Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 26 (2023), No. 1, pp. 67-76

DOI : 10.47974/JIM-1648

Minimum mean covering Gutman energy of certain graphs

M. V. Chakradhara Rao *
Department of Mathematics
Presidency University
Yelahanka

Bangalore

India

D. Venkata Lakshmi

School of Computer Science and Engineering
VIT-AP University

Amaravati

Andhra Pradesh

Inda

N. Srimannarayana

Department of Mathematics

Koneru Lakshmaiah Education Foundation
Vaddeswaram

Andhra Pradesh

India

K. A. Venkatesh

Department of Mathematics and Computer Science
Myanmar Institute of Information Technology
Mandalay

Myanmar (Burma)

Abstract

The mean-energy orm-energy of a graph was introduced by Laura Buggy, Amaliailiuc,
Katelyn Mc.Call, Duyguyen in 2010. The minimum mean covering energy (MMCE) is a
special type of graph energy, symbolically represented by E (G), introduced by C. Adiga
et. al. The sum of the magnitudes of the characteristic values obtained from the Gutman
matrix is named as Gutman energy. we present the results of minimum mean covering
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Gutman energies (MMCGE) of certain standard graphs (EX

-c(G)) and the lower and upper
bounds of Eé"c (G) were also established.
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1. Introduction

“Energy of graphs” is one of the key parameter in the study of graphs
especially minimum mean covering energy in its minimum covering. A
special type of graph energy named MMCE was introduced by Adiga
et. al. [1]. The sum of the magnitudes of characteristic values from the
Gutman matrix is named as Gutman energy[2]. Some of the preliminary
definitions and examples are mentioned here:

Definition 1.1: The smallest set C < V of a graph G = (V, E) such that for
every ecFE atleast one v € C as an end vertex of ¢ is minimum covering
set (MCS) of G.

Definition 1.2: Let C be the MCS of G=(V,E). Then the minimum
covering Gutmanmatrix (MCGM)[5] of G is a n x n matrix defined as:

: 1 ifi=jandv, e CD
Ay (G)=10 ifi = jand v, ¢ CD
d, djd(v,. ", ) otherwise

Where di,d]. are the degrees of vertices v,,v, and d(vi,v].) is the
shortest distance between 0,0, in G.

Definition 1.3: For a graph G of order “n” with ZCGM(G) as MCGM,
the minimum covering Gutman energy(MCGE) of graph [1, 2, 5] is
E.(G)=XLlg |, where g, g,.., g, are the characteristic values of

A, (G).

Definition 1.4: The MMCGE [3,4] of a graph “G” is then defined as
EX(G)= XLlg —gl, where g, g,.., g, are the characteristic values of

Ay (G) and g their average.

Example 1.5: The MMCGE depends upon the choice of MCS of G.
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Proof: For the following graph G, with minimum covering sets C, = {v,, v,,
U5}I C2 = {UZ/ U4/ 05}

vy v vy

(1) For C] = {V]/ Vy, Vs}/

1 9 12 6 15

9 1 6 12 15

the MCGM is A, (G)=|'2 & 0 8 10
G 6 12 8 0 10

15 15 10 10 1
6 6 4 4 5

[*)}
S Ul s N O

The characteristic values are —16.3417, -14.00, —7.2977,-2.5721, -2 and
45.2115.

3

Mean = c 0.5.

The Minimum Mean Covering Gutman Energy (MMCGE) is
computed as:

Bl (G)=1-16.3417 3| +|-14-3 | +| 72977 -3 | +|-2.5721 -3
+]-2-3]+]45.2115-3|
=19.3417 +17 +10.2977 + 5.5721 + 5+ 42.2115 = 99.423.

Similarly, we can find the Minimum Mean Covering Gutman Energy
of C,= {v,, v,, v;} and we can observe that the minimum mean covering
Gutman energy depends upon minimum covering set.

In the following sections, MMCGE for certain graphs and lower and
upper bounds of few standard graphs are discussed.

2. The Minimum Mean Covering Gutman Energy of graphs

Theorem 2.1: The MMCGE of star graph K, , , is

%+\/(2g_3)2+4(g3—3g2+g+3) when g>3.
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Proof: The minimum covering set is CD = {v,} (where v, is the centre

vertex) for K, with V ={v,, Ve, %

g-1

The MCGM of ICLgf1 is

1 g-1 g-1 g-1 g-1

_ g1 0 2 . 2 2
ACGM(ICl,g—l): g1 2 0 _ 2 _ 2
g1 2 2 - 0

8&*&
Then the characteristic Equation (CE) | I?XCGM(ICLg_1 )—01|=0is
(B+2 Y2 - (2g-3)0—(g° -3¢" +g+3))=0.

The Characteristic Equation (CE) of MCGM of kl,g are -2 with (g-2)

-1

(28-3)+/(28-3)* +4(g>~382 +5+3)

times and 5 each one time.
= 1
Mean ¥ =-=.
8
The MMCGE is computed as:
y ey 1, | (28-3)+)(2g-3)2+4(g>-3g%+g+3) 1
ECG(ICLg,l)_ i:1|_2_§|+| 2 _;|
_ (g-2)(2g+1) 4] (2g%-3g-2)*g+[4g>~16g+21 |
g 28

2%:3’*1) + \/(zg_3)2 +4(¢° -3¢° +¢+3) wheng > 3.

Theorem 2.2: The MMCGE of Crown graph Sg is

4(g—1) +1+(g—1)/(2g—3)*(2g—1)* +8(g—1)* when g>3.

Proof: Let V ={u,,u,,...,u,, 0,,0,,...,0 .} be vertex set of Sg.

Then MCS'is C ={u,,u,,...,u,}.
Then MCGM, is an 2g x 2g matrix,
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ACGM(Sg):

1 20g-17 20g-1? - 20917 3(g-1F (g-DF (-1 - - (g1
2(g -1y 1 2g-1% - - 20g-1)* (-1 3(g-1* (g-1)* - - (g-1)7°
2Ag-17 2g-1° (-1 - - 20g-1)* (g-1° (g-17 3(g-1* - - (g-1
2g-17 2(g-1)° 2g-1° - - (g-D* (g-D° (¢-D* (g-1)* - - 3(g-1°
3(g-1D* (g-1)* (g-1* - - (g-17 0 2g-1% 2(g-17 - - 2g-1°
(g-1* 3(g-1* (g-1° - - (g-1)* 2g-1° 0 2g-17 - - 2(g-1)°
(-1 (g-D* 3(g-1° - - (g-D* 2g-1° 20g-1° 0 © e 2(g-1y
L= (-1 (¢-1)* - - 3(g-1* 20g-1 20g-1* 2(g-1* - - 0 |

Then the CE, | A, (8)- 911 =0 is

(¥* +(2g-3)(2g - -2(g 1)) (9" ~(4(g -1’ + 1)»
+(g-1)°(Bs(g-1)(g-4)+2))=0.

The CVof MCGMof S_ are

~(28-3)(28-1)+y/(2g-32(2g-1/+8(3-1)
2

(g—1) times

(4(3-1+1)y(4(g-1)>+1)*—4(g-1)* (Bg(g-1)(g-4)+2)
2

each one time.

_1
Mean ¢ = _.
Then MMCGE of Crown graph

[—(2g—3>(2g—1)iJ<2g—3>2(2g—1)2+8<g—1>2 1 }
2

M 0y _ &L
ECG (Sg) T Lai=1 2

\(4(g—1)3+1)iJ<4(g—1>3+1)2 ~4(g-1)°(3g(g-1)(g-4)+2) 1

+
2 2

= 4(g—1)° +1+(g—1(2g—3)*(2g 1> +8(g 1)’

Theorem 2.3: The MMCGE of the cocktail party graph K., is equal to

w + (8g(g—17 +1 )" —32(g—1* when g>3.

Proof: For ICng with vertex set V =US_ {u,,v,}, the MCSis C = Uf;ll {u,v}.
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Hence, the MCGM is

XCGM(KgXZ):

[ 1 8(g-1® 4g-17 417 - - - - Ag-DP Ag-1P 4g-1P 4(g-1)
8(g-1) 1 Hg-17 4g-1)° - - - - Ag-1)’ Hg-1? 4(g-1° 4g-17°
4g-17 4(g-1° 4g-17 8(g-1° - - - - 4g-1° 4g-17 4(g-1° 4(g-17°
4g-17 4(g-1° 8(g-17 4(g-1° - - - - 4g-1° 4@g-17 4(g-1° 4(g-17°
4g-17 4(g-1° 4g-17 4g-1° - - - - 4g-1° 8(g-17 4(g-1° 4(g-17°
4g-17 4g-1° 4g-17 4g-D* - - - - 8(g-D' 4g-17 4(g-1" 4(g-1°
4g-1" 4g-17 4g-17 4g-1)* - - - - 4g-1P 4g-1) 0 8(g -1y’
[4(g-1° 4g-1)° 4(g-1° 4g-1* - - - - 4g-1)" 4g-1° 8(g-1y 0 |

The CE, | Aggy (K,.,)~0I1=0 is
(®+8(g-1)) -1 (¥ +(8(g-1)* - D))" (¥* ~(8g(g-1)* + v
+8(g—1)%) = 0.
The CVs of MCGM of K,,, are -8(g~1)" of one time, ~(8(g~1)* ~1)

2

(8g(g—1)2+1)+\/(8 g(g-1)2+1)*-32(g-1)> cach

of (g-1) times, 1 of (g-2) times and 5

one time.

Mean E:%_l.

The MMCGE of K, = E.(K,,,)

G

-1 -1 -1 -2 -1
~I-8(g -1 - £+ T 18- 1 DS 1+ T (157 1+

(83(5-17+1)+/8g(s-1>+1>-32(g- 1 g-1 |
2 8

-1 -1 -2
=%(8;5'(5’—1)+1)+5’7(8g(g—1)2 —g+g—1)+g7
| 8B3(g-1+1)-g+1eg\(8g(g-D+1P-32(g-1?

2g

- 884-16g3g+8g2+g—2 +Bg(g—1) +1)* —32(g 1.

+|
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3. Bounds of MMCGE

Result 3.1 [2,5]: Let G =(V,E) be asimple (g, f) graph with |C|=/C, where
CisMCS. If ¢, c,,..., ¢, are the CVs of MCGM of G i.e A;,,(G) then
() Shoc, =K (i) Tiic? =K +20 where { =X, (ddd, ).

i

Theorem 3.2 [5]: Let G =(V,E) be a simple (g,f) graph with |C|= K, where C

is MCS. Then
JIK+28 ) <E(G)<4g(K+2).

Theorem 3.3: Let G be a simple graph (g, f) with | C |= K, where Cis MCS. And
Cyy Cypeney Coaare the CVs of Ao, (G) with mean ¢ then,

JK+20)-2[¢ g0 +20) [< B (G) < g((K +20) +gT7).

Proof: By Cauchy-Schwarz inequality
2
(Za1tm, 1) = (ZL02)(Z8m?)
Take I, =1, m, =|c,—c| then,

(B G = (ELDELIe - )
()ELile,—TP)
8(2?‘;1 Ciz +25 EZ)
§(Xiic” +87%)
g(K+20)+gc?)

A 1

Then

EY.(G) < {g((k+20)+gc%)

Also
[EX (G

Ehile,-cl?
Z§:l| C,‘ _E |2

fale, =21 1Xile, |

(K+20)-2]c|{g(K+20)

vV v

v

Then



74 M. V. C.RAO, D. V. LAKSHMI, N. SRIMANNARAYANA AND K. A. VENKATESH

EBY(G) > (C+20)-2 | J3(K+20).

Theorem 3.4 [5]: Let G = (V, E) be a simple graph with |C| =K, where C is
MCS and P = det A.,,(G). Then

\/(K+2§)+g(g—1)P% |<E(G) <4/(K+280).

Theorem 3.5: Let G = (V, E) be a simple (g, ) graph with |C| =K, where C is
MCS and P = det A.,(Gland c,, c,,..., c,are the CVs of MCGM, A,(G) with
mean ¢ then,

\/(/C+2§)—2|E|,/g(16+2gg) | < EY(G) < \/g((K+280)+gc).

Proof: By Cauchy-Schwarz inequality

ELillm ) = (ZLLHELm?)

Take I, =1, m, =|c,—c| then,
B G = ELDELle,-c)

(§) (Ziile,—cP)
§(Ehie” +XLic?)
§(Xfic” +gc”)
§((Zkic)* +8c7)
g((K+2¢0)+g¢?)

A AT

Then

BYL(G) < \g((K+2g0)+gc )

IA

Also

[EC@T = Zhle, -cl)y’
z?:ll C,‘ _E |2
Thile, P21 Zhle |

(K+28)-2]c|/g(K+2g0)

2\

[\

Then
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BY(G) = (C+20)-2¢ |3 +280)

Theorem 3.6 [5]: Let G = (V, E) be a simple (g, ) graph with | C| = IC, where C

is MCS, then
B (G)<X ;24 + \/(g—l)[(lC + zg)_(’“Tz‘f] ]

Theorem 3.7: Let G = (V, E) be a simple (g, ) graph with |C| =K, where C is
MCS and then

EM.G)< | g {%2&\/@1{(;@2@(“724} H + g7

Proof: By Cauchy-Schwarz inequality
Ehllm 1) = (ZL1)ELm?)
Take I, =1, m, =|c,—c| then,

[E G = ELDELe, - F)
@) (Zle, )
§(Xiic” + X
§(Xiic” +8c7)
gL (il 1) +g2”]

2

g [—’C+2§+\/(g—l){(mzc)—(’mgj ” g |.
g g
Hence

B G)< | g [%%\/(gl)[(mzc)[“;zﬂ H +g2

I IN

IA

IA
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Conclusion

The MMCGE for standard graphs is discussed and some of the good
results for it were also discussed. Also discussed are the upper bounds of
EX.(G) in this article. These results are very useful in finding the energies
between the atoms in chemical bonding and also in molecular orbital
theory. The MMCGE can also be obtained for the graphs discussed by
Mario Gionfriddo [6], Huiming Duan, et. al. [7] and Pintu Bhunia, et. al.

[8].
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