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Abstract

Homotopy perturbation method spread to express a good solution of one of most
important equation in various areas in science which is the Bateman-Burgers’ Equation.
Homotopy perturbation method (HPM) investigate a particular success in solving linear and
nonlinear Betman differential equations in both one and two dimension cases.
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1. Introduction

Burgers’ equation or Bateman-Burgers equation (also known as
viscous Burgers’ equation ) is considered as one of most important partial
differential equations spreading over several areas of science and applied
mathematics such as gas dynamics, fluid mechanics, and nonlinear
acoustics [1].

The familiar Burgers” equation was initially determined by Bateman
(1915)[2, 3]. In 1948 Burgers [4] expressed this equation to obtain some
characteristic description of turbulent fluid in a channel caused by the
interaction of the opposite effects of diffusion and convection, that is why
it is commonly known as “Burgers’ equation.

The general form of Bateman-Burgers equation in one space
dimension is:

2
—-Y—+u—=0 (1)

where: (Y) diffusion coefficient or kinematic viscosity [5]. The kinematic

viscosity is the (more common) dynamic viscosity divided by the density.
The dynamic viscosity has dimension ML™'T"" (Nsm ™ in SI-units), while the
kinematic viscosity has dimension L*T".

This equation controls three terms; time evolution, Nonlinearity and
diffusion which considered as the easiest nonlinear shape formula for

diffusive waves in fluid dynamics [6]. The term ”% is considered as an

2
impedance term that will interrupt waves and the term YZ—Z is a diffusion
X

term similar to the one which appears in the heat equation.

Obtaining u(x, t) as a field and Y as diffusion coefficient (or
Kinematic viscosity), then familiar formula of Burgers equation (which is
also recognized as viscous Burgers equation) in one dimensional space is:

—tu—=Y— (2)

When the (Y =1) Burgers equation take the form:
du _ d*u du

dt gy? B (3)

When the diffusion term is absent (Y =0), burgers equation is
considered as inviscid Burgers’ equation

Mt =0 (4)
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The two-dimensional Burger’s equation takes the form [7]

1
u +uu, +ou, =, +u) )

1
v, +ul, +00, = R—e(vxx +0 ) (6)

Yy

That are the same as incompressible Navier-tokes equation with the
pressure gradient terms removed.
Subject to the initial conditions

ux,y,0)=¢(x,y) @)

0(x,y,0)=¢,(x, y) 8)
Where (x,y) € Q, and boundary conditions

M(x/y/f)=§(x/yzf) (9)

v(x,y,t) =¢(x,y,t) (10)

Where (x,y) €dQ,t >0,
Q={(x,y): a<x<b, asy<b} is the computational domain; u(x, y,
t) and o(x, y, t) are the velocity components to be determined ; ¢, ¢,,

¢,and ¢ are known functions; u, is the unsteady term; uu, is the non-

linear convection term; Re is the Reynolds number, and %(uxx +uW) is the

diffusion term[8].

2. Methodology

The (HPM) proposed first by Ji-Huan in (1999), for solving partial
differential and integral equations, linear or nonlinear. This method proves
it’s efficiency; it’s developed continuously such as g-Homotopy Analysis
Aboodh Transform Method (q-HAATM) to work out and spread for more
and more fractional differential equation[9]. This method HPM which
does not require a small parameter in equation has advantage in that
provides an approximate solution to a wide range of nonlinear differential
equation [10]. Otherwise this method proves more precise description
and can spread over higher order nonlinearity term than other methods
as quadrature method as an example [6].

Consider the nonlinear partial differential equation of the form
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ﬂ—— +f(x) (11)

With initial condition
u(x,0) = u,(x) (12)

The Homotopy Perturbation Method (HPM) consists the following
steps [11]:
1) Applying the Homotopy Perturbation Method on Eq. (11), we get

H(o,p) = (1= p) 2 p 21 —0

du d d d d d?
H(o,p) =G =3 =P +P gt + P =P o2 —Pf(0) =0

Heo,p) =4 4+ p| 0 L4 5|0
Then

dt dt

o p| P - | (13)

2) Suppose that the solution of the Eq.(11) take the form

u=uy+pu, +piu, +piug +.. (14)

3) Substituting Eq. (14) into Eq.(13) to get

duy duy 2 duz 3 duy _ duy
@ Pa TP a TP T

d? d? d? d
+pdx'421+p2 llz_,_pa ”3+f( ) ”0

d%u 2 d*uy 3 d%u, 4 d? u3 duo
= +pr ity 2 4 +pf(x 15
P2 12 w2 TP pf (x)— P (15)

4) Comparing the coefficients of equal powers of p to get
P’ :‘%0—% =0 (16.q)

—u, =u(x,0) =u,(x)

Hol 0T fx) - T (16.b)
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2 duy _dzul

Prra e

3 . dug _d2u2
Poar = dx?

5) Taking integral from (0) to (t) on Eq.(16(a — d)), to get

tl 2
u, = g[’;”zo +f(x)—ddlt0}dt

X

6) Then the solution will be

u(x,t) =u, +u, +u, +u, +...

275

(16.c)

(16.d)

(17a)

(17b)

(17¢)

(18)

3. An Approximate Solution For Non-Linear Bateman Equation By

Homotopy Perturbation Method In (1-D).
Consider the Bateman equation of the form:

du d?u du

dt g2 T
With initial condition is:

—9_2
u(x,0)=2 .

Applying the Homotopy Perturbation Method we get:

2
H(o,p) = (1) 2 | 4]

2
dl_dﬂ_{_p dﬂ+u@_dl =0
at dt dt dx  gy?

2
du_diy _ | ditg oy du_d7u
dtdt dt dx g2

Suppose that the solution take the form:

— 2 3
U=, +pu +pu, +pu, +...

3

19)

(20)

(21)
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Substituting Eq. (21) into Eq. (20) we get

duo du1 2 du2 3 dl/l3 duo
p dt p dt p dt dt
_ duo dul 2 duz 3 dug
= —[pu, +pu +pu +pu] AP APt (22)
d%uy d? 141 ) d? uz 5 d? u3 dﬂ
+p { +P +p +P P4
Then
duy dul 2 duz 3 dug _ duy
i TP tP w T a

[puo o 2y, ﬂ+ pu, d”Z 2+ pt 14 23 d
X

du]
1dy

du3

du2 5
+ptu, P,

+phu, du°+pu
+pu, duo+pu du]+pu du2+p ZEZ;:’ (23)

+p4u3%+p5u3 By pou, d“2+p s d“ﬂ

d2u0 2 dzul 3 d? 1y 4 d? 143 duy
+ + +
dx* P dx? P dx? P “Prar

tp
Comparing the coefficients of equal powers of p we get

. dllo _ dl/lo _
P = 0 (24.a)

_ 52
—u, =u(x,0)=2 =

Vi, duy | du di
Pogr = % g A2 dt (24.0)
2 duy _ diy duy ) | duy
pip= (uod iy +dx2 (24.0)
3, duz _ duy duy dug d*u,
[ (uo LS o = (24.4)

Taking integral from (0) to (t) on Eq.(24(a — d)), we get
(2242
f-C- a5 @
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4
—>u =—x—2t
_ ot ((r_2)d (-4 -4 .)d (5 2)), &2 (-4
el (22 a2 2
0 16, ,16,, 8, 24 }
=[|-2t+ 2 t+ =t | dE 26
£|: X3 .7(4 X4 JC4 ( )
__16#
=35
8
—>uz=—x—3t‘2
= =|[2=2 )9 (Bp2 |24 | A [ 24| (B |4 [p_2
w= bR Ge a2
d? (-8
+ —tzﬂdt
dxz[x3
_t 2\(-24 -4, 8 -8 2 -96
2 R E S RO R G|
—48,, 48, 32,5 ,16,, 9
- jo[?tu Ly Lpplor- x—stz}dt 27)
_-484°
=3
-16
U =T ’
The solution will be
ux, t) =u, +u, +u, +u, +... (28)
_p_2_ 4, 8, 1643
u(x,t)=2 - xzt x3t x4t (28)

The approximate solution is

u(x,b) = Y, (x,1)

_n_2 2,, 4., 84
u(x,t)=2 ;[1+;t+x—2t +x—3t ]

o 2(1.24) _o_
u(x,t)—Z—E[l—;t] =2

£
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2

u(x, t)y=2- =)
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(29)

4. An Approximate Solution For Non-Linear Bateman Equation By
Homotopy Perturbation Method In (2-D)
Consider the two dimensional nonlinear Burger’s differential

equation of the form

du+udu+vdu_ 1| d%u
dx dy  Re

at ax

With initial conditions

u(x,y,0)=2x+y,

u(x,y,0)=x-2y.

du

dsz )

d*v

dyz} (6)
(30)
(31)

Applying Homotopy Perturbation Method and suppose Re = 1, then

H(o, p)= (1‘P)(Z‘—@]+p[fl‘t‘+u$+v

2 2
du_w_du]:o

dy dx* dy?
dv _ do dv do dv d*v  d*
H@,p)=(1- (——J)+ U= | =
(©p)=(1=p) i a ) Pl Ay dx®  dy?
2 2
du_diy _ _pl g gy du gyl _du_du (32)
dt  dt dt dx dy dx®  dy?
d 2 2
dl_ﬂz_p dﬂ_{_udl_;_y@_ﬂ_ﬂ (33)
dat dt dt dx dy dx®  dy?

Suppose that the solution take the form:

— 2 3
U=uy+pu +pu,+pu, +...

_ 2 3
V=0, +pu, +P U, +P U+

(34.0)

(34.h)
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Substituting Eq. (34. (2 — b)) into Eq. (32) and Eq. (33), we get

duyg duy zduz 3 dug  duy
T R T TR TS
duo
“Pa
—[pu, +p’u, +p’u, +pu][d”0 pd pzduz p3du3}
X
2 3 4 duy dul 2 duz 3 dus
—-[pv, +p°0, +p’v, +p v, ]| =L+ 35
[poplpzpsl[ depdypdy (35)
+pd uo+p2du]+p3du2+p zduzl
dx? dy
2 2
+p3du22+P4duz3
dy dy
And
dUO dvl zdv2 3 dvg _ duy
R T i T T T
— _ 4%
=P

dv, 2 dv 3 dv
~[py, +pv+pv +pv]{ 0+ pd +p dyz p dﬂ

d d d
—[pu, + p*u, + p’u, + p'u, ][ﬂ-i-p s +p? ;2 P’ ;ﬂ (36)

dZUO 2 dzvl 3 d? vy 4 d? 03 dzvo 2 d? (2
+ + + + +
dx? P dx? P dx? P P dyz P dyz

tp

3d2v2+ 4d2’03
dy? P dy?
Y Y

tp
Comparing the coefficients of equal powers of p we get
piiio o g (37.0)

dt

—u, =u(x,0)=2x+y

dUO _ dUo _
B &0 _g (37.b)

-0, =0(x,0)=x-2y

Vo duy  duy o dug  Puy | dug
P g Y o T ay (37.0)
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do, _ dvy  dvg o dvy | dPvy | dPu,
At At 0 dx O dy g g2
2 duy _ odwy o oduy o odwyg o dy dzul dzul
A L b T Ry (37.4)
dvu, doy. dvg doy. dv, d201 d201
—Z=-u -u -0 -, L+ L4
dt 0 dx 1 gx Ody “ldy g2 dy?
3. duy _ dug duyp o odug o duy o oduy o dug du2  d*uz
Prg = Hogy g Ty gy gy gy Tt (879
doy __ dop _ dvy _ odwg o odvy o odop o dog d*v, | d*v,
e 0 A Tldx T2y 0dy ldy 2y g ayf
Taking integral from (0) to (t) on Eq. (37.(a — ¢)), we get
t
d d
u, :j{—a(2x+y)—(2x+y)—(2x+y)
0
—(x—Zy) (2x+y)+7(2x+y)+7(2x+y)
—>u, =-bxt (38)
0, =12 (x-2)~ (v-2) L (x-2y) - (2x+y) - (x - 29)
ol dt dy dx
2
+ 5 (x=2y)+ " (x-2y) |dt
L2 )
v, = -5yt (39)

::ji— (2x+]/)%(—5xt)—(—5xt)%(2x+y)_(x_zy)%(_&ct)

d d* 4
—(-5yt) @(2x+y) + E(—Sxt) + dyz(—5xt)} dt

—u, =10xt* + 5yt (40)
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0,= | ~(x=29) 2 (5y1) (51 2 (x-29)(2x+y) 2 (-5

d d? a2
—(—5xt)E(x—Zy)+dx—2(—5yt)+?(—5yt) dt
— v, =5xt> = 10yt* (41)

- d (o5t (-
", = g[ (2x+y) L (10x+5y1) ~(-5xt) £ (-5xt)
—(10xt* + Sytz)%(Zx +y)—(x— Zy)%(loth +5yt?)
—(—5yt)%(—5xt)— (5xt> - 1Oyt2)%(2x +y)

+ & (10xt245y12) +-4 (10x2+5y12) | dt
dx? dyz
— u, =-25xt° (42)

Us =£{— (x—Zy)%(Sth—loytz)—(—Syt)%(_wt)
—(5xt” - 10yt2)%(x ~2y) - (2x+y) & (5xt* ~10y#)
~ (-5xt)-L (-5yt) - (10x#* +5y#) L (x~2y)

+d—zz(Sxtz—loytz)+:y—22(5xt2—10yt2) dt

dx
— v, =-25yt’ (43)
Therefore, the solution obtained is given below:

u(x,y, )= u (x,y,)=u, +u, + 1, +u, +...
n=0

u(x,y,t) = 2x+y —5xt +10xt* + 5yt* — 25xt° (44)
And

o(x,y,t)=2 0, (x,y,1)=0,+0, +0, +0, +...
n=0

o(x,y,t) = x -2y — 5yt +5xt* —10yt* — 25yt (45)
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5. Conclusion

In this paper Homotopy perturbation method has proven successful
when used to find the approximate solution to the nonlinear Bateman
equation in one and two dimensions.

The results of the Homotopy perturbation method give us evidence
that this method is very effective and has a high accuracy to find
solutions for the partial differential equations.

The solution method has been explained in detail. Hence, this research
is an important tool to understand the (HPM) as much as possible.
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