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Abstract
In the current paper, we study a nonlinear fractional differential problems with two 
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1. Fractional calculus 
In differential equations, the fractional calculus have shown its wings in the 

modeling of many problems in science, technology and engineering. Several 
works on fractional calculus and fractional differential equations have appeared 
recently, see [1, 5, 7, 9, 10, 22, 23]. In quite recent times, there has been a very 
important progress in the study of the theory of differential problems involving 
fractional derivatives, see [2, 6, 8, 11, 12, 14, 17, 25]. Recently, many scholars, 
have studied the Ulam-Hyers stability of solutions for some differential equations 
with fractional calculus. See the research works [3, 4, 9, 13, 15, 16, 20, 21, 24]. 
So, in this manuscript, we study the propoesd fractional problem: 

  {
  (    ) ( )    (   ( ))  ∑   

          (   ( ))     

 ( )  ∫     ( ) ( )      ( )      ( )       
 (1) 

where   ,   -             denote the Caputo fractional derivative, with 
            -   -        and                 are real 
constant,                *       + are continuous functions on  . The 
operator    is defined as 

    , ( )-   
 ( ) ∫    (   )

    ( )            

where  ( )  ∫   
            The operator    is defined as 

    , ( )-   
 (   ) ∫    (   )

      ( )( )          

We need also the following auxiliary lemmas [18, 19]: 

Lemma 1: For               the general solution of   , ( )-    is 
 ( )                            

where        

Lemma 2: Suppose that     , and         . Then, we have 
  [  , ( )-]   ( )                            

for some        
In order to define the solution of (1), we need the following auxiliary result: 

Lemma 3: Suppose that    (   )  then, the problem 
    (    ) ( )   ( )          -   -  (2) 
subject 

   ( )  ∫     ( ) ( )      ( )      ( )        
admits the following solution 
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 ( )    ∫   
 

(   )     

 (   )  ( )    ∫   
 

(   )   

 ( )  ( )  

                 ∫   
 

(   )       

 (     )  ( )       ∫   
 

(   )     

 (   )  ( )  

                 ∫   
 

(   )       

 (     )  ( )        ∫   
 

(   )     

 (   )  ( )  

             ∫   
  ( ) ( )   

 (3) 

where 

      (     )
 (   )(          )              

Proof: Let   be a solution for the problem (1), by using lemma 3, we can write 
   ( )      , ( )-     , ( )-    

 (   )        (4) 

where    and    are arbitrary constants. Since  ( )  ∫   
  ( ) ( )  , we 

obtain     ∫   
  ( ) ( )  . 

Thanks to lemma 2, we get 
     ( )        , ( )-       , ( )-    

 (     )       
By    ( )      ( )  we can write 

     (     )
(          ) (      , ( )-       , ( )-         , ( )-   

         , ( )-)  
Substituting the value of    and    in (4)  we obtain the solution (3).  

2. Main Results 
Now, we show the existence and stability results for problem (1), to reach 

that we place the problem in the space    (   ), and we define a 
supremum norm ‖ ‖ such that ‖ ‖        | ( )|  
Now, we define       by: 

   ( )     ∫   
 

(   )     

 (   )  (   ( ))   ∑   
     ∫   

 
(   )        

 (      )
  (   ( ))   

   ∫   
 

(   )   

 ( )  ( )       ∫   
 

(   )       

 (     )  (   ( ))   

     ∑   
     ∫   

 
(   )          

 (        )
  (   ( ))   

      ∫   
 

(   )     

 (   )  ( )        ∫   
 

(   )       

 (     )  (   ( ))   

      ∑   
     ∫   

 
(   )          

 (        )
  (   ( ))   

       ∫   
 

(   )     

 (   )  ( )   ∫   
  ( ) ( )    (5) 
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We give the notations: 

 
     | |    

 (     )  |  |(        | |        )
 (       )

            ∑   
   |  |

       

 (        )  ∑   
   |  |

| |.           | |           /
 (          )  

 (6) 

and 

      | |  

 (   )  |  |(        | |      )
 (     )      (7) 

where 
     

   
| ( )|  

2.1 Existence and uniqueness results 
Now, we prove the uniqueness results for the studied problem: 

Theorem 4: If                *       + are continuous functions. Also, 
let 
  (  )        *         + so that for any     and all        

| (   )   (   )|    |   | |  (   )    (   )|      |   | 
               

 
Then (1) has a unique solution provided by            where   
   *              +,    and    are defined by (6) and (7), respectively. 

Proof: Let      *              +, where    are finite numbers such 
that         ,   -| (   )|,            |  (   )|. Setting      

  (      ), 
we show that       , where    *    ‖ ‖   +. 

 For      and for all    , from the hypothesis (  ), we obtain: 
 |  ( )| 

      
   

{| | ∫   
 

(   )     

 (   ) | (   ( ))|   ∑   
   |  | ∫   

 
(   )        

 (      )
|  (   ( ))|   

  | | ∫   
 

(   )   

 ( ) | ( )|   |  |  ∫   
 

(   )       

 (     ) | (   ( ))|   

  | |  ∑   
   |  | ∫   

 
(   )          

 (        )
|  (   ( ))|   

  |  |  ∫   
 

(   )     

 (   ) | ( )|   |   |  ∫   
 

(   )       

 (     ) | (   ( ))|   

  |  |  ∑   
   |  | ∫   

 
(   )          

 (        )
|  (   ( ))|   

  |   |  ∫   
 

(   )     

 (   ) | ( )|   ∫   
 | ( ) ( )|  3 
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2| | ∫    
(   )     

 (   ) .| (   ( ))  | (   )||  | (   )|/    

  ∑   
   |  | ∫    

(   )        

 (      )
.|  (   ( ))  |  (   )||  |  (   )|/    

  | | ∫    
(   )   

 ( ) | ( )|   

  |  |  ∫    
(   )       

 (     ) .| (   ( ))  | (   )||  | (   )|/    

  | |  ∑   
   |  | ∫    

(   )          

 (        )
.|  (   ( ))  |  (   )||  |  (   )|/    

  |  |  ∫    
(   )     

 (   ) | ( )|   

  |   |  ∫    
(   )       

 (     ) .| (   ( ))  | (   )||  | (   )|/    

  |  |  ∑   
   |  | ∫    

(   )          

 (        )
.|  (   ( ))  |  (   )||  |  (   )|/    

  |   |  ∫    
(   )     

 (   ) | ( )|   ∫    | ( ) ( )|  3  

   [ | | 
   

 (     )  
|  |(        | |        )

 (       ) ] (      ) 

  [∑   
   |  |

       
 (        )

 ∑   
   |  |

| |.           | |           /
 (          )

] 

    (          ) 
  0 | | 

 

 (   )  
|  |(        | |      )

 (     )    1   

     (    )         
so       . Also, for        and    , we obtain: 

 

 |  ( )    ( )|
      

   
2| | ∫    

(   )     

 (   ) | (   ( ))   (   ( ))|  

  ∑   
   |  | ∫    

(   )        

 (      )
|  (   ( ))    (   ( ))|  

  | | ∫    
(   )   

 ( ) | ( )   ( )|  

  |  |  ∫    
(   )       

 (     ) | (   ( ))   (   ( ))|  

  | |  ∑   
   |  | ∫    

(   )          

 (        )
|  (   ( ))    (   ( ))|  

  |  |  ∫    
(   )     

 (   ) | ( )   ( )|  

  |   |  ∫    
(   )       

 (     ) | (   ( ))   (   ( ))|  
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  |  |  ∑   
     ∫   

 
(   )          

 (        )
|  (   ( ))    (   ( ))|   

  |   |  ∫   
 

(   )     

 (   ) | ( )   ( )|   ∫   
 | ( )|| ( )   ( )|  3 

    [ | |    

 (     )  |  |(        | |        )
 (       ) ]   ‖   ‖ 

  [∑   
   |  |

       

 (        )  | | ∑   
   |  |

.           | |           /
 (          ) ]     ‖   ‖ 

  0 | |  

 (   )  |  |(        | |      )
 (     )    1 ‖   ‖ 

   (      )‖   ‖  
which leads to ‖     ‖  (      )‖   ‖. Since             is 
a contraction mapping.  

Theorem 5: Suppose that the continuous functions                
         Assume that: 

(  ) | (   )   (   )|   ( )|   |  |  (   )    (   )|    ( )|   |  
for each             where       

 
 (    )           , and   (   )  

Denote ‖ ‖  .∫   
 | ( )|

 
   /

 
                    

If 
  | |‖ ‖   ∑   

   ‖  ‖|  |           (8) 
where 

  

           

 (   ) .    
     /

   

          | |(          | |          )
 (     ) .    

       /
   

 

                

 (      )
.    

        /
   

 (9) 

 

  | |.             | |             /
 (        )

.    
          /

   
            

and    is given by (7)  Then the problem (1) admits a unique solution.  

Proof: For       and      by Hölder inequality and using (  )  we have: 
 |  ( )    ( )| 

      
   

2| | ∫   
 

(   )     

 (   )  ( )| ( )   ( )|   

  ∑   
   |  | ∫   

 
(   )        

 (      )
  ( )| ( )   ( )|   

  | | ∫   
 

(   )   

 ( ) | ( )   ( )|   
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  |  |  ∫    
(   )       

 (     )  ( )| ( )   ( )|  

  | |  ∑   
   |  | ∫    

(   )          

 (        )
  ( )| ( )   ( )|  

  |  |  ∫    
(   )     

 (   ) | ( )   ( )|  

  |   |  ∫    
(   )       

 (     )  ( )| ( )   ( )|  

  |  |  ∑   
   |  | ∫    

(   )          

 (        )
  ( )| ( )   ( )|  

  |   |  ∫    
(   )     

 (   ) | ( )   ( )|   ∫    | ( )|| ( )   ( )|  3  

 

       
   

{[ | |
 (   ) ∫    ((   )

     
     )

   
.∫     ( )

 
   /

 
 

   ∑   
   

|  |
 (      )

∫    ((   )
        

     )
   

.∫      ( )
 
   /

 
 

   |  |  

 (     ) ∫    ((   )
       

     )
   

.∫     ( )
 
   /

 
 

   | |  ∑   
   

|  |
 (        )

∫    ((   )
          

     )
   

.∫      ( )
 
   /

 
 

   |   |  

 (     ) ∫    ((   )
       

     )
   

.∫     ( )
 
 /

 
   

   |  |  ∑   
   

|  |
 (        )

∫    ((   )
          

     )
   

.∫      ( )
 
   /

 
 

   | |  

 (   )  
|  |       

 (     )  
|   |      

 (     )    13 ‖   ‖ 

  

   (| |‖ ‖ [ 
     

 (   ) .
   

     /
   

  | |(          | |          )
 (     ) .    

       /
   

]

  ∑   
   ‖  ‖|  | [

         

 (      )
.    
        

/
   

  
| |.             | |             /

 (        )
.    
          

/
   

]

  0 | | 
 

 (   )  
|  |(        | |      )

 (     )    1/ ‖   ‖
   (| |‖ ‖   ∑   

   ‖  ‖|  |       )‖   ‖ 

 

Therefore, 
  ‖     ‖  (‖ ‖   ∑   

   ‖  ‖|  |       )‖   ‖  
 Hence, by the Banach fixed point theorem.  admits a unique fixed point 

which is a solution of the problem (1). 
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2.2 Existence results 
Now, we show the existence result [25]. 

Theorem 6: Let                *       +  are continuous functions. 
Assume that: 

(  )  Let      ,   )  ,   )  and       (    )    *       + 
such that 

| (   )|   ( ) (‖ ‖) |  (   )|    ( )  (‖ ‖)         (   )       
(  ) If      then 

   
| |‖ ‖ ( )   ∑   

   |  |‖  ‖  ( )            

where 

  
         

 (     )  | |(        | |        )
 (       )  

              

 (        )  | |.           | |           /
 (          )            

 (0) 

and    is given by (7)  Then (1) admits one solution at least defined on     

Proof: Firstly, we will prove that   is bounded. Let    *    ‖ ‖      
 + be bounded  So, for    , we have 
 |  ( )| 

   | | ∫   
 

(   )     

 (   )  ( ) (‖ ‖)   ∑   
     ∫   

 
(   )        

 (      )
  ( )  (‖ ‖)   

 

  | | ∫   
 

(   )   

 ( ) | ( )|   |  |  ∫   
 

(   )       

 (     )  ( ) (‖ ‖)  

  | |  ∑   
   |  | ∫   

 
(   )          

 (        )
  ( )  (‖ ‖)  

  |  |  ∫   
 

(   )     

 (   ) | ( )|   |   |  ∫   
 

(   )       

 (     )  ( ) (‖ ‖)  

  |  |  ∑   
   |  | ∫   

 
(   )          

 (        )
  ( )  (‖ ‖)  

  |   |  ∫   
 

(   )     

 (   ) | ( )|   ∫   
 | ( )|| ( )|   

 

 

   | |‖ ‖ ( ) 0     

 (     )  | |       

 (       )  |  |        

 (       ) 1

  ∑   
   |  |‖  ‖  ( ) [        

 (        )  | |          

 (          )

  |  |           

 (          ) ]  0 | |  

 (   )  |  |     

 (     )  |   |      

 (     )    1   

 

Consequently, 
 ‖  ‖ 

   | |‖ ‖ ( ) [     

 (     )  | |(        | |        )
 (       ) ] 
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  ∑   
   |  |‖  ‖  ( ) [

       
 (        )

 
| |.           | |           /

 (          )
]

  0 | | 
 

 (   )  
|  |(      | |      )

 (     )    1  
   | |‖ ‖ ( )   ∑   

   |  |‖  ‖  ( )       

 

Next, we show that   maps bounded sets into equicontinuous sets of  . Let 
        with       and     . Then, we have 
 |  (  )    (  )| 
   | |

 (   ) ∫    
 ((    )      (    )     )| (   ( ))|   

  | |
 (   ) ∫      (    )

     | (   ( ))|   

  ∑   
   

|  |
 (      )

∫    
 ((    )         (    )        )|  (   ( ))|   

  ∑   
   

|  |
 (      )

∫      (    )
        |  (   ( ))|   

  | |
 ( ) ∫    

 ((    )    (    )   )| ( )|   

  | |
 ( ) ∫      (    )

   | ( )|   

  (       )|  | ∫    
(   )       

 (     ) | (   ( ))|   

  (       )| | ∑   
   |  | ∫    

(   )          

 (        )
|  (   ( ))|   

  (       )|  | ∫    
(   )     

 (   ) | ( )|   

  (       )|   | ∫    
(   )       

 (     ) | (   ( ))|   

  (       )|  | ∑   
   |  | ∫    

(   )          

 (        )
|  (   ( ))|   

  (       )|   | ∫    
(   )     

 (   ) | ( )|    

 

   | |‖ ‖ ( ) (     ) (  
         )

  ∑   
   

|  |‖  ‖  ( )
 (        )

(                 )

  [|  |‖ ‖ ( ) 
     

 (       )  ∑   
   

|  |‖  ‖  ( )| |         
 (          )

  ‖ ‖ ( )|   |      

 (       )  ∑   
   

|  |‖  ‖  ( )|  |         
 (          )

  | | 
 (   )  

|  |     
 (     )  

|   |     
 (     ) 1 (  

     ) 

 

which imply that, ‖  (  )    (  )‖    independent of   as      . 
Consequently, by the Arzela-Ascoli theorem,   is completely continuous. 
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Finally, consider the equation       for       and suppose that   
be a solution. Then, we have 

 

‖ ‖    ‖   ‖
            | |‖ ‖ ( ) [     

 (     )  
| |(        | |        )

 (       ) ]

           ∑   
   |  |‖  ‖  ( ) [

       
 (        )

 
| |.           | |           /

 (          )
]

           0 | | 
 

 (   )  
|  |     

 (     )  
|   |      

 (     )    1 ‖ ‖ 

 

Therefore, 

  ‖ ‖
| |‖ ‖ (‖ ‖)   ∑   

   |  |‖  ‖  (‖ ‖)       ‖ ‖
    

By (  ) there existe   such that   ‖ ‖  Let us set 
  *    ‖ ‖   +  

so, the       is continuous and completely continuous. From the selection of 
 , we have      with             . Hence, the   has a fixed point 
   . 

Theorem 7: Let                *       +  are continuous functions. 
Suppose that 

(  ) If         
[| |   ∑   

   |  |    ]
 and                    then 

| (   )|    (| |)     |  (   )|      (| |)                 (   )
 ,   -     

where      *              +       *              +  Then 
(1) admits one solution at least defined on     

Proof: Let 
      

we shall demonstrate that there exists a fixed point     satisfying (1)  It is 
sufficient to show that        satisfies 
         (   )      ,   -  (11) 
where 

   2          
| ( )|       3  

We define 
 (   )      (   )       

As shown in Theorem 9, the operator   is continuous, uniformly bounded, 
and equicontinuous. Then,   ,       (   )        is completely 
continuous. If (11) is holds, then we can write 
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   (       )       (         )     (       )     (       )
                                  (      )           

 

By the nonzero property of Leray-Schauder's degree,   ( )         
for at least one     . In order to demonstrate (11), we suppose that       
for     and for all      Then 

 

  ( )    |   ( )|
   | | ∫    

(   )     

 (   ) | (   ( ))|   ∑   
   |  | ∫    

(   )        

 (      )
|  (   ( ))|  

  | | ∫    
(   )   

 ( ) | ( )|   |  |  ∫    
(   )       

 (     ) | (   ( ))|  

  | |  ∑   
   |  | ∫    

(   )          

 (        )
|  (   ( ))|  

  |  |  ∫    
(   )     

 (   ) | ( )|   |   |  ∫    
(   )       

 (     ) | (   ( ))|  

  |  |  ∑   
   |  | ∫    

(   )          

 (        )
|  (   ( ))|  

  |   |  ∫    
(   )     

 (   ) | ( )|   ∫    | ( )|| ( )|  

 

 
   (  | ( )|    )| | [

    

 (     )  
| |(          | |        )

 (       ) ]

  ∑   
   |  |(    | ( )|      ) [

       
 (        )

 | |.           | |           /
 (          )

]
 

 
  | ( )| 0 | | 

 

 (   )  
|  |     

 (   )  |   |      

 (     )    1
   ( | ( )|   )[| |   ∑   

   |  |    ]  | ( )|   
 

Taking norm       | ( )|  ‖ ‖  we get 
  ‖ ‖  ( ‖ ‖   )[| |   ∑   

   |  |    ]  ‖ ‖    
which implies that 

  ‖ ‖   0| |   ∑   
   |  |    1

   [| |   ∑   
   |  |    ]   

  

If    0| |   ∑   
   |  |    1

   [| |   ∑   
   |  |    ]   

    then inequality (11) holds.  

2.3 Stability results 
Now, we prove the Ulam-Hyers stable (UH-stable) results for problem (1). 

Definition 8: The fractional equation (1) is UH-stable if there exists a real number 
          *       + such that for any     and for all solution     of 

  |  (    ) ( )    (   ( ))  ∑   
          (   ( ))|     (12) 

then ther exists     of (1)  with 
‖   ‖                        



12� M. HOUAS AND M. BENBACHIR

Definition 9: The fractional equation (1) is generalized UH-stable if there exists 
       (     )      ( )      *       + such that for any     and for 
all solution     of (12)  there exists     of (1) with 

‖   ‖       ( )            

Remark 10: Let     is a solution of (12) if and only if there exists a function 
      with 
   | ( )|         
     (    ) ( )    (   ( ))  ∑   

          (   ( ))   ( )       

Theorem 11: Let                *       +  are continuous functions 
satisfying the hypothesis (  )  If 
            (13) 
then the problem (1) is UH-stable and consequently, generalized UH-stable.  

Proof: Let us denote by     the unique solution of the problem  

  {
  (    ) ( )    (   ( ))  ∑   

          (   ( ))     

 ( )   ( )    ( )     ( ) 
 

 
such that     is a solution of the inequality (12) Applying Remark 13, we can 
write 
  ( )      ,  ( )-     , ( )-  

  
 (   )  

         , ( )-          

where   ( )    (   ( ))  ∑   
          (   ( )) and | ( )|         

Thanks to Lemma 5, we get 
  | ( )    ( )|  |     ( )|       , -  
which implies that, 
  | ( )    ( )|   

 (     )  
     

Also, we have 

  

      | ( )   ( )|
   | ( )        ( )      ( )  

  
 (   )  

    |
   | ( )    ( )    ( )    ( )|
   | ( )    ( )|  |  ( )    ( )| 

 

Thanks to (  )  we get 

  
‖   ‖    ‖   ( )‖  ‖ ( )   ( )‖
 
                    

 (     )  
    (      )‖   ‖ 

 

where         , are given by (6) and (7), respectively. Then 
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  ‖   ‖       

 (     )(  (      ))  
If we put 

         
    

 (     )(  (      ))  
we obtain 

‖   ‖          
Hence, the E problem (1) is stable in Ulam-Hyers sense. If we take 

     ( )          we see that, problem (1) is generalized Ulam-Uyers satable.  

3. Examples 
Example 12: Consider the fractional difference nonlocal boundary value 
problem: 

  

{ 
 
   

 
 . 

 
   

  /  ( )    (   ( ))  ∑   
          (   ( ))     

 ( )  ∫   
 

  (   )
  (    )  ( )    

 
  ( )    

 
  . 

 /  
 (14) 

For this example, we have    
      

      
            (     )  

    
       

    ( )    (   )
  (    )     

       and  (   )   
      ( )

(  √      )(   ( ))    (   )   ( )
(   √   )(   ( ))    (   )     (   ( ))

   (   )   Also for 
      and      we have 

| (   )   (   )|     
  √ 

|   | 

|  (   )    (   )|     
   √ 

|   | 

|  (   )    (   )|     
   |   | 

 

Hence, 

  

      
  √      

   √      
    

     | |    

 (     )  |  |(        | |        )
 (       )  ∑   

   |  |
       

 (        )

             ∑   
   |  |

| |.           | |           /
 (          )          

 

      | |  

 (   )  |  |(        | |      )
 (     )               

and 

       *            +   
   √   
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Therefore, we have 
                   

So, all the hypotheses of Theorem 6 are satisfied. Thus, the problem (14) has 
a unique solution.and by Theorem 14, (14) is stable in Ulam-Hyers sense with 

‖   ‖                

Example 13: Consider the example: 

  

{ 
 
   

 
 . 

 
   

  /  ( )    (   ( ))  ∑   
          (   ( ))     

 ( )  ∫   
 

    

  √      ( )    
 
  ( )  √  
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 /  
 (15) 

Here,    
      

      
             

       
       

       
   

 ( )      

  √          
     √      

  and  (   )      ( )
         ( )           

    

  (   )      . ( )
 /

  √       ( )        (    )
√       (   )       ( )

     (   )| |
 | |    Then we 

can find that  

  

     | |  

 (   )  |  |(        | |      )
 (     )              

         

 (     )  | |(        | |        )
 (       )          

            

 (        )  | |(           | |           )
 (          )          

            

 (        )  | |(           | |           )
 (          )          

 

Cleary, 

        

| (   )|    |     ( )
         ( )           

  |  (         

   ) (| |   ) 

  (   )    |     . ( )
 /

  √       ( )        (√    )
 √   |  .      (√    )

  √ / (| |   ) 

  (   )    |     ( )
    (   )| |

 | |  |  (   )
 .| |

    /  

 

Choosing  ( )           

       ( )        (    )
  √     ( )  (   )

  and 

 (| |)  | |  
       (| |)  | |       (| |)  | |

      we can show that  

   
| |‖ ‖.   

   /   |  |‖  ‖(   )   |  |‖  ‖.  
    /      

    

which implies           So, by Theorem 8, (15) admits one solution at least 
on     

Example 14: We give the following fractional problem: 
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Here,    
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      ( | |)  | |
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 /   | |

  | ||   
 | |    

  (   )    |  
       .  

 | |/  | |
   | |   

 |   
  | |    

  (   )    |  
      ( | |)  | |

  | |   
 |   

  | |   
  

 

  
     | |  

 (   )  |  |(        | |      )
 (     )              

         

 (     )  | |(        | |        )
 (       )          

 

  
            

 (        )  | |(           | |           )
 (          )          

            

 (        )  | |(           | |           )
 (          )           

 

Clearly      *            +   
  and      *            +  

 
      

[| |   ∑   
   |  |    ]            

Thus, all the conditions of Theorem 10 are satisfied and accordingly the 
system (16) admits one solution at least.  
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