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2 M. HOUAS AND M. BENBACHIR

1. Fractional calculus

In differential equations, the fractional calculus have shown its wings in the
modeling of many problems in science, technology and engineering. Several
works on fractional calculus and fractional differential equations have appeared
recently, see [1, 5, 7, 9, 10, 22, 23]. In quite recent times, there has been a very
important progress in the study of the theory of differential problems involving
fractional derivatives, see [2, 6, 8, 11, 12, 14, 17, 25]. Recently, many scholars,
have studied the Ulam-Hyers stability of solutions for some differential equations
with fractional calculus. See the research works [3, 4, 9, 13, 15, 16, 20, 21, 24].
So, in this manuscript, we study the propoesd fractional problem:

DA(D* + Nz(r) — Hf(r,z(t)) =Yk, Kil‘sihi(’[,z(r)),r €0,
] 1)
z(0) = [, @(s)z(s)ds, DPz(T) = ADPz(1),0 <n <T,
where © = [0,T],D9, q = a, B, p denote the Caputo fractional derivative, with
O<a,f<la+pB€ell2], p<a+p and 0<§; <1, K;,0,4, are real
constant, f, h: AX R? - R,i € {1,...,k} are continuous functions on A. The
operator I? is defined as

PIf®)] = —

)

where T'(9): = fooo e *“u%1du. The operator DY is defined as

Dy (t)] = - (nl_a) J @=s)"1"ly™(s)ds,a < 7 < b.

fOT (t —s)'f(s)ds,a > 0,7 =0,

We need also the following auxiliary lemmas [18, 19]:

Lemma 1: For n—1 < q < n,n € N*, the general solution of D[z(t)] = 0 is
z(T) = ey + e;T + e, T2+ e, TY,

where e; € R.

Lemma 2: Suppose that n € N*, and n —1 < q < n . Then, we have
19[D[z(D)]] = 2(7) + g + €17 + e, T2 +... e, TV,

for some c; € R.

In order to define the solution of (1), we need the following auxiliary result:
Lemma 3: Suppose that g € C(A,R), then, the problem

DE(D* + D)z(x) = g(1),T € A< B, €]1,2], (2)
subject
z(0) = fOT @(s)z(s)ds,DPz(T) = AD?z(n),0 <n < T,

admits the following solution



SOLVABILITY AND STABILITY OF NONLINEAR DIsERENTIAL PROBLEMS 3

7-5)2+B T—
z(1) = f;%g(s)ds—lfﬂ ki x(s)ds

a (T (T—s)%*+B-p-1 a (T (T=5)%
N a9 g(s)ds + AAt* [ 7x(s)ds &)

_g)a+B-p
+AAT® fon %g(s)ds — ANAT® fn Lx(s)ds

+J, p(s)x(s)ds,

where

L I'a-p+1) a-p a-p
A= [(a+1)(TA~P—Ana-p)’ T # An*.

Proof: Let z be a solution for the problem (1), by using lemma 3, we can write
2(1) = 1**Plg()] - U*[z(D)] - =1 (4)

where e, and e, are arbitrary constants. Since z(0) = fOT @(s)z(s)ds, we

obtain e; = — foT @(s)z(s)ds.
Thanks to lemma 2, we get

DP2(z) = PP [g(D)] = AU P[2(0)] - ;s T,

I'a +1)

By DPz(T) = ADPz(n), we can write
Co = e L (1P [g(T)] — A% P [2(T)] — AI*FP[g ()] +

(re=P—an-P)
AAI“P[z(m)]).
Substituting the value of ¢, and c; in (4), we obtain the solution (3).

2. Main Results

Now, we show the existence and stability results for problem (1), to reach
that we place the problem in the space Z = € (0, R), and we define a

supremum norm ||z|| such that ||z|| = supeelz(7)].

Now, we define d)'Z - Z by:

r(rs)+B‘5 -1

¢z(7) : = fT @9 f(s x(x))ds + X%, K; f, F(M—Mh-(s,z(x))ds

T'(a+B)
f(s, Z(s))ds

T G- s) _ a (T (T-s)@+B-p-1
A/, z(s)ds ABT* | @

T (T_S)a+ﬁ p+8;-1

—AT® VK . .
AT T K F(a+ﬁ - hi(s, z(s))ds
a+pB-p-1
+AAT? fT - S) Z(s)ds + AAOT® fﬂ %f(s, z(s))ds

@k . n (T]—S)OH'B p+6 -1
+HAAT® 2y K J‘0 C(a+B-p+6;)

—ANAT® fn wz(s)ds +f @ (s)z(s)ds. (5

h; (s, z(s)) ds
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We give the notations:
10IT*+E  |AB|(T2%B~P+|a|T*n*+E-P)

A= T(a+B+1) T(atf—p+1) o
+3E, 1K, |L kLK |A|(T2OHBP Oy 4 oy @ BPHEL)
=1 il riargrs+1) =1 17 @tpproriD) )
and
C_AT® | 12A|(T2%TPHL4 AT %% P)
A= [(a+1) Ta-p+1) + MT, 7)
where
M = sup|p(7)|.
TEO

2.1 Existence and uniqueness results
Now, we prove the uniqueness results for the studied problem:

Theorem 4: If f, hj: @ X R > R, i € {1,..., k} are continuous functions. Also,
let

(H) 3 w;,i€{1,...,k+ 1} sothat forany 7 € © and all z,w € R,

If(z,2) = f(z,w)| < wy|z —wl, |hi(z,2) — hi(T,W)| < wigqlz — wl,
fori=1,...,k.

Then (1) has a unique solution provided by wA; + A4, <1, where w =
max{w;:i =1,...,k + 1}, A, and A, are defined by (6) and (7), respectively.
Proof: Let N = max{N;:i =1,...,k + 1}, where N; are finite numbers such
. NA
that Ny = supeejor)lf (7, 0)|, Niy1 = supreelh;(z,0)|. Setting r > m,
we show that ¢B, € B,, where B, = {z € Z:||z|| < r}.
For z € B, and for all T € 0, from the hypothesis (H,), we obtain:
lpz(7)]
T (T S)(Z+B+5i—1

< sup{l@l I %V(s 2(5))]ds + Ziey 1Kol S s, () s

T€EO

+al fy & S) 2(s)\ds + [A6]ee [ %V(s 2(s))|ds

T (T—s)@+F-P+8;-
I'(a+B-p+6;)

|hi (s, z(s)) |ds

T (T-5)* (
+|2A]77 |, Ffilz(s)lds+|AA9|t“f:W

+B-p+6;—1

+AlT® |K|f
|f(s Z(s))|ds

C
+HAAl T 1K ) Wlhi(s.z(s))lds

HanALe [ O ()l ds + ) lp()2(s)lds}
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T (t— S)a’+ﬁ 1(

_sup{|9|f ([ (5.2() = If s, 01| + £ (5, 0)1) ds

T (T S)a B+5 -1
1| llf T'(a+B+6;) (

21 f; S () lds

+1A] fOT T (£ (529) = 1G5, 1| + 1 5,001 ) ds

T (T— S)a+,8 p+8;—-1
ey vl — Ihy(s, 01| + Ihy(s, 0| ) ds

— Ihi(s, 01| + Ihs(5, 0)1) ds

Al T 1Kl [,

+12Al7 fT % |z(s)|ds

HAA01ee [ B2 ([ (s, 2(9)) - I (s, 00| + 17 (5, 0)1) ds
9P ([l 205)) = e, O] + Iy, 001 ) i

k n
+AAT* T 1K ), T(a+B—p+6)
HaaAle 7 T 1ds + 7 lp()2(s)lds),

oIt |Af Tza+b’ P4 |A|Tna+BP
l6 laei( lA| )| (w,r+ Ny
r'(a+p+1) I(a+p-p+1)
ra +B+68 X |A|(T2a+B—p+8i+|A|Tana+B—p+6i)
+|Zi= Kil [(a+B+6; +1) =1 |Kil T(a+B-p+8;+1)

(Wi417 + Niy1)
IAITE | JAA|(T2EPHL4|4|T %)% P)
I(a+1) T(a—p+1)

= M(wr+N)+A,r <,
so ¢B, C B,. Also, for z,w € B, and T € O, we obtain:
|pz () — pw(D)]

< sup{l@lfT (TF:HB) If(s,2(s)) = f(s,w(s))|ds

AN %Ih (5, 2(5)) = hy(s, w(s))|ds

+Mﬂr

+|A|f“’ =" 12(s) — w(s)lds

T'(a)
£ (s,2(5)) = £ (s, w(s))|ds

a (T (T-s)%*+B-p-1
+|A6|t fo @i
+B-p+6;—1
Al By (K ) e (5, 2()) = ha(s, w(s)) ds

+|AA [T fT%lz(s) w(s)|ds
+|AAB|T® fon(nr(aﬂlf(s 2(s)) — f(s,w(s))|ds
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_q)atf-p+8i-1
+AAIT* T, K, fon (nr(jw—pﬂsi) |hi(s,2(s)) = hi(s, w(s))|ds

n m-s)*P* T _
H28AL [T 1o(5) — wis)lds + f lp()l12(s) - w(s)lds}
|9|T0£+B |A9|(TZOL+B—p+|A|TanOL+B—p) ” _ ”
[(a+B+1) [(a+B-p+1) wpliz=w
za+B—p+5i+|A|Ta a+[?—p+5i)

k Tt ( n ) _
[ZL 1 lKlF(a+,8+6 ey + |A|Z =1 1Kl Tt p—pto,+D) wirllz —wl|

[AT® | JAA|(T2%"PHL4|4|T %)% P) _
I'a+1) I'(a—p+1) T MT] ”Z W”

= (wA; + D)z —wll,
which leads to ||z — dw|| < (wA; + A,)||z — w]|. Since wA; +4, <1, ¢ is
a contraction mapping.

Theorem 5: Suppose that the continuous functions f, h;:0 XR >R, i =
., k. Assume that:

(Hy) If(t,2) = f(r,w)| < a(r)lz - Wll‘ |hi(z,2) — hy(T,w)| < bi(D)|z — wl,
foreach t € O, z,w € R, where a,b; € Ls(0,R"), i =1,...,k,and ¢ € (0,1).
Denote [191] = (f] |e(s)|§ds)a, 9=ab,i=1,.,k
If
181llalllly + 25y b K Ty + 4, < 1, (®)
where

=T ()

a+B-o
A T2a+B—p—0'+A T® a+f-p-o 1— 1-o0
L l4IT% )( o) ' )
r'(a+B-p) a+p-p-o
Toz+[?+8i—¢r 1-0 1-0
My = T(a+B+6;) (a+ﬁ+8i—0')

|A|(T2a+,8—p+5i—o—+|A|Tana+[§—p+§i—¢r)

1-0 1-0 |
( ) ,i=1,...,k
I'(a+B-p+6;) a+B-p+6i—0o

and A, is given by (7). Then the problem (1) admits a unique solution.

Proof: For z,w € Z and t € 0, by Holder inequality and using (H,), we have:
|pz(7) — dw(D)]
_ B-1
< sup{|9| s S a)lz(s) — w(s)lds

€0 0 TI(a +B)
T (t-s5)%%F
Ikl m—wb ©)lz(s) = w(s)lds

+|A|f”’ D 2(s) - w(s)lds
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T
+]A6]7° fo %a(s)lz(s) w(s)lds
a T (T-5)%*
+AIT* K, 1K 7%,3 o hi)lz(s) — w(s)lds

+1AAlT fT T |o(s) - wis)lds

7 (n
+|AAB|T® fo —r( i)

- a(s)I2(s) = w(s)lds
+B-p+6;-1
AT T 1K) ‘"F(Mﬁbi(snz(s) — w(s)lds

+|AAA| “f” ("F(a — C2(s) = w(s)lds + [ lp()llz(s) — w(s)lds}.

=S {[rm,;)f (( . ds)“’ (1 a (s)ids)"

i ds) (7 bisyas)’

ds>1_a (2 atsyods)”

e (o) (i
M (R =D I (% a(s)[_lr)o B

) (10 o)

+Mﬂhu—wu

+XE 1%{;6# <(T—S)

|AB|T* _
+F(a+l3 p)f ((T s)

a+p-p-1

K] n
+|AA|T l 1I‘(a+B p+5)f ((77_5)
|A|T% |AA[T2%7P~1  |AAA|T%n %P
I'a+1) I'(a—-p+1) I'la-p+1)

1-g 1-o0
(lgllla” [F(a+ﬁ) zx+ﬁ—a)
n |A|(T2a+B P=0414|T% a+ﬁ—p—o‘)( 1-g )1—0']

I'(a+B-p) a+p-p-o
K 1-0 1-0
+ Xz IbllKG [I‘(zx+ﬁ+6) zx+ﬁ+6i—a)
|A|(T2“+B p+68; ~O414|T% a+p— p+é‘i—0) 1-c 1-0
'(a+B-p+6;) (a+ﬁ—p+5i—a)
[AIT® | JAA|(T2* P14 |A|T %% P) _
r(a+1) I(a-p+1) + MT]) ”Z W”
= (161llalify + X b I1K: Ty + Az)llz = wil.

Therefore,
oz — dwll < (llalilly + Ty b IK e + B2) 11z — wil.

Hence, by the Banach fixed point theorem.¢ admits a unique fixed point
which is a solution of the problem (1).
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2.2 Existence results
Now, we show the existence result [25].

Theorem 6: Let f, h:@ XR-> R, i €{1,...,k}, are continuous functions.
Assume that:
(H3) Let 3,;:[0,00) > [0,0) and q,q; € C(O,R"), i€{l,...,k}
such that
If (t. 2)| < q(OplzID, [hi(z, 2)| < q:(@)P;(lIzID), for all (z,2) € © X R.
(H) If L > 0, then

L

> 1,
181 gY@V1+EX, 1K1 gilli(LVipq +AoL
where
V Ta+B |A|(T2a+ﬂ—p+|A|Trzna+B—p)
1" 7 ra+p+1) T(a+f-p+1) ’
Ta+B+E; |A|(T2“+ﬁ‘p+5i+|,4|T‘11,“+ﬁ‘p+5i) ] (0)
Vigyt = T(a+B+6;+1) T(a+B-p+8;+1) =10k

and A, is given by (7). Then (1) admits one solution at least defined on 0.

Proof: Firstly, we will prove that ¢ is bounded. Let B, = {z € Z:||z|| < r,r >
0} be bounded. So, for T € 0, we have

|pz ()]
T (t— —s5)%+

<101} “rjjw) a@wlzids + Tty K J; S q@wilalds

+141 ff CO |a(s)lds + 101 fy T gy llzlds
AT B |K|f P @wilzlds

+anlze f) % l2()lds + 11401 [} L2 g (sypllzlds
A T 1G] 2T g il ds

+AAA|T® fanZ(S)IdS+f lp(s)]lz(s)ds.

|A|T2“+B P |AA|T %7 a+p-p
|9|||q||1,b(r) [F(a+,8+1) F'(a+B-p+1) I'(a+B-p+1)

K |A|Tzu+[i’—p+6l-
+Z =1 |Killlqll: (v )[F(a+ﬁ+6 +1)  T(a+f-p+8;+1)

A ayat+f-p+8; a 2a-p a,a—p
|AA|T %y AT |AA|T |AAA|T %y n TM] -
F(a+p—-p+6;+1) I(a+1) T(a-p+1) T(a-p+1)
Consequently,

llbzl|

|A|(T2a+B—p+|A|Tana+B—p)
r'(a+p+1) I'(a+p-p+1)

< 161llalp () [rsg
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Ta+f+5; IAl(Tza+ﬁ—p+8i+|A|Tana+ﬁ—p+8i)
Z =1 |K ”lql”l’b ( ) I'(a+p+6;+1) I'(a+B-p+6;+1)
[AT®  |AA|(T2% P+ |A|T%n%*~P) ]
r(a+1) + T(a—p+1) +TMT

= 101llqllp IV, + 2y 1Killlg: Ny ()V; + A,

Next, we show that ¢ maps bounded sets into equicontinuous sets of Z. Let
74,T2 € O with 1, < 7, and z € B,. Then, we have

|pz(72) — dz(7y)]

< F(‘lxelﬁ) frl ((Tz —S)a+ﬁ 1 (t, —5)05+B 1)|f(S Z(S))|d5
s 72 (0, = )5, 29)) | ds

+3, F((XLL,BL-I-“J‘TI ((ry = §)@tPHoim1 — (7, — §)@*F+oi=1)|hy (s, z(5))|ds

By s [ (1, = )% (s, 2()) | ds
g lot (@2 =)™ = (1 = )" Dla(s)lds
ol [T (1 = )% M a(s)Ids

+f = tIA6] [ T2 (s, 2(9)) | ds

T (T—s) a+B-p+8;—
[‘(a+,8 p+6;)

~J2(s)lds

+(t§ — tHIAIZE, IKIf

T (T-s)%~
I(a-p)

+(t§ —t0)1A40)| f] “mﬁ| £(s,2())|ds

+B-p+8;—-1
+(f —TOIMI T, (Kl ) O (5, 2(5)) | ds

+(t§ — )24 f] u |2(s)|ds.

|hi (s,z(x))|ds

+(3 — )[4 f

0llalY ™) arp - a+B
= T(a+f+1) T T )

|K |||ql,”1[) () a+B+8; _ a+B+6;
+ 2 T(a+B+6; +1)( Th l)

+[|A—9|”q”wmwmp K IKillgllpi(r) AT BP0

Matp-p+1) =1 M(a+B-p+8;+1)
lalp@IAABIN AP | e [Kallaullwir)IAain ™+ P+
Ta+p-p+1) =1 I(a+B-p+5;+1)

[Alr | 1AAITPr |/1AA|na—pr]( e
I(a+1) I'a—p+1) I'(a-p+1) 2 1

which imply that, [|$z(t,) — dz(ty)|| = 0 independent of z as 7, > 7, .
Consequently, by the Arzela-Ascoli theorem, ¢ is completely continuous.
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Finally, consider the equation z = pdz for 0 < p < 1 and suppose that z
be a solution. Then, we have

llzll = llpdz|
Ta+h [A|(T20+B P4 |47 %9+ B-P)
<
< 101lgIp(r) [ + A
A N T2a+B—p+5i+|A|Tana+ﬁ—p+6i
+Z{_f=1 |KL|”qL”¢L(r) [F(a+,8+6-+1) ( F(ll-l—ﬁ— . )
i p+8;+1)
|A|T® [AA|T29=P |AAA|T%n%~P ]
T(a+1) = T(a—p+1) T(a-p+1) + M|zl
Therefore,

lizIl
T <1
1O1lgllwdlzIDV1+E;=q [Killlqillwi(llzID Vi1 +A2]2]l
By (H,) there existe L such that L # ||z||. Let us set

Q={z€eZ:|z| <L}
s0, the ¢: Q — Z is continuous and completely continuous. From the selection of
Q, we have z ¢ Q0 with z = pdz, 0 < p < 1. Hence, the ¢ has a fixed point
zZEQ.

Theorem 7: Let f, hi:@ X R >R, i €{1,...,k}, are continuous functions.

Suppose that

1-A,

H:) If 0 < _

( 5) [f0=m< [|9|V1+Z}i€:1|Ki|Vi+1]

If (,2)| < my(|z]) + Ly, |hi (&, )| < mpq(|2]) + Ligr, i = 1,0k, (£, %)
€[0,T] X R,

where m =max{m;:i=1,...,k+1}, L=max{Li:i=1,...,k+1}. Then
(1) admits one solution at least defined on 0.

and L; >0,i=1,...,k+1, then

Proof: Let

z = ¢z,
we shall demonstrate that there exists a fixed point z € Z satisfying (1). It is
sufficient to show that ¢: B, — Z satisfies

z #+ ubz,v(z,u) € 9B, x [0,1], (11)
where
B, = {z € Z: rPEaexlz(r)l <rr> 0}.
We define

V(w,z) = udx, (z,u) € Z x 0.
As shown in Theorem 9, the operator ¢ is continuous, uniformly bounded,
and equicontinuous. Then, v, , v, =z —V(u,2z) =z —udz is completely
continuous. If (11) is holds, then we can write
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deg(vw B,, 0) = deg(I — ud, B,,0) = deg(v,, B, 0) = deg(v,, B,, 0)
= deg(l,B,,0) =1+ 0,0 €B,.
By the nonzero property of Leray-Schauder's degree, v,(z) =z — ¢z =10
for at least one z € B,. In order to demonstrate (11), we suppose that z = udpz
for u € O and for all T € ©. Then

$z(1) = |udpz(7)

B-1
< 10l J; (Trfiiﬁ) If (s, 2(s))|ds + T, |K|ff%|h(s 2(s))|ds
T (T-)*1 T (T-5)%
AL S (s + 18012 [y T £ (s, 205)) s

T (T-s5)@tF-P+6i-1

+HAIT* TE 1K |hi(s,2(s))|ds

r(a+B-p+6;)
T (T-s)%" n (m-s
+|AA| f (—|X(S)|d5 + |AA9|T f F(Tﬁp)|f(s Z(S))|d5
1 (=) *HEP+oi-
+HAAITE T, |K|f F(M v - [a(s,2())|ds

+HanAlce [ = Iz(s)lds+f0 lp(s)llz(s)|ds

IAI(T2a+B—p—1+|A|Tana+B—p)
M(a+p+1) I'(a+B-p+1)
Ta+B+8; |A|(T2a+[?—p+5i+|A|Tuna+ﬁ—p+5i)]

T'(a+B+6;+1) I'(a+B-p+6;+1)

F(a p)

< Omule@|+ LIl [

+25 1Kl (M 120 +LL+1)[

AIT®  |AA|T2%7P  |AAA|TYp%P
+|Z(T)| I'(a+1) I'(a—p) I'la-p+1) +TM]
< (mlz@| + D[101V, + Ty 1Kl Via] + 12(2)14,.
Taking norm sup.eplz(t)| = ||z||, we get
lizll < (mlizll + L)[161V; + Xy 1K IVisa] + N12114,,
which implies that

Izl < L[101V,+3K 1K1V ;44
= 1-m[I01V1+XR | K Vig]-A2"

L[161V1+55 1 1Ki|Vi4a
1-m[|01V1+35, [K;IVi4q] -4z

Ifr= + 1, then inequality (11) holds.

2.3 Stability results
Now, we prove the Ulam-Hyers stable (UH-stable) results for problem (1).

Definition 8: The fractional equation (1) is UH-stable if there exists a real number
Crp; > 0,i € {1,...,k} such that for any & > 0 and for all solution z € Z of
|DE(D* + Hw(t) — 0f(t, w(®)) — IK, K I%h(t, w®))| < &, (12)
then ther exists w € Z of (1), with
lw—z|l < Crpee>0i=1,... k.
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Definition 9: The fractional equation (1) is generalized UH-stable if there exists
Fyp, € C(RY,R¥), Ff,,(0) = 0,i € {1,...,k} such that for any & >0 and for
all solution w € Z of (12), there exists z € Z of (1) with

lw =zl < Frp,(e),i=1,.... k.

Remark 10: Let w € Z is a solution of (12) if and only if there exists a function
g:0 - R with

1: [Y(@)| <etTEO.
2: DE(D + Hw(r) = 0f(r,w(7)) + T, Kil%ihi(7,2(x)) + (D), T € O.

Theorem 11: Let f, hj:® X R-> R, i € {1,...,k} are continuous functions
satisfying the hypothesis (Hy). If

wh, <1-A,, (13)
then the problem (1) is UH-stable and consequently, generalized UH-stable.

Proof: Let us denote by z € Z the unique solution of the problem
DA(D® + N)z(x) = 0f(7,2(x)) + Xk, Kil%hi(z,2(1)), T €O,

z(0) = w(0),DPz(T) = DPw(T),

such that w € Z is a solution of the inequality (12) Applying Remark 13, we can
write

w(@) = 1 [g,, (O] = A [2(D)] = 5 2% — ¢, + 1P [P(D)] o, 0 € R

where g, (1) = Hf(‘r,w(r)) +3¥k, Kil‘sihi(r,w(‘r)) and |[Y(7)| < ¢,7€O.
Thanks to Lemma 5, we get
w (@) — pw(D)| = [I**Fyp(0)| < el**P[1].

which implies that,
- £ a+p
IW(®) = w(D)] < s T
Also, we have
lw(T) — z(D)]
= |w(® = 1789, () = A2(t) - 257 - )

= [w(@) — ¢w (1) + dpw(7) — ¢z (7)|

< [w(@) — dw@| + [dpw(T) — dz(7)I.
Thanks to (H,), we get

lw =zl < llw—=dW)Il + lldw) — ()l

&
— T'(a+p+1)

T 4+ (wh; + A)llw — z],

where A;,i = 1,2, are given by (6) and (7), respectively. Then
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ET“+ﬁ
lIw =zl < T(a+p+D)(1-(wAy+A5))
If we put
Ta+p
Crni: = M@t B+ (1-(wh+42))
we obtain

”W - Z” < Cf,hig'

Hence, the E problem (1) is stable in Ulam-Hyers sense. If we take
Ff p,(€) = Cfp;e. we see that, problem (1) is generalized Ulam-Uyers satable.

3. Examples
Example 12: Consider the fractional difference nonlocal boundary value
problem:

JD% (Dg + 1—15) z(t) = Bf(‘[,w(r)) +3k, Kil‘sihi(r,w(r)),r €0,
(14)

tz(o) — fl In(1+s) Z(S)dS, D%Z(l) _ ZD%Z (g) .

0 17(1+s2)
1

For this example, we have 8 = %, a= %, A=— 0=K, =1, (i=12),

s
1 3 In(1+s) 1
01=3 02=% o(s) = sy PT7 A=2 and f(1,2) =
e ™ 5(1) _ z(7) _ sin(2mz(1))
(32Vm+e~T)(1+2(7))’ (. 2) = (15+vme™)(2+z(D)) hy(,2) = 16m(14+2)2 " Also for
z,w € R and T € ©, we have
1
If(t,2) - fxw)| < ——=lz—wl|,
4 ! 32Vm
hi(t,z) — h(t,w)| < ———|z—w|,
|hy(z,2) — hy (T, W)| 15+\/E| |
1
h,(1,2z) — h,(T,w)| < — |z —w|.
Iho(5,2) = Ry (T W)| < —— |z —w|
Hence,
- 1 —_1 -1
W1 = w2 T v 3 T s
L |9|Ta+ﬁ |A9|(T2“+ﬁ_p+|A|Tan“+ﬁ_p) k K Ta+B+8i
157 Tla+p+D) T(a+B—p+1) + 2 | ilm
|A|(T2“+B_p+6i+|A|T"‘17“+B_p+5i)
k _
+2i=1 IKil P =17.9823,
L AT® | AA|(T2YPEL AT %% P) _
b2 =10 pro— +MT = 0.222 71,
and

1
T 1s+VE

w = max{w;, i =1,...,3}
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Therefore, we have
wh; + A, =0.698 63 < 1.

So, all the hypotheses of Theorem 6 are satisfied. Thus, the problem (14) has
a unique solution.and by Theorem 14, (14) is stable in Ulam-Hyers sense with

[ly —x|| <3.0657¢,¢ > 0.
Example 13: Consider the example:

(Ds (D4 + )z(‘r) = Qf(r z(r)) +3¥k, il‘sihi(‘[,z(r)),‘r €0,

15)

tz(O) = fo 20\/Tz(s)ds Dgz(l) = \/_D9z( )
Here, ,B=§, a=i, /1=i, 0=2, K1=%, K2=§, 61=§, 62=§,
PO = o Py A= VB = and £ = T R
= ) sy st s

can find that
[A|TE [AA|(T2¢~PH14|4|Tn*~P)

A, = +MT = 0.219 91,

I(a+1) I(a—p+1)
e
s —p+6 N

by A g
Vai = F(Zj;i;ji-l) IAKTZMBF(Z:&;J(;TZJ;B ") = 1.6957.
Cleary,

If(t,2)| = 167::2?2)2(1) 3+Si2n;erz S<3+Smhe )(|z|+8)

M) = |l g el o (seodl(Teen) )y )

) = [P B L)
Choosing () =27, 0,0 = 0, 4,0 =2 and

Y(lz) =22, 9, (1z]) = Iz| + 5, P,(Iz]) =2 + 2, we can show that

L

>

L+2

101llal{ 57V +IKallla I (L+5)V2+ Kl g2l (7 +2 V3+4,L
167

which implies L > 10.677. So, by Theorem 8, (15) admits one solution at least
on 0.

’

Example 14: We give the following fractional problem:
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Ds (D% + %) z(t) = 0f (v,2(0)) + Tk, KiI%h(7,2(7)), T €6,
(16)

. s ,
(z(0) = [ ﬁf::zs z(s)ds, D1iz(1) = 3D1iz G)
4 3 1 . 1 5

Here’ ﬁ - E’ a= Z’ A = B’ 9 = Ki = 1' (l = 152)561 = E' 62 = E}
p(s) =DM p=2 A=3p=1 and f(tx)=2sin(2)+

12m+52’ 11 3

=3 sin(*® [ 1 =3 g [
hi(z,2) = ten ( 3 |Z|) + 1+2[x| t2 hy(1,2) = 10nsm(2|Z|) + 1+lz|

f(r,z) = |§Sin (Z—l) +%|ZZ||

2|z|
14|z

+2
2

<lz|+2,
8

3 . 21 |z| 1 1
hi(z,2) = |167T2 sin (? |Z|) + 1+2|z| + E| = lel +1

|z
1+|x|
L AT® | AAI(TRETP AT 9% D) _
AZ .= I'(a+1) T(a-p+1) + MT = 0.219 91,

a+p A T2a+B—p A|T® a+pB-p
! 141 HATT ) — 2,131 9,

3 3 3 5
hy(t,2) = |Esm(2lzl)+ +§| <2zl +2.

Vl: = r(a+p+1) F'(a+B-p+1)

Ta+p+81 A|(T29+B-D+61 4 4| TApa+B-DP+61
Ll ATy )~ 1.7552,
I(a+B+61+1) I(a+p-p+81+1)
v Ta+B+82 |A|(T2a+ﬁ—p+62+|A|Tana+/3—p+62)
3" T I(a+B+65+1) [(a+B-p+65+1)

V2:=

= 0.884 88.

Clearly L =max{L;,i=1,...,3} = ; and m = max{m;,i =1,...,3} =

1 1-A, _
s < [181v1 453, 1K;iIVitq] 0.154 08.

Thus, all the conditions of Theorem 10 are satisfied and accordingly the
system (16) admits one solution at least.
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