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Abstract
We investigate the existence and uniqueness of solutions to the second kind of 

generalized nonlinear Volterra-Fredholm integral equations (GNV-FIEs). These equations 
are analyzed using the Banach fixed point theorem and Picard’s approach, particularly in 
situations where Picard’s method might not work. We also present a new numerical method 
which incorporates quadrature principles, including Simpson’s 3/8 and Romberg, with 
the modified Adomian decomposition method (MADM). This method can be extremely 
effective when calculating definite integrals becomes challenging. We begin our paper with 
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a brief overview of the topic and then go into great detail into the suggested approach. We 
then illustrate the applicability of the theoretical results through numerical examples, which 
are presented in tables and figures for clarity.
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1. Introduction 
Many physical and biological models give birth to the nonlinear integral 

equations (NIEs) [1, 2, 3, 4]. Estimating the approximate solutions of various NIE 
types is hence of tremendous interest [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].  

Numerous academics have published a variety of articles to assess the 
numerical solutions of IEs over the past two decades. The Taylor expansion 
approach was invented and implemented by Yalcinbas [16] to solve the second 
kind of nonlinear Volterra-Fredholm integral equations (NV-FIEs). Abdou et al. 
[17, 18, 19] offered a number of strategies for resolving various NIEs kinds. 
Mahmoudi [20] solved the nonlinear Volterra and Fredholm IEs of the second 
class with the continuous Legendre wavelets. Additionally, Badr [21] solved the 
two-dimensional NV-FIEs using a block-by-block approach. Berenguer et al. [22] 
focused on approximating the solutions for the NVIEs of the second kind utilizing 
the Banach fixed point theorem and the characteristics of a biorthogonal system in 
Banach space. The Newton-Kantorovich and quadrature methods are combined in 
a new method devised by Saberi-Nadjafi and Heidari [23]. Mirzaee and Hoseini 
[24] used a mix of block pulse functions and Taylor series to solve the NV-FIEs 
numerically. Also, Zarebnia [25] provided a numerical method for solving the 
class of NV-FIEs that was based on globally determined sinc basis functions. 
Using multiquadric radial basis functions, Almasieh and Meleh [26] presented a 
numerical technique for solving the NV-FIEs in two-dimensional space. Using 
the Haar wavelet collocation method, Shiralashetti and Mundewadi [27] found 
numerical solutions of NV-FIEs. Berenguer and Gámez [28] also covered the 
numerical solutions of several two-dimensional IE types and the calculation of 
error bound. Additionally, Tofigh and Ezzati [29] introduced a novel category of 
orthogonal basis functions for resolving the second-kind NV-FIEs.  

This article's primary goal is to investigate the solvability of second-kind 
GNV-FIEs. Furthermore, we devise a practical method that combines the MADM 
and the quadrature (Simpson   , Romberg) rules to approximate the solution of the 
GNV-FIEs of the second type. This method is employed in situations when 
calculating the definite integral may prove to be quite challenging.  

2. Solvability for the second kind of the GNV-FIE 
Consider the essence about the following the second kind of GNV-FIEs  
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                                 ∫    ∫                 
                      (2.1) 
where         are constants. 

In the space                     where       is the domain of integration 
with regard to the location   and the time        , Eq. (2.1) is examined. So, 
assume the following conditions:  
1.  The positional kernel                        fulfills what follows: 

                      ; on the other hand, the time kernel satisfies 
the following:                       .  

2.  The function        satisfies 

  ‖ ‖                  
     

|∫    (∫             )
 
   |    .  

3.  The functions                      satisfy:  
(a)  The Lipschitz condition 
                                                             ,  
 where 

  ‖  ‖     
     

|∫    (∫      
        )

 
   |    .  

(b)  The following inequality  

     
     

|∫    {∫                     }
 
   |    ‖ ‖,  

where                and    are positive constants.  

Theorem 2.1: Under the assumption that criteria (1)–(3.a) are satisfied, if  

            
       

  (2.2) 

then, the equation (2.1) admits a unique solution        within the space 
              .  

Proof: The solution of Eq (2.1) is assumed to be constructible as a sequence of 
functions             utilizing Picard's method. So, we get  

                                    ∫    ∫                 
                         (2.3) 
with               . Let  
                                            (2.4) 
with  
          ∑   

                        (2.5) 
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where the functions                      are continuous functions. 
If an additional continuous solution  ̃      exists for Eq. (2.1), applying 

the norm properties results in  

   ‖        ̃     ‖  ‖ ̃      ‖     ‖∫    ∫                 ̃          ‖    

   (2.6) 
where  

 ̃                              ̃              
With the aid of the specified conditions (1)–(3.a), we obtain  

  ‖        ̃     ‖    ‖        ̃     ‖    
             

     (2.7) 

When ‖        ̃     ‖   ,      is obtained, which is incompatible 
with (2.7). It follows that ‖        ̃     ‖    and that         ̃      is 
indicated.  

Remark 1: Incase of                  in (2.1), Theorem 2.1 was proved 
with        

       
 El-Borai, Abdou, and El-Kojok [30].  

3. Normality and continuity of the integral operators 
We will now examine the Banach fixed point theorem as a source of 

existence and distinctive solution for the first and second kind of NV-FIE (2.1). 
So, the NV-FIE (2.1) can be expressed in the integral operator form  
                     (3.1) 

where                     ∫    ∫                                     

Theorem 3.1: If conditions (1) to (3) are fulfilled, the operator   in       is 
normal and continuous. This ensures that the NV-FIE       admits a unique 
solution within the function space               , as long as         

       
.  

Proof: Firstly for the normality 
Employing         and        norm properties whenever        , and 

      meet the criteria, we acquire  

 ‖  ‖  ‖              ‖     ‖∫    ∫                                  ‖ 

     ‖ ‖                   (3.2) 

The operator   is contraction if         
       

. This is indicated by the 
result     . As a result, the normality of the integral operator   leads, by 
condition    , to the normality of the operator  .  
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Secondly for the continuity 
Assuming that         and             [a, b] × C[0, T ], we obtain the 

following by applying the norm properties under the constraints (1)-(3.a), 

  

‖       ‖  ‖       ‖
 ‖  (           )    (           )‖
  | | ‖∫    ∫  

 
                            

                     ‖
   ‖     ‖       | |        

 (.3) 

Here      implies that   is a contraction operator within the space         
       and that   is continuous if | |      

       
. In accordance to the Banach 

fixed point theorem, there is just a single fixed point for  . The existence and 
uniqueness of the NV-FIE (2.1) solution are established if we apply the continuity 
and normality of the integral operator.  

Remark 2: If                  arise throughout (2.1), El-Borai, Abdou, and 
El-Kojok [30] employed | |   

       
 to verify Theorem 3.1.  

4. Modified Adomian decomposition method for GNV-FIEs 
Applications of MADM [31] have drawn a lot of attention because it is 

recognized as an energetic tool for addressing NIEs. As a result, the solution of 
Eq. (2.1) can be written as  
         ∑   

            (4.1) 
additionally, the approximate solution is displayed as  
          ∑   

                      (4.2) 
Consequently, an infinite series of Adomian polynomials can be obtained by 

decomposing the nonlinear terms of Eq. (2.1) as  
                 ∑   

                   (4.3) 

where  

           
 
  (

  

         ∑   
             )

   
       (4.4) 

and the free term can be expressed as  
         ∑   

            (4.5) 
Accordingly,  

                 
                             ∫    ∫  

 
                              

               (4.6) 
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If obtaining the definite integral in (4.6) seems to be extremely challenging, 
we may employ one of the subsequent quadrature rules.  

4.1 Simppson    rule (SR) 

Let       be split into    subintervals of width    
   
  . With the 

sample points equally spaced          ,               , we obtain  

            ∫                       

                 
 ∑   

                            

                    
 ∑   

                            

                    
 ∑   

                            

                    
 ∑   

                         (4.7) 

Hence, (4.6) becomes  

     
               
                            ∫                       
            

 (4.8) 

4.2 Romberg rule (RR) 
Consider the equally spaced sample points defined as          , 

where             , and partitioning the interval       into    
subintervals of equal length    

   
  , it follows that  

            ∫                       

                  
  (                                       ) 

                    
  ∑     

                        

                    
  ∑   

                            

                    
  ∑     

                            

                    
  ∑     

                             (4.9) 

Hence, (4.6) becomes  
               
                            ∫                       
                                                

 (4.10) 

4.3 Convergence analysis 
We here offer the necessary condition for the series under consideration to 

converge.  
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Theorem 4.1: Assuming that                for       satisfies the Lipschitz 
condition      , and that condition     holds, the series solution       of 
equation       converges if and only if there exists a constant    

             
    

such that         .  

Proof: Let         is the approximate solution of Eq.(2.1), then we have  

 

‖    ‖                  
     

|∫    (∫                    
   )

 
   |

  
   ‖                              ‖

     
   ‖∫    ∫                                   

                     ‖
  

      ‖    ‖            ‖    ‖ 

  
                  ‖    ‖

   ‖    ‖    
             

    

 (4.11) 

In the event that ‖    ‖   ,     , which is incompatible, occurs. 
Thus, as    , ‖    ‖   , completing the proof.  

5. Numerical results and discussion 
In this section, the solution error behavior for the second kind of GNV-FIEs 

will be clarified for some applications using the methods that were previously 
described.  

Example 1: Assess the following second kind GNV-FIE  

          (             )
            √       √       

   ∫    ∫            
              (5.1) 

This IE has an exact solution of              . For     and 
     , the behavior of the error and a comparison of the approaches offered at 
various values of   and   are displayed in Figures (1-3). The maximum error 
           

 
                              and         is also listed 

in Table (1). 
Table 1 

       , the maximum error, for various values of  . 
  MADM MADM-SR MADM-RR 
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Figure 1 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 

 
Figure 2 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 
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Figure 3 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

Example 2: Assess the following second kind GNV-FIE  
                                                     
      ∫   

 ∫   
                      (5.2) 

Here,                  is the exact solution of this equation. In the case 
of     and      , Figures (4-6) illustrate the error's behavior and compare 
the various approaches. Moreover, the maximum error         for some 
        is listed in Table (2).  
 

 
Figure 4 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 
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Figure 5 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 

 
Figure 6 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 
Table 2 

       , the maximum error, for various values of  . 

  MADM MADM-SR MADM-RR 
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Example 3: Assess the following second kind GNV-FIE  

                               (   
   )      (   

   )          

      ∫    ∫   
                      (5.3) 

This IE has the accurate solution                
    . For     and 

     , Figures (7-9) examine the behavior of the error and compare the various 
approaches that are given for various values of   and  . Furthermore, for some 
       , Table (3) displays the greatest error        .  
 

 
Figure 7 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 

 
Figure 8 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 
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Figure 9 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 
Table 3 

       , the maximum error, for various values of  . 
  MADM MADM-SR MADM-RR 
                                     
                                     
                                     

Example 4 Assess the following second kind GNV-FIE  
                                                      
      ∫   

 ∫   
                            (5.4) 

This IE has an exact solution of               . Since it was difficult to 
compute the finite integral in this example, we simply employed the MADM-SR 
and MADM-RR to examine how the error behaved at various values of   and   
for     and      , as shown in Figures (10-12). Additionally, for some 
       , Table (4) examines the maximum value of the error         in the 
obtained results.  
 

Table 4 
       , the maximum error, for various values of  . 
  MADM-SR MADM-RR 
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Figure 10 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 

 
Figure 11 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 

 

 
Figure 12 

The errors behavior at       are indicated, as derived from the previously 
discussed methods. 



14� A. S. RAHBY, M. A. ABDOU AND G. A. MOSA

References

	 [1]	 M. A. Abdou, M. N. Elhamaky, A. A. Soliman, and G. A. Mosa, “The 
error behaviour of collocation and Galerkin methods in solving in-
tegral equations,” Benha Journal of Applied Sciences, vol. 5, no. 7 part 
(1)-(2), pp. 189–198 (2020). 

	 [2]	 C. Constanda and M. E. Pérez, Integral Methods in Science and Engi-
neering. Springer (2010). 

	 [3]	 A. Jerri, Introduction to Integral Equations with Applications. John 
Wiley & Sons (1999). 

	 [4]	 A. Wazwaz, Linear and Nonlinear Integral Equations. Springer, vol. 
639 (2011). 

	 [5]	 N. S. El Said, M. S. Semary, D. A. Hammad, and M. S. El-Azab, “A 
simple iterative approach for some fractional order models of engi-
neering applications,” Benha Journal of Applied Sciences, vol. 9, no. 5, 
pp. 89–96 (2024). 

	 [6]	 M. A. Abdou, A. A. Soliman, M. H. Abdalla, F. A. Gawish, and G. 
A. Mosa, “On existence and uniqueness of fractional linear integro 
partial differential equation with evolution kernel using modified 
Bielecki method and its numerical solution,” Benha Journal of Applied 
Sciences, vol. 5, no. 7 part (1)-(2), pp. 175–181 (2020). 

6. Conclusion 
The uniqueness and existence of the solution to Eq. (2.1) in the space 

               has been addressed in this study using Picard's technique. 
Additionally, in order to demonstrate the existence and uniqueness of the 
solution, we looked into the normality and continuity of GNV-FIE (2.1) using the 
Banach fixed point theorem. Furthermore, a modified Adomian decomposition 
approach based on the quadrature (Simpson  

 , Romberg) fundamentals has been 
developed to estimate the solution of the GNV-FIEs. This method is employed 
when the definite integral becomes extremely challenge to calculate. To 
demonstrate the accuracy and validity of the suggested ways displaying the error 
behavior for each instance, illustrative examples were provided. We can infer 
from the results that MADM-Romberg rule is more accurate than 
MADM-Simpson 

  rule due to the precision of MADM with the quadrature 
formulae. Furthermore, compared to other rules, it is clear that the 
MADM-Romberg rule provides the same relative accuracy as MADM and is a 
superior way for obtaining the approximation solutions of GNV-FIEs.  



GENERALIZED NONLINEAR VOLTERRA-FREDHOLM INTEGRAL EQUATIONS� 15

	 [7]	 M. A. Abdou, M. N. Elhamaky, A. A. Soliman, and G. A. Mosa, “The 
behaviour of the maximum and minimum error for Fredholm-Volter-
ra integral equations in two-dimensional space,” Journal of Interdisci-
plinary Mathematics, pp. 1–22 (2021). 

	 [8]	 K. E. Atkinson, The Numerical Solution of Integral Equations of the 
Second Kind. Cambridge University Press, Cambridge (1997). 

	 [9]	 S. M. Zemyan, The Classical Theory of Integral Equations: A Concise 
Treatment. Springer Science & Business Media (2012). 

[10]	 H. Almasieh and J. Meleh, “Hybrid functions method based on radial 
basis functions for solving nonlinear Fredholm integral equations,” 
Journal of Mathematical Extension, vol. 7, pp. 29–38 (2014). 

[11]	 M. Matinfar and M. Pourabd, “Modified moving least squares meth-
od for two-dimensional linear and nonlinear systems of integral 
equations,” Computational and Applied Mathematics, vol. 37, no. 5, pp. 
5857–5875 (2018). 

[12]	 A. Asanov, R. Almeida, and A. B. Malinowska, “Fractional differen-
tial equations and Volterra–Stieltjes integral equations of the second 
kind,” Computational and Applied Mathematics, vol. 38, no. 4, p. 160 
(2019). 

[13]	 G. A. Mosa, M. A. Abdou, and A. S. Rahby, “Numerical solutions for 
nonlinear Volterra-Fredholm integral equations of the second kind 
with a phase lag,” AIMS Mathematics, vol. 6, no. 8, pp. 8525–8543 
(2021). 

[14]	 A. J. Abdulqader, R. B. Abdulmaged, and B. M. Abdali, “Numeri-
cal solution for solving nonlinear Volterra-Fredholm system by using 
iterative techniques,” Journal of Interdisciplinary Mathematics, vol. 27, 
no. 4, p. 991–1000 (2024). 

[15]	 M. B. Kadhem and M. R. Nasif, “Quadratic non-polynomial spline 
approximation for non-linear Volterra-Fredholm integral equations 
of the second kind,” Journal of Interdisciplinary Mathematics, vol. 25, 
no. 5, pp. 1383–1390 (2022). 

[16]	 S. Yalc¸inbas¸, “Taylor polynomial solutions of nonlinear Volterra–
Fredholm integral equations,” Applied Mathematics and Computation, 
vol. 127, no. 2-3, pp. 195–206 (2002). 

[17]	 M. A. Abdou, “On the solution of linear and nonlinear integral equa-
tion,” Applied mathematics and computation, vol. 146, no. 2-3, pp. 857–
871 (2003). 



16� A. S. RAHBY, M. A. ABDOU AND G. A. MOSA

[18]	 M. A. Abdou, W. G. El-Sayed, and E. I. Deebs, “A solution of a nonlin-
ear integral equation,” Applied mathematics and computation, vol. 160, 
no. 1, pp. 1–14 (2005). 

[19]	 A. S. Rahby, M. A. Abdou, and G. A. Mosa, “On the solutions of the 
second kind nonlinear Volterra-Fredholm integral equations via ho-
motopy analysis method,” International Journal of Analysis and Appli-
cations, vol. 20, p. 35 (2022). 

[20]	 Y. Mahmoudi, “Wavelet galerkin method for numerical solution of 
nonlinear integral equation,” Applied Mathematics and Computation, 
vol. 167, no. 2, pp. 1119–1129 (2005). 

[21]	 A. A. Badr, “Block-by-block method for solving nonlinear Volterra-
Fredholm integral equation,” Mathematical Problems in Engineering, 
vol. Artical ID 537909, doi:10.1155/2010/537909, (2010) 8 pages. 

[22]	 M. I. Berenguer, D. Gámez, A. I. Garralda-Guillem, and S. Pérez, 
“Nonlinear Volterra integral equation of the second kind and bior-
thogonal systems,” in Abstract and Applied Analysis, vol. 2010. 
Hindawi (2010). 

[23]	 J. Saberi-Nadjafi and M. Heidari, “Solving nonlinear integral equa-
tions in the Urysohn form by Newton–Kantorovich–quadrature 
method,” Computers & Mathematics with Applications, vol. 60, no. 7, 
pp. 2058–2065 (2010). 

[24]	 F. Mirzaee and A. A. Hoseini, “Numerical solution of nonlinear Volt-
erra–Fredholm integral equations using hybrid of block-pulse func-
tions and Taylor series,” Alexandria Engineering Journal, vol. 52, no. 3, 
pp. 551–555 (2013). 

[25]	 M. Zarebnia, “A numerical solution of nonlinear Volterra-Fredholm 
integral equations,” J. Appl. Anal. Comput, vol. 3, no. 1, pp. 95–104 
(2013). 

[26]	 H. Almasieh and J. N. Meleh, “Numerical solution of a class of mixed 
two-dimensional nonlinear Volterra–Fredholm integral equations us-
ing multiquadric radial basis functions,” Journal of Computational and 
Applied Mathematics, vol. 260, pp. 173–179 (2014). 

[27]	 S. C. Shiralashetti and R. A. Mundewadi, “Numerical solution of 
nonlinear Volterra-Fredholm integral equations using Haar wavelet 
collocation method,” Bulletin of Mathematical Sciences and Applications 
Vol, vol. 18, p. 51 (2017). 



GENERALIZED NONLINEAR VOLTERRA-FREDHOLM INTEGRAL EQUATIONS� 17

[28]	 M. I. Berenguer and D. G´amez, “Numerical solving of several 
types of two-dimensional integral equations and estimation of error 
bound,” Mathematical Methods in the Applied Sciences, vol. 41, no. 17, 
pp. 7351–7366 (2018). 

[29]	 A. A. C. Tofigh and R. Ezzati, “Introducing a new approach to solve 
nonlinear Volterra-Fredholm integral equations,” TWMS J. Pure Appl. 
Math., vol. 10, no. 2, pp. 175–187 (2019). 

[30]	 M. M. El-Borai, M. A. Abdou, and M. M. El-Kojok, “On a discussion 
of nonlinear integral equation of type Volterra-Fredholm,” Journal of 
the Korean Society for Industrial and Applied Mathematics, vol. 10, no. 2, 
pp. 59–83 (2006). 

[31]	 A. Wazwaz and S. M. El-Sayed, “A new modification of the Adomian 
decomposition method for linear and nonlinear operators,” Applied 
Mathematics and computation, vol. 122, no. 3, pp. 393–405 (2001). 

		  Received June, 2024


