C =(C, ,C )>0 such that for every solution
PrithP2, P P22

(u,v)e ExE of the inequality (32), there exists a unique solution
(x,y) e ExE of the system (3) with
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|, 0)®) - () (BOI<C, . &t lab] (34)

Definition IV.3 : [16] The coupled system (3) is said to be generalized
Ulam-Hyers stable, if there exist ¥ € C(R",R") with ¥(0)=0, such that
for every solution (u,v) e ExE of the inequality (32), there exist a unique
solution (x,y) e ExE of the system (3) which satisfies

| (u,0)(8) = (x, ) () [< ¥(e), t €la, b]. (35)
Remark IV4 : Definition IV.2= Definition IV.3.
Lemma IV.5: Let (u,,u,) € ExE be the solution of the inequality (32), then the
following inequality will be satisfied:
14,(8) = I 1, (8,1, () + 1, I (o, (6)) + B (8,1, (8), 1)
=0, () [, ]"u,(0)+ BI7" g, (b,u,(b),u, (b)) = T""" f,(b,u,(b), u,(b))]
=0, , Ola, " u (&) +1"u,()]+ U g, (5, u,(5),u,(S))
+177" g, (1, (), u, (M) = 11" £,(&,u,(8), 1,(S))
1 (1, (), u, ()= 6, (D) [, 117 0, () + 17w, ()]
BTG (& u (£),u () + 177 g, (1, (), 1, ()]

—[IP T u,(E), u (E) + 1M ., u, (), u, ()]
< Cm, € ,tela,bl,i=1,2.

Proof : By Applying Lemma II.7 and Definition (IV.1), the solution of (33)
will be as follows:

w (t)=1"" £ (Eu,(8), u, () + " g(t) — e, I u, (8) = BI7P g (, u, (), u,(F))
+0, , (Ol " u,(b)+ B, ,(b,u,(b),1,(b) = 1" £,(b, u,(b), u, (b))
—I" g (0)]+ 6, , (1) [1"u, (&) + T u, ()]+ B g,(&,u,(E),u,(£))
+177 g, (,u, (), (M) = LI (&, u,(&),,(£))
+170 £ (n, (), u, ()] = (17 (£) + 17 4, ()]
+0, , (O, [1" " u () + 1" u(m)]+ A7, (& u,(8),u,(£)
+17 g, u (), 0 ()] =177 £(&,u,(8),1,(£))
+17 N f (), ()] =177 B(E) + 177, ()], (36)
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Considering the first equation of the system (36), we have
1, (8) =" (f, (810, (), 1, () + a0, 17 (0, (8)) + BT (g, (8,1, (8), 4, (£)))

=0, , Ola I"u,(b)+ BI7 g, (b,u,(0),u,(0) = I""" £, (b,u,(b),u,(b))]
=0, , Ol 1" u (&) + 17w, (m]+ BT &, (5,u,(5),u, ()
+I7P g (), w, (M) =177 £, 1,(8), 1, (8))
+ £ (1, (), 1, ()] = 6, , (D], [17 0, (6)+ 1" ()]
A7 (&, (), ()17 g, (7,1, (), 1, ()]
A€ u (E), u ()T £ G, (), ()]
I g (0)1+10,, O 1g,)+16,, O [4,)]
TG +16,, O G+ 4,

<A e =C €
i T g P

where A ,i=1,2 are given as in (25) and (26).

Theorem IV.6 : If the assumption (H,), (A,) and (A,) are fulfilled, then the
fractional order coupled system (3 is Ulam-Hyers stable and consequently
generalized Ulam-Hyers stable provided that (1-®,)(1-¥,)-®,¥, =0,
where ®, ®,, ¥, and ¥, are given in (17), (18), (20) and (21) respectively.

Proof:Let (u,v) € E x E bethesolution of the system (33) and (x,,x,) € EXE
be the unique solution to the following considered system:

‘D'[("D" +ay)x(t)+ B 17 g, (t,x (), y ()] = f,(t, x (1), y (F),
O<p,p,<1,1<gq,q9,<2,t€lab],

‘DR[("D"™ +a,)y )+ B,I7 g, (t, x (1), y ()] = f,(t, x (1), y (£)), (37)
O<p,p,<1,1<q,q9,<2,t€lab],
x(a)+x(b)=0,x()+x(17)=0,x"(5)+x'(17) =0,
y@+y®)=0,y()+y () =0,y(&)+y'()=0.

The solution of (37) is given by

x,(5) = 1" (f (2, (6), 2, () — e 17, () = BT (8, (8, x, (), X, (1))
+0,, (e, I"x,(0)+ BI77 g, (b, x,(b), x, (b))~ 1" £,(b, x, (b), x,(D))+]

0,, Ol [1"x (&) +1"x,(m]+ B LI g,(&,x,(£),%,(S))
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+177 g (7, %, (1), %, ()] =[1""" (&, x,(&), x,($))
£ (n, %, (), 2, (M) + 6, (e [T x, () + 1", ()]
+B 17 g (&, x,(E), %, (E)+ 17" g, (17, %, (1), %, (1))]
[P (E, X, (), %, () I G, x, (), 2y ()] £ = 1,2. (38)
We have
lu(t)—x ()| <lu(t)y=1""" f,(t,ut), o)+ e, 1" (ut) + B17" g (t,u(t),v(t))
—0,, Ol "u(b)+ B177 g, (b,u(b),0(b) ~ """ f,(b,u(b),0(b))]
=0, , Ol ["u( )+ " u@m)]+ B 117" g, (&, u(8),v(£))
+ Mg (7,u (), 0 ()] =[1""" £,(&,u(8),0(£))
+10 (7, u (), 0 (M) =6, (e, 1 u(E)+ 1" u ()]
+B, 17 g (&, u(8),0(E)+ 17" g, (7, u(m),0 ()]
[P (E u(E),0(E)+ T (m,u (), 0 ()]
M| it u ), 0 ()~ fi(Ex (), y () |+ e, [T [u(t)—x(t)]
+ BT g (tu(t),0(8) - g,k x (1), y (1)) |
+16,, O e, 117" Tu®)=x®)|+] 4, 117" | & (b,u(b),v(b))
=8, (b, x (), y O) | +1"" | £,(b,u(b),v(b) - f,(b,x(b),y (b)) |]
+10,, O e, " [u(&)=x(©)[+I" [u(n)—x(7)|]
+| BT 8 (S,u(6),0(8) - 8,(&,x(&),y(E)]
17 | g (7, u (), 0(7) = &, (7, x (1), y (M) ]
I (8, u(E),0(6)~ £i(&,x(8), y ()]
+1 | f (n,u (), 0(m) = £,(n,x (1), y ()]
+10,, Oe 1" [u(§)=x(E) 1+ [u(m) -x(m)]
+| BT g, (&, u(€),0(£)) - 8,(E,x(), y ()]
+7 M g (n,u(n), 0 ()~ &, (n,x (), y () |]
HI T £ (Eu(E),0(E) — £(E,x(E),y(E))]

+I" N £ (pu(n), o (m) - f,(n,x (), y ()],

< — —
_CP1"71 eﬁﬂh +(Dl ”u x||+®2 ”v y”)

Hence, we get
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(1-®,) u-x||-®,llo-y)<C,, <, . (39)

In similar way we get
A-¥)llo-yll =¥, lu-x)<C, e, . (40)

The matrix representation of (39) and (40) is as follows

1—(1)] _(DZ [Hu_x||j< CP1‘71 eP]‘h
-¥ 1_\{’1 ||v_y” szqz epzqz ,

2

which implies that

1]

1—‘{’1 q)z
{H U—-x ”j <] = = {le Sp }
H 'U—y H i ﬂ Cf’zqz ef’zqz

where E=(1-®)(1-¥,)-®,¥, #0.

[1]

It follows that
(41)

1_\111 +&C

S € 7
P9 P P2 P22

lu-—x|| <

—_—
=
—

and

v 1-0

—2C ! € . (42)
P27, P2

—_—
=)
—

€
Pt P =

lo-yll <

Therefore, from inequalities (41) and (42), we have that

1_\111 (1)2 2
Nu—x|l+llv-yll < C e +— e +—C
= P P = P2 Paf2 = Pt P

1-0,

+ € ,
= Py Paf2

—
—

Hence, we can conclude that
|| (U/U)_(x/y) || ExE S Cplqlpqu S (43)

1-¥ () g 1-o
=—1C +2C +2C +—C .
= hh g P>

where e=max(e, ,e ) and C =
P P PiP2y = U 2 P 8

Hence, by inequality (43), we can conclude that the coupled system
(3) is Ulam-Hyers stable. Further, inequality (43) can be written as
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I (u,0)—(x,y)|lexe < ¥(g), where ¥ (0)=0. (44)

Thus, it follows from the inequalities (44) that the coupled system (3)
is generalized Ulam-Hyers stable.

V. Example

In this section we present example to illustrate the usefulness and
applicability of our results. Consider the following coupled system of two
Caputo fractional derivatives of different orders:

”D% {(C D% +o u(t)+ ,Bllgg1 (t,u(t),v(t))} = f,(t,u(t),o(t)),t €[0,1],

‘D {(C D* +a,)o()+ ﬂzligza,u(t),v(t»} = Lt u®),0®),tel01], (45

u(0)+u(1)=0,u(&)+u(n)=0,u'(E)+u'(n) =0,
v(0)+20(1)=0,0(5)+0v(n) =0,0'(&)+0'(17) =0,

where, f,(t,u(t),0())= L P sinu() +ﬁ(%+%) Fl (), o) =

e

ity (Csu®+om), &t u®),v )= Ju(t)+

—t
(; ) (cosv(t)+2), and

8, (tu(t),v(t) = ésin u(t)+ %(arctanv ()+1), The suggested parameter

1 2 1 3 1 2 .
values are = == = = =- and p==. It is
N5 % T o5 A, 11’7 A, 17’ ¢ 3 =3

clear that f,f,,8,8,€C(0,1]xRxR,R) and for any te[0,1] and

u,u,,v,v, € R wehave

1 1
|fl(tluZIT)z)__fl(tlullv])lS%|uz —1/[1 |+%|vz —'Ul |/

1
+£|vz—v1 ,

1
|fz(t,uz,vz)—fz(t,ul,vl)|s£|u2 ~u, |

1 1
|gl(truzrvz)_gl(tlulrvl)|S7|u2 _ul |+7|vz —'Ul |/

1 1
|gz(t,uz,vz)—gz(t,ul,vl)ISglu2 —1u, |+§|v2 -o, .
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Using the given parameters, we find that, ®, =0.2426, ®, =0.0761,
¥, =04104 and ¥,=0.1698. Hence, ® +®,+¥ + ¥,=0.8991<1.
Thus, all the conditions of Theorem III1.4 are satisfied and so the problem
(3) has a unique solution on [0, 1]. Further, we have, (1-®,)(1-%¥,)-®,¥,
=0.4335 # 0, then, the solution is Hyers-Ulam stable as well as generalized
Ulam-Hyers stable by using Theorem IV.6.

VI. Conclusion

In this paper, we have investigated the existence and uniqueness of
solutions for a new coupled system of fractional differential equations
involving two Caputo fractional derivatives of different orders with
fixed and nonlocal anti-periodic boundary conditions. By using the the
Leray-Schauder alternative fixed point theorem and Banach contraction
principle, results about existence and uniqueness of solutions of the system
(3) are obtained. We have also discussed the Ulam-Hyers stability and the
generalized Ulam-Hyers stability of the system. Finally, an example is
presented to demonstrate the main result.
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