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Abstract
Many authors have recently provided a number of expressions for a general Eulerian 

integrals about the multi-variable H-functions. Inspired by these works, we evaluated here 
a general class of multi-variable Eulerian integrals with modified multi-variable I-function 
(MMIF) with general arguments, which has been defined in this article. Some of the particular 
cases have been discussed. These results will help to deduce numerous useful integrals.
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Keywords: Modified multivariable I and H-functions, Multiple integral contours, Multiple eulerian 
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1.  Introduction

Srivastava and Panda[13, 14] established some expansion theorems 
and generating relations for H-function. Prasad and Singh[4] extended the 
H-function defined by Srivastava. Later Prasad[3] extended the H-function 
as I-function. Recently Prathima et. al.[5] defined multivariable I-function 
as an extension of H-function. In this article, we establish a general class of 
multiple Eulerian integrals with MMIF. We note I-function as :
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The well-known Eulerian Beta integral

1 1 1( ) ( ) ( ) ( , ) ; (Re( ) 0,Re( ) 0, ) (12)
b

a

z a b t dt b a B b aa b a b a b a b− − + −− − = − > > >∫

is useful in evaluating various integrals involving special functions 
defined by Raina and Srivastava[6], Saigo and Saxena[8], Srivastava and 
Hussain[12], Srivastava and Garg[11], etc. Also by using this integral, we 
can establish Eulerian integrals involving general class of polynomials like 
G, H with one and several variables.

The explicit form of the generalized polynomial set [7,p.71,(2.3.4)] is
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We recall here the following definition of the general class of 
polynomials introduced and studied by Srivastava [9]
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where V = 0, 1, …. and U is an arbitrary positive integer. By suitable 
specialization of the coefficients, A V, h (V, h ≥ 0) (which are arbitrary 
constants, real or complex) and ( )U

VS x  leads to many polynomials like 
Jacobi, Laguerre, etc., ([15], p.158-161). The MMIF defined in this paper is 
a generalized transcendental function of several complex variables and is 
defined in multiple Mellin-Barnes integral.
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In the following section, we shall use the required integral and the 
notations (16) and (17).
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In the following sections, we shall discuss the multiple Eulerian 
integral of MMIF and some corollaries by specializing some values.

2.  Main Integral Result : 

The following notations are useful in establishing the multiple 
Eulerian integral of MMIF.
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We obtain a modified of I-function of (r+1) variables
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When Sj > 0, Tj < 0 inequalities (a) and (d) are satisfied. When Sj < 0, Tj> 
0 inequalities (b) and (c) are satisfied. The multiple series of R.H.S of (27) 
converges absolutely.

Proof: In L.H.S. of eq.(27), first we make use of series representations for 
the polynomial sets 

)(xS U
V and )(,, xSn

τβα respectively by using the equations (14) and 
(12). Later, by the multiple Mellin-Barnes contour integral representation 
of MMIF and then interchanging the order of summation and integration, 
we come across at the following :



84� N. SRIMANNARAYANA,  F. AYANT, Y. P. KUMAR, D. K. P. KUMAR AND B. SATYANARAYANA

1

1 1

( )

1

[ / ]
,

0 , , ,

1 ( ) 2
1 1

1

( ) 1L.H.S . ( , , , )
! (2 )

( ) ( )
.... ( , ...., ) ( ) ....

1

j j j js

i

j j j j
r s

r
i

j i j
ji

V U
UK V K K R

r
K e p u n

KS KTbbr s
j j j js

r i i i K S T
i jL L a a j

n
sR s v q

j j
j

V A
a b C e p u v

K

t a b t
s s s z

X

Y x Y

l m

l m

d
V

Vn

pw

x j

t=

=

+ +

+ + + +
= =

+

=

−

− −

∑  
−  

 

∑ ∑

∏ ∏∫ ∫ ∫ ∫

∏ 1 1.... .... (28)
v

s rdt dt dS dS
−

Now expressing 
1

(1 )j
s q n v

j
j

x Y Vn dt −

=
− ∏ in the form of contour integral and 

changing the order of integration, we obtain

1 1

1

1

1

[ / ]
,

11
0 , , ,

1 1
1

( ) 2
1

( ) 1L.H.S . ( , , , ) .... ( , ...., )
! (2 )

( ) ( ) ( ) ( ) ....

( ) ( )

r r

s

i r

s

j j j j

j j j j

V U
UK V K K R

rr
K e p u n L L L

bbr
s s

i i i r r
i a a

KS KT
s

j j j j
jK S T

j j

V A
a b C e p u v s s

K

s z b s v n s

t a b t
Y

X

n

l m

l m

x
pw

j t dG G

+

−

+
=

+ +
=

+ +

+ + + +
=

−


− − − + 



− −

∑ ∑ ∫ ∫ ∫

∏ ∫ ∫

∏
( )

1
1

1 1 1.... ....

(29)

r
i

j i j j r
i

R s v s

s r rdt dt dS dS ds
V V n −

=

+ +

+

 ∑        

By the use of Yj from (17) and performing algebraic simplifications, 
we get

1 1

1

)
1)

1

[ / ]
,

11
0 , , ,

1 1
1

(

( ) 2 (

( ) 1L.H.S . ( , , , ) .... ( , ...., )
! (2 )

( ) ( ) ( ) ( )

( )
....

r r

i r

r
i

j j j j j j j r
i

j j j j j

V U
UK V K K R

rr
K e p u n L L L

r
s s

i i i r r
i

KS v R s

j j

K S T

j

V A
a b C e p u v s s

K

s z b s v n s

t a

X

n

l g x g V n

l m g d

x
pw

j t dG G

+

−

−
=

+
=

+ +
=

+ + + +

+ + + + + +

−

− − − +

∑
−

∑ ∑ ∫ ∫ ∫

∏

1

( )
11

1

) ( )1) 11 1

( )
1

1

)( )1

( ( )

(

1

( ) ( )( )
1

....

s

r
i

j j i j j rs
i

r ri ij j j j j j j r j j j j ri i

r
i

j i j j r
i

bb s

R s v sja a

KT s v R s R s v s

j j j j j j

R s v s j j

j

s

b t t a
X

dt dt dS

V V n

m d g V n V V n

V V n

b a

b
b

+
=

−
−=

=

+
=

+ +=

+ + + + − + +

+ +

 
   ∑ 

∑ ∑  − − −  −  ∑  




∏∫ ∫

1 1.... (30)r rdS ds +



MULTIPLE EULERIAN INTEGRALS WITH MMIF� 85

( )( )
If 1, [ , ] for 1, ....,j j j j

j j jj j

t t a
X

t a b j s
b

b
− −

< ∈ =

Then by using binomial expansion we thus found that

1

1 1

)
1

1

[ / ]
,

0 , , , 1

1 11
1

( )

1

( )( )
( , , , )

! !
1 .... ( , ...., ) ( ) ( ) ( )

(2 )

( )
( )

L.H.S =

....

j

j

i r

r r

r
i

j j j j j j j r j
i

V U s
j jUK V K K R

K e p u n j j j

r
s s

r i i i rr
iL L L

KS v R s

j j
r

V A
a b C e p u v

K

s s s z b s

t a
v n s

t

t

n

l g x g V n t

b a

b t

x j t
pw

d

G

G

+

+

−
=

= =

++
=

+ + + + +

+

−−

− −

∑
−

− +

∑ ∑ ∏

∏∫ ∫ ∫

1

( )
11

1

( )
1

1

( ) 2 ( )( )1

( )
1) ( )

1

1 ( )
1

1

(

( )

( )

s

r
i

j j j j j j j i j j r js
i

r
i

j i j j r
i

j j j j

bb s

K S T R s v sja a

j

r
i

j j j j j rs R s v s
i

jr
j i

j j j j r
i

KT s v

j j

X

R s v s

R s v s

b t

l m g d V V n t

V V n

m d

t V x n
b

V V n

G

G

+
=

+
=

+ + + + + + + + +=

+ − + +
=

=
+

=

+ +

 
   ∑ 


+ + + ∑ 


+ +


−

∏∫ ∫

∑
∏

∑
)

1)
1

(

1 1 1.... .... (31)
r

i
j j j r

i
R s

s r rdt dt dS dS ds
d V n −

=

+ +

+

∑


Now by equation (16) and then evaluating inner-most integral with 
the help of lemma (18), we get

1

[ / ]
1 1 ,1

0 , , ,1

1

11

( )
( ) (1 ) (1 )

!

( ) (1 ) (1 )
( , , , )

!

1 .... (

L.H.S

, ...., )
(2 )

 j j

j j j j j j j j j

j j

r

V Us
UK V K K R

j j j j
K e p u nj

K S R KT R
s

j j j j
R

j j j

r ir
L

V A
b a a b

K

C e p u v

s s

l m

t g V t d V

t V

r s

b a r s

t b

x j
pw

+

− − − −−

==

− − − − −

+
=

+

−  − + + 
  

 − + + 
 
 

=



∑ ∑∏

∏

∫ 1

1

( )
1

1

1
1

( )
1 ( )

1
1

1 ( )
1

1

( )
1

1

( ) ( ) ( )

( )
( )

( )

( 1)

( (

i r

r

r
i

j i j j r
i

r
s s

i i r
iL L

r
i

j j j j j rs R s v s
i

r jr
j i

j j j j r
i

r
i

j j j j j j j j j j r
i

j j j j

s z b s

R v s
v n s

R s v s

KS R s v s

K S T

n

V V n

t

t V x V n
d b

V V n

t l g V g g V n

l m

G

G
G

G

G

G

+

−
=

+
=

+ − + +
=

+
=

+
=

+
=

− −

+ + + ∑
− +

+ +

+ + + + + +

+ + +

∏∫ ∫

∑
∏

∑

∑

( )

1

1 ( )
1

1

( )
1 1 1

1

1

) ( )( ) 2)

( ) ( ) ( 1)

(1 ) (1 ) (1 ) (1 ) ( )
r

i
i j

j j j j j j ji

j

s

r
j i

j j j j j j r j
i

r
i

r r j j j j j j j j j r
i

s v q q
s

j j j j

j j j

R s v s

s v n s Kt R s v s

bg d g V d V n

V n

g d V V n t

d m d V d d n V

r s r s t

b b

G G G

=

=
+

=

+ + +
=

− − − −

=

+ + + + + +

× − − + + + + + +

∑   + + + + −   
   
    

∏
∑

∑

∏
1

1

1 1.... (32)

rs
s

j

r rdS dS ds

+

=

+


∏



86� N. SRIMANNARAYANA,  F. AYANT, Y. P. KUMAR, D. K. P. KUMAR AND B. SATYANARAYANA

1

[ / ]
1 1 ,1

0 , , ,1

1

11

( )
( ) (1 ) (1 )

!

( ) (1 ) (1 )
( , , , )

!

1 .... (

L.H.S

, ...., )
(2 )

 j j

j j j j j j j j j

j j

r

V Us
UK V K K R

j j j j
K e p u nj

K S R KT R
s

j j j j
R

j j j

r ir
L

V A
b a a b

K

C e p u v

s s

l m

t g V t d V

t V

r s

b a r s

t b

x j
pw

+

− − − −−

==

− − − − −

+
=

+

−  − + + 
  

 − + + 
 
 

=



∑ ∑∏

∏

∫ 1

1

( )
1

1

1
1

( )
1 ( )

1
1

1 ( )
1

1

( )
1

1

( ) ( ) ( )

( )
( )

( )

( 1)

( (

i r

r

r
i

j i j j r
i

r
s s

i i r
iL L

r
i

j j j j j rs R s v s
i

r jr
j i

j j j j r
i

r
i

j j j j j j j j j j r
i

j j j j

s z b s

R v s
v n s

R s v s

KS R s v s

K S T

n

V V n

t

t V x V n
d b

V V n

t l g V g g V n

l m

G

G
G

G

G

G

+

−
=

+
=

+ − + +
=

+
=

+
=

+
=

− −

+ + + ∑
− +

+ +

+ + + + + +

+ + +

∏∫ ∫

∑
∏

∑

∑

( )

1

1 ( )
1

1

( )
1 1 1

1

1

) ( )( ) 2)

( ) ( ) ( 1)

(1 ) (1 ) (1 ) (1 ) ( )
r

i
i j

j j j j j j ji

j

s

r
j i

j j j j j j r j
i

r
i

r r j j j j j j j j j r
i

s v q q
s

j j j j

j j j

R s v s

s v n s Kt R s v s

bg d g V d V n

V n

g d V V n t

d m d V d d n V

r s r s t

b b

G G G

=

=
+

=

+ + +
=

− − − −

=

+ + + + + +

× − − + + + + + +

∑   + + + + −   
   
    

∏
∑

∑

∏
1

1

1 1.... (32)

rs
s

j

r rdS dS ds

+

=

+


∏

Finally, re-interpreting the multiple contour Mellin-Barne’s integral 
in terms of MMIF, we obtain (27).

3.  Particular cases

The MMIF in (27) can be specialized in a variety of special functions. 
These can be expressible in terms of E, G, H and I-function of several 
variables. Again by specializing parameters and variables, leads to 
orthogonal polynomials and hypergeometric functions. Thus by different 
special cases of these functions, one can obtain a remarkable number of 
other integrals with special functions of one and several variables.

By assuming V = 0, U = 1 and A0,0 = 1 in (27), the polynomials ( )U
VS x  

reduces to unity and we arrive at the following : 
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by following the same validity conditions and notations as that of (27).
Assuming, s = 1 in (27), the following integral form is obtained :
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By assuming A = B = U = V = 0 in (27), it reduces to I-function defined 
by Prathima et al.[5] and we arrive at the following corollary :
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under the same notations and conditions that in Theorem 1 and  
Corollary 4.

Remarks: If 
( ) ( ) ( ) ( )( ( 2, ...., ; 1, ...., ) ( 1, ...., ; 1, ...., ) 1)i i i i

ij ij j jA B i r j n A B i r j n= = = = = = = =

and R = R’ = Ej = Lj = 0, we can obtain similar type integral results of 
I-function defined by Prasad[3]. And if A = B = U = V = 0 and R = R’ = Ej 
= Lj = 0 , we can obtain the results with I-function defined by Prathima et 
al.[5].

By following the similar lines, the results of this article can be 
extended to a product of multi variable polynomials by Srivastava[10] and 
Srisvastava and Garg[11].
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4.  Conclusion

By utilizing the general arguments and a general class of polynomials 
in this study, we can obtain many single, double and multiple Eulerian 
integrals. Secondly, by specializing the various parameters and variables 
involved in MMIF, we get a remarkable number of special functions or a 
product of such functions. Hence, the results derived in this article have a 
wide range of applications in mathematics and mathematical physics. We 
can also have applications of these multiple integrals with H-function and 
hypergeometric functions as discussed by the author [16,17,18].
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