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Abstract

Many authors have recently provided a number of expressions for a general Eulerian
integrals about the multi-variable H-functions. Inspired by these works, we evaluated here
a general class of multi-variable Eulerian integrals with modified multi-variable I-function
(MMIF) with general arguments, which has been defined in this article. Some of the particular
cases have been discussed. These results will help to deduce numerous useful integrals.

Subject Classification: (2010) 33C99, 33C60, 44A20.

Keywords: Modified multivariable I and H-functions, Multiple integral contours, Multiple eulerian
integral, Sequence of polynomials.

1. Introduction

Srivastava and Panda[13, 14] established some expansion theorems
and generating relations for H-function. Prasad and Singh[4] extended the
H-function defined by Srivastava. Later Prasad[3] extended the H-function
as I-function. Recently Prathima et. al.[5] defined multivariable I-function
as an extension of H-function. In this article, we establish a general class of
multiple Eulerian integrals with MMIF. We note I-function as :
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where &(s,,....,s,) and ¢(s,) are explained clearly in [3].

The modified generalized multivariable I-function is analytic if
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The multiple contour integral converges absolutely if |argz, | < - Q T,
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—_ (0 gM.RMY . () RO .RM

SR—(b], ,ﬁj ,B], )qu,....,bj ,ﬁj ,Bj )wm 9)
U=mp,,q,;05,95---50,.9,, V = 0,n,;0,n,;...;0,n_, (10)
Y=@p'q")...;p",q"); X =(m',n');...;m",n") (11)

The well-known Eulerian Beta integral

jh.(z —a)* (bt dt = (b—a)*"" "' B(ex, B); (Re(ax) > 0,Re(B)>0,b>a) (12)

is useful in evaluating various integrals involving special functions
defined by Raina and Srivastava[6], Saigo and Saxenal8], Srivastava and
Hussain[12], Srivastava and Garg[11], etc. Also by using this integral, we
can establish Eulerian integrals involving general class of polynomials like
G, H with one and several variables.
The explicit form of the generalized polynomial set [7,p.71,(2.3.4)] is
S¥Pr(x)= Y Cle,p,u,v)x*(1-1x")"" (13)

e,p,u,v
Where C(e,p,u,v) =

B"(-1)"(-p), (@), (-0), (- —qn), (—[j—an
4 lVl (_T)'U (

ulolelp!(l-o—p),

e+k+cu Ab
=) (5) oo

where Y :i i i f‘, andR=In+v+p

e,p,u,n v=0 u=0 p=0 e=0

We recall here the following definition of the general class of
polynomials introduced and studied by Srivastava [9]

(V) A,

Sp(x)= D, —— 1yt (15)
n=0 77'
where V =0, 1, .... and U is an arbitrary positive integer. By suitable

specialization of the coefficients, A, (V, n > 0) (which are arbitrary
constants, real or complex) and Sy (x) leads to many polynomials like
Jacobi, Laguerre, etc., ([15], p.158-161). The MMIF defined in this paper is
a generalized transcendental function of several complex variables and is
defined in multiple Mellin-Barnes integral.
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In the following section, we shall use the required integral and the
notations (16) and (17).

X, =(b,~a)+p,(t,~a)+o,b ~t) (16)

(t —a ) (b —t) X" "0
Y. — ] ] ] ] ]
bBb—a)+(Bipy oy =Bt —a)+ Bio (b —t)
Lemma([2],p.287) is as follows :

G i A 2 (£ K CAINC RS
Yb—a+ Alt—a)+ pu(b—1))*" (b-a)[(c+ )

forj=1,....,s (17)

with te[a,b], a#b, Re(x) >0, Re(B)>0, n+ At —a)+ u(-t)=0.

In the following sections, we shall discuss the multiple Eulerian
integral of MMIF and some corollaries by specializing some values.

2. Main Integral Result :

The following notations are useful in establishing the multiple
Eulerian integral of MMIF.
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— 1) ro.
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U V, X and Y are defined in the previous section. We have the
following unified multiple Eulerian integrals.

Theorem 1: We have the following result
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We obtain a modified of I-function of (r+1) variables
provided that

(i) /lj,uj,sj,t].,gj,v;“ >0,B,#0,b,~a,#0,p, #-1,0, %1,
(b], —a].)+p].(t]. —a],)+c7].(bj —tj)¢0,t], e[a],,b].]fori =1,..,1j=1,..,s
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L ] i

When §;> 0, T;< 0 inequalities (a) and (d) are satisfied. When 5,< 0, T,>
0 inequalities (b) and (c) are satisfied. The multiple series of R.H.S of (27)
converges absolutely.

Proof: In L.H.S. of eq.(27), first we make use of series representations for
the polynomial sets

SY (x)and S“”7(x) respectively by using the equations (14) and
(12). Later, by the multiple Mellin-Barnes contour integral representation
of MMIF and then interchanging the order of summation and integration,
we come across at the following :



84 N. SRIMANNARAYANA, E AYANT, Y. P. KUMAR, D. K. P. KUMAR AND B. SATYANARAYANA

[v/uj ( V) A
L.H.S. — UK VK GKBRCle, p,u,v
KZ:O epzun K! ( P )(ZJTCO)r
)l]-#KS/ (b _t )u]+KTj

I I &5, s)Hco(s)zI IH <>

a a, J=1
g]R+stv(/” s cq on-
Y T | 1-e [y dt,...dt ds,....dsS, (28)
j=1

Sl )En v

Now expressing (1-7x" f[ Y, in the form of contour integral and
j=1

changing the order of integration, we obtain

LHS[VZ/L{]ZM%RC@ “v) I ”g(s
. O = .=, K' p’ r+1 17"

r+1

i=1

Hgo(s )z, (=7b" )" T(=s, )(v—n+s, ) {j J'

n

A.+KS
/ / l’J —t. R+25v()+ VS,
[‘j( )" b7t Y ; ot |dS,...dS ds

1 1
i X ’+,u/+I<(S]+T] )+2 s roort
j

/4/+KT

(29)

By the use of Y, from (17) and performing algebraic simplifications,
we get
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it BT 14 efa, b for =1,
BiX;
Then by using binomial expansion we thus found that
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Now by equation (16) and then evaluating inner-most integral with

the help of lemma (18), we get
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xI(=s,, )T (©—8n+s, )T(u, + Kt +56 R+8, ZZ;: 5,0 +85Vg,, +1)
rp) " aeo)” |7 (g " sy )|

j=1 B ]];1[ ﬁf’v

ds,...ds ds,_, (32)

Finally, re-interpreting the multiple contour Mellin-Barne’s integral
in terms of MMIF, we obtain (27).

3. Particular cases

The MMIF in (27) can be specialized in a variety of special functions.
These can be expressible in terms of E, G, H and I-function of several
variables. Again by specializing parameters and variables, leads to
orthogonal polynomials and hypergeometric functions. Thus by different
special cases of these functions, one can obtain a remarkable number of
other integrals with special functions of one and several variables.

By assuming V=0, U=1and A, = 1in (27), the polynomials S (x)
reduces to unity and we arrive at the following :

Corollary 1:
b (t, —a) (b, —t)"

e

a u}l

« S:z/jr |:bH Y‘?j v, 8, q, A, B,k,l:|1 . dtldts

j=1

z li[y 7
) {f[“% —a)'ep) " W, >}

- s (B —o) ' (1+p) A0
TS clepunl e A )

4G R
€,p,U,0 Ty ey Ty =0 j=1 T. 'Byl 5
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ZlH{ﬂ]‘(l-’_pJ‘)yj (1+Gj)5] }71}]
= A;A,ACE:S

V;0,n,+3s|R":X;1,1
Usp, +35,q,+25|R:Y ;1,1

s . () (33)
z[[1B,(+p) 1+ )"} "

j=1

B;B,B,:L:R

b8 A+ p) (40"

j=1

where
—(1_t _ . () .
A =(1 T, g].R.v].,....,v]_ ,g].v,l)lls,
(_2’/' _’}/]‘ij_Tj;/y]'v]l'/----/ Yjvj'r)/y]'g]'vl.l)l,sl
.S ol (r) .
(-4, —6}.ij—1}.,5}.0}. ,....,6]1)]. ,5].g].v 1), (34)
1 (r) .
(1,480}, (v, +6,)07 (v, +8))5 V1), .,
. (r) .
(A-¢Rv;,...,v”,gv:l),

]' 7

(35)
by following the same validity conditions and notations as that of (27).

Assuming, s = 1 in (27), the following integral form is obtained :

Corollary 2:

by

I(t—an (b ~1)" {a(t—alf(bl—tf}

At+u+2 u S+T
X X

!

zY"

1

xSP[bYSv,t,q, A BT . |dt,...dt,

zY?
r

e @ep)are S Y S Du
1 1 j i ~ . K!
=0 e,p,u,01y,.., T, =
)(C(e u v) (ﬂ_a)‘r(l+p)fK57y71(1+o_)—KT—5gR aKbR
/pr 7 T!ﬂ1+g[{
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2B+ p)y (A+0)° )™ |A;A,, AE:S

Iv;o,n,+3:\R':X,~1,1
Usp,+3,q,+25{R:Y ;1,1

z,{B(L+p) (1+o) )" :
bv{ﬁ(1+p)7(1+o],)5}’gv B;B,B,:L:R

(36)

where

=(1-1,-gR:0",....,0" qv; 1),,,(-A-KS-xR- 7570, y0, Vi),
(~u—KT -8R -1;60",....,60",8¢v : 1) (37)

B,=(A-u-K(@S+T)-¢(y +86)R—1, - L;(y +8)0", ..., (y + 80, (¥ + 8)gv; 1),
(1-gR;?", ..., 0" ,¢cv:1) (38)

by following the same validity conditions and notations as that of (27).

Putting t —b]. = v}.,(b}. —a].) =1;j=1,..,s in (27), we obtain the
following result :

Corollary 3:
j IH(l_ y/ al (1-v))" 0"
04 A +/1/+2 i X,jsj+7"/
ZIHYJ.D'
j=1
x S¥P {bH YV;v,t,q, A,B,k;l}l : dt,....dt,
j=1
o)
Z X 7
r ]
j=1
= & = (- V)UK v K
H(b(1+p) (1+0' z >y —
K=0 e,pu,vty,.., 7,=0 .

s (B —a) (L4 p) T (1 g y TR
x Cle,p,u,0)1[ | b, il d+o)

= aKbR
i=1 T | ! joei
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J 8. -0l
z[[1B,(+p)" (40"} "
= A;ALAE:S

V50,1, +3s|R":X;1,1

U;p,,+3s,q,+25:‘R:Y;1,l s ’ 5 o . (39)
z[[1B,(1+p)" (1+0)"} " :
]:1 B;B,B, :L: R
P TTiB,a+p) A+0 )}
j=1
where
X;zv].(pj—aj)+p].+1 (40)

-y, Yo (X))
"o+ Bp)(1-v)+(1+ 0B,

forj=1,..,s (41)

by following the same validity conditions and notations as that of (27).

In the following corollary, the MMIF we considered here reduces to
modified one of multivariable H-function [4] with the conditions,

(A, =B (i=2,..,1;]= 1,..,n") = Aj(,i) = B;”(z’ =1,..,7;i=1,..,1n")=1)

andA=B=U=V =0

Corollary 4:

A S T
oGt -a) b ) | e (t—a) (b -t
jIH o Su|a —r
oo X = X

ZIHY].’
j=1
XS:’B’T bHng}V/t/q/ArB/k/'l H . dtl....dts
j=1
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s A1 w1 | I — Vu1< VK
:{g(bj—aj)l(1+pj) T (1+o) " }Z > > V)

K=0 e,puvty,.., 7,=0

i -K;s R-T —KT, -5 ¢ ,R
s (ﬁ] _aj) /(1+p]) 721755 J(1+o-]) 77955 e
x C(e,p,u,v) | | — b
i 7B

S

2 [11B,+p) (140"}

= A;ALAE:S

0,1, +3s|R":X;1,1
p,+3s,9, +25:‘R:Y;1,l

s (42)
2 [11B,(1+p)" (1+0) )™ .
]:; B;B,B,":L:R
T8 +p) (+0) )™
j=1
under the conditions and notation of the theorem in (27)
Al =(1-7,~¢gR: v;,....,v;”,g.v)1 .
1 _KS — S| Q)
(=4, -KS, VS R=T570,, v 0776V
| )
(—#,» - KT] - 5jg].R -1, ,5],0]. e 5}.0/. , 6].g].v)1’s (43)
B; :(/l]. —M,—K(S, +T)-¢,(7, +5].)R—Tj -1;
1 (r
(¥, +8)0} e, (y, + 800, (7, +8)5,V), ,
ol @)
(1-¢,R;0},..0., 05 V), (44)

By assuming A =B =U =V =0in (27), it reduces to I-function defined
by Prathima et al.[5] and we arrive at the following corollary

Corollary 5:

bos (t-a)" (b, —t)" s (t—a) (b, —t)"
J. /l]+y/+2 ] SE a.l ] ]
a; ] J=

by

5

1

i X S]+T
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z [Ty’
j=1
x Sf’fﬁf {bHY% ;v,t,q,A,B,k;l:|I ) dt,...dt,
j=1
SR
z |1y’
r ]
j=1
s ~ i u [v/uj o ( V)
:{H(bj_“j)l(1+Pj) i (1+O‘j)ﬂ/ }Z Z Z N Sh s v1<
= K=0 e,pu,vty,.., 7,=0
s(ﬁ—wﬁa+pfﬁ"ﬂ”a+a>“Qﬁ -
Xc(e/p/ulv) H ! ! / - ] a b
j=1 T]. !ﬁ;ﬁ%

211180+ p) (14"
j=1

A,AE:3
0,1, +3s|R":X;1,1 .
p,+35,qr+25:‘R:Y;l,1 s , P . (45)
2 1B, (+p) (10}

j=1

b’ ﬁ(1+p)”(1+0) }

j=

B,BlzL:iR

[

under the same notations and conditions that in theorem (27).

Take (A, =B, (i=2,...,1;j = 1,...,n") = A;” = B;”(i =1,..,r;j=1,..,n"
=1)in (27), we get result involving multivariable I-function defined by
Prasad[3].

Corollary 6:
by t —a) (b,—t)" t—a) (b,-t)"

= (
.[ IH /l/+;1]+2 Sl‘; QH : §;+T,
j=1 X

a 11]1
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21y
j=1

% Sro’zﬁr |:bHY§j,'V,t,q/A/B/k;l:|I . dt....dt

j=1

s a1 w1 | I — Vu1< Vv K
:{H(bj—aj)l(1+pj) Ceey® }z y 3 &

K=0 e,pu,vty,.., 7,=0
KT/ Slg]R

s (B —a) A+p) T 14 o
< Cle,py1,0) H(ﬁ] ) A+p,) (1+0))

7,+¢,R
=1 T B
/ ]ﬁj
S

2 [[1B,(1+p) 1+ )"

j=1

akpR

A;ALAE:S

V0,1, +3s{R":X;1,1 . '
x Iu;p,+3s,qy+2s:\R:Y;1,1 s . s . (46)
2 [11B,+p) (40"}
j=1

B;B,B,":L: R

S

T8, +p) ()"}

j=1

under the same notations and conditions that in Theorem 1 and
Corollary 4.

Remarks: If
(A, =B (i=2,..,1;]= 1,..,n") = A](.i) = B;")(i =1,..,r;j=1,..,n")=1)

and R =R’ = E, = L, = 0, we can obtain similar type integral results of
I-function defined by Prasad[3]. Andif A=B=U=V=0and R=R"=E
=L, =0, we can obtain the results with I-function defined by Prathima et
al.[5].

By following the similar lines, the results of this article can be
extended to a product of multi variable polynomials by Srivastava[10] and
Srisvastava and Garg[11].
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4. Conclusion

By utilizing the general arguments and a general class of polynomials
in this study, we can obtain many single, double and multiple Eulerian
integrals. Secondly, by specializing the various parameters and variables
involved in MMIF, we get a remarkable number of special functions or a
product of such functions. Hence, the results derived in this article have a
wide range of applications in mathematics and mathematical physics. We
can also have applications of these multiple integrals with H-function and
hypergeometric functions as discussed by the author [16,17,18].
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