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Abstract
In this work, we introduce the construction of a generalized cyclotomic class of order 

2r over Z2n, and the work further shows that the resulting codes are cyclic codes containing 
their dual, along with their augmented counterparts. In addition, the research provides a 
comprehensive analysis of two categories of quantum synchronization capabilities that can 
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reach their maximum potential in specific circumstances. The error correction capacity of the 
proposed quantum synchronizable codes includes both bit errors and phase errors.
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1. Introduction 
The rapid advancement of quantum technologies has firmly positioned 

quantum computing and communication as pivotal areas of modern scientific 
research. At the core of this progress lies quantum information theory, which has 
achieved significant breakthroughs in addressing one of the most critical 
challenges in quantum systems: mitigating the effects of noise and decoherence. 
Among the most important innovations in this field are       which serve as 
essential tools for preserving quantum information by counteracting errors that 
occur during computation or transmission. These codes rely on the mathematical 
framework of “Pauli operators (I, X, Y, Z)” to model and correct disturbances in 
quantum channels effectively. The implementation of          is crucial for 
advancing quantum computing & the guaranteeing of the dependability of 
quantum communication. Using these codes enhances the storage and 
transmission of quantum information, making quantum computing reliable by 
reducing the impact of noise. 

Quantum synchronizable codes         serve as specialized quantum 
error-correction codes          that may effectively rectify the impact on 
qubits of quantum noise and address misalignment issues in block 
synchronization [1]. A further source of error lies in the misalignment between 
the qubit stream and the block structure. Quantum information processing may 
experience catastrophic failure, leading to potential misidentification of the 
border of an information block by the quantum information receiver. 

Fujiwara [2] introduced a novel technique for constructing       through 
cyclic codes. Subsequently, Fujiwara, Tonchev, and Wong [3] refined this 
framework using an algebraic approach. Fujiwara and Vandendriessche [4] 
initiated       from finite geometric codes. The study conducted by Li, Zhu, 
and Liu [5] focused on two types of       based on cyclic codes and their 
connection to fourth-order cyclotomic classes. Furthermore, Pang et al. [6] 
investigated cyclotomy of order   and created       with optimal 
synchronization. Wang et al. [7] introduced new for generating two different 
categories of       from cyclic codes by 2-order cyclotomy over    . 
Additionally, Dinh, Nguyen, and Yamaka [8] applied     and Hermitian 
constructions to define quantum MDS codes and also developed       of length 
    of negacyclic code over    . Annamalai and Durairajan [9] developed the 
concept of the exponent of a cyclic code over a finite field and explored its 
properties in relation to the dual codes. They showed that for a cyclic code and 
its dual, the exponent of the dual code is given by             where   and   
denote the exponents of the code and its dual, respectively. Heboub et al. [10] 
gave the structure of minimal and maximal cyclic codes of length    over finite 
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fields   , where   and   are distinct odd primes. They proved that every 
maximal cyclic code of length    can be expressed as a direct sum of three 
minimal cyclic codes. Bhowmick et al. [11] investigated linear complementary 
pairs (LCP) and checkable group codes over finite non-commutative Frobenius 
rings, providing conditions under which one code in an LCP is equivalent to the 
other. Recently, Yadav, Pruthi, and Kumar [12] constructed quaternary 
cyclotomy over     for quantum synchronizable codes.  

Paper organization: In section 1 give the elementary concepts of quantum 
synchronization coding, laying the groundwork for the study. In section 2 
explores the essential results concerning cyclic codes & their duals. In section 3, 
we construct a generalized cyclotomic class of order    over    . In section 4 
focuses on deriving cyclic codes using generalized cyclotomy, with particular 
attention to dual-containing cyclic codes         over    , exploring their 
structure and their augmented. In section 5 presents the construction of quantum 
codes using the     framework. In section 6, we formulate two       variants 
and systematically assess their decoding capabilities, proving their optimality 
against established performance bounds. The cyclic codes’ minimum distances 
are algorithmically verified using Magma’s computational algebra software, 
providing empirical reinforcement to theoretical claims. Eventually, Section 7 
concludes the paper. 

2. Preliminaries 
Consider    denote a finite field, with  being a prime number. A linear 

code   [     ]  is a subspace of dimension   in   
 , among the minimum 

distance   defined as:                    }. 

Definition 2.1: A linear code   over     be termed as a cyclic code if, for each 
codeword                      , the cyclic shift of its coordinates also 
belongs to  , that is,                      . To associate the code to 
polynomial representation, consider the ideal: 
        ∑        

          } 

Then, its ideal representation   [ ]
〈    〉. Therefore, the cyclic code   is 

cleverly constructed by a monic polynomial      of degree     ). Moreover, 
     (     . Let   ⟨    ⟩ and the Euclidean inner product (EIP) 〈   〉  
∑     

   
   . The Euclidean dual associated with a code   given as    

     
               }                                                

Definition 2.2: Let   repersent a cyclic code with a generator polynomial 
            such that deg(    )     . It follows that      〈    〉. The 
parity check polynomial of   is given by                 . The generator 
poly. of the dual code    is given by,  ̃                        , where 
 ̃    is reciprocal polynomial of     . 
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Consider    [    ] , and    [    ]  are cyclic codes, where      . 
If      , then    is said to be   - containing. If   

    , then    is called 
dual-containing. If      , then       can divide any codeword of   . 

3. Construction of generalized cyclotomy of order    
Let   be an odd prime with              , and we fix   as primitive 

root mod (  . 
Define   

                    
                         },  

where these sets represent quadratic residue &non-residues sets. 

Definition 3.1. Take   so that it acts as a primitive element for the arithmetic of 
both   and    (that is,α generates the multiplicative group    

  as well as    
 ). 

Its multiplicative order with respect to the modulus    equals      . The 
quaternary cyclotomic classes defined within    are then given by, 

    
                     

                      } 

    
        

            
                  }. 

We have    
      

      
        

      
       }   

      
      

    

Since all the     elements in     
      

     are even, it follows that each of 
the     elements in the corresponding union     

      
     must be odd. 

Lemma 3.2: Based on the notations introduced above; we have 
       

                 
      

b)     
                 

    , where                }. 
 
We choose a primitive   -th root of unity, denoted by  , that lies in the 

field    .Here  is selected so that  has multiplicative order  when considered 
modulo   .For each index  belonging to            }, the polynomials 
   

       and    
       over   are introduced as follows 

     
             

                 
              

             (2), 

where                  }.   

4. Cyclic codes by generalized cyclotomy of order    
This part preset the construction and properties of a specific class of codes, 

like dual-containing cyclic codes formed through the use of generalized 
cyclotomy of order    over      Also, we associated       and analyzed their 
minimum Hamming distances. 
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4.2 Dual containing codes (     ) 
Let   be a   -th primitive root of unity in the finite field    , where   

  
    , and            denotes the multiplicative order of   mod(   . Since 

      over    ,        Here,  

                   
                         

    
              (3) 

Let the cyclic codes        ,        ,           generated by these 

polynomials. The generators can be expressed as                        
                     resp., where               }   

Lemma 4.2: Let              is an odd prime. Then, 
            

         , b)          
         ,               

            

Proof: Using equation (1), the recip. poly. of            is given by 

   ̃          (          )
  
 
   ( 

  
       )

         
    

Now,                                  
   
    

Then  

 ̃                             (  
   
 )

  
  

 
    

                           
    

   

                        
     

   
According to Lemmas 3.2,   

                  
    , then  ̃          

             , where                } (4) 

Since    
                

      it is obvious that  

  (   
    )  (   

    )  (           
    )  (           

    ). 

Then 
   ̃                      ,  ̃          ̃                                   (5) 

Consequently, the parity-check polynomial corresponding   
    is: 

            
 
  
       

                               
    
       

and using equation (1) and (4),  
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   ̃                 
           

           
   . 

Thus the dual of    
    is generated by the reciprocal polynomial  ̃   . 

Observing that  ̃    divides       , it follows directly that     
          

      
The remaining statements of this result follow immediately from this inclusion. 

4.3 Cyclotomy Cosets  
Consider   as a prime number satisfying          

    and 
           . The set of elements forming the collection of integers obtained 
by repeatedly multiplying   by   and reducing modulo    is described as: 
                       },  (6) 

The order of   is given by                 
                  

              . If 
       then              . Furthermore           1), leading to the 
following lemma: 

Lemma 4.4: [7] Suppose that          
     is an odd prime. |       | 

repersents the cardinality of        . If       is an integer, satisfies      
        , then  

|       |  {                   
                

4.4 Augmented cyclic codes         
A cyclic code    〈     〉 is referred to as an       of   〈    〉 if 

    . Then,            represents a unique irreducible polynomial of    in 
  [ ],” 

                       

Lemma 4.6: Consider the cyclic codes    
     〈   

       〉. If the size of 

        is   , then the gen. poly.   
        may be indicated as the product of 

     
    

 irreducible poly. of degree    over   [ ] as follows:    
        

     
     

    where     are some numbers such that   
         

          , and 

deg(    
)         . 

Proof: For an odd prime  , the cyclotomic coset cardinality satisfies |       |  
    From Lemma 4.4, for any integer                        }, we 
have |       |    . Since     

    , it follows that   
         

          , 
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where                            }. Moreover, we have   |  
    |

|       |
 

   
    

.  

Example 4.7: Consider the cyclotomic classes of order eight modulo 146.  

  
                                  }, 

  
                                }, 

  
       {5, 83, 93, 113, 7, 87, 101, 129, 39}, 

  
       {10, 20,40,80,14,28,56,112,78}, 

  
       {25,123,27,127,35,143,67,61,49}, 

  
      {50,100,54,108,70,140,134,122,98} 

  
       {125, 31, 135, 51,29,131,43,13,99}, 

  
       {104, 62, 124,102,58,116,86,26,52}, 

  
       {41, 9,91,109,145,71,69,65,57}, 

  
       {82,18,36,72,144,142,138,130,114}, 

  
      {59,45,17,107,141,63,53,33,139}, 

  
       {118,90,34,68,136,126,106,66,132}, 

  
       {3,79,85,97,121,23,119,19,111}, 

  
       {6,12,24,48,96,46,92,38,76} 

  
      {15,103,133,47,21,115,11,95,117}, 

  
      {30,60,120,94,42,84,22,44,88}, {74} 

Let         
    , where           } and              

   
            

     
             . For        , we have           and 

       
              Then by (6), the cyclotomy cosets modulo 146 is  

                  }                   }                   }  
                  }                    }                  }  
                    },                  }                  }  
                 }                    }                    }  
                   }                      }                     }  
                    }                     }                     }  
                   }                      }                     }  
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                    }                     }                      }  
                   }                     }                      }  
                    }                      }                    }  
                   }                     }                    }  
                    }                      }                      }  
                    }                     }                    }  
                   }                     }                     }  
                     }                      }                     }  
             }                     }                      }  
                     }                        }. 

Thus   
                                   which is equivalent to 

   
                         

Similarly, 

   
                       ,  

                         , 
   

                         ,   
                         , 

   
                         ,    

                        , 

     
                           

  
                      ,   

                           
  

                         ,    
                         ,    

      
                   ,   

                         ,    
                        , 

   
                         . 

It becomes evident that    
  〈     〉 the      of    

      for  
        }.  

Lemma 4.8: [6] Suppose that                                      ) be 
an odd prime, where     and    

    ,    
     and      

     be the       for 

               }, then 

a) If    
  〈

 
  

       

           〉, then    
        

 , where                  }. 

b) If    
  〈

 
  
       

           〉, then    
        

 , where                  }. 

c) If      
  〈

 
  

        
  
       

           〉, then      
          

 , where  

                 }                 }. 
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Example 4.9: Let   be an odd prime with        , and     
    . In Table 

1, we illustrate cyclic codes and their dual, and all computations from MAGMA 
[13]. 

Table 1 
Codes      Duals 

   
      [         ]                  

       [        ]   

   
      [         ]                  

       [        ]   

5. Quantum codes design via     construction method: 
This section presents foundational principles for constructing quantum 

error-correcting codes through the framework of dual-containing cyclic codes. 
As demonstrated in the following lemma,     method provides a systematic 
approach to generating quantum codes from classical linear codes. Specifically, 
by leveraging the structural properties of dual-containing cyclic codes, this 
technique enables the derivation of multiple classes of quantum codes with 
controlled error-correction capabilities.  

Lemma 5.1: [14] (    Construction) If   a classical linear code  , [     ]  
s.t.    , then   an quantum codes [[         ]] . 

Example 5.2: Consider               , and 137    
     . The cyclic 

code    
    , defined by generator polynomial by    

       , possesses the 
parameters [         ]  , we get quantum code [          ]   . 

6. Quantum synchronizable codes from cyclic codes  
Lemma 6.1: [15] The two cyclic codes   〈     〉 &    〈     〉 with 
parameters [       ] , and [       ]  over   , where      . This implies 
that                      and       . Define           

     
over   [ ]

〈    〉. Any 

pair of non-negative integers   ,    with          (    )          
a   ,    [[             ]]     , it corrects both errors up to        . 

6.2 Maximum misalignment tolerance 
By Lemma 6.1, the           influences the ability of       to 

misalignment errors.       requires cyclic codes that not only maintain 
sufficient minimum distances but also ensure the           remains as large as 
possible. Given that           

     
, and             ,             , then 

           . Consequently, the upper limit for the achievable magnitude of 
      is determined by their length  . 
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Theorem 6.3: Let         is an odd prime,     
    , and            , 

     
    

, Then for     such that         , there exists a     ,         

[[                 ] ] , where                    
    

. 

Proof: If   be an odd prime of the form      , then    
           

       
             . By Lemma 4.6,                for any                    
  }  and             . Then,         under these conditions, one can extend the 

code    
    to obtain its augmented variants. The generator polynomial    

        
contains no fewer than      irreducible components when viewed over   .. If 
    

    
 , then based on Lemma 4.8 (a),    

     has an augmented code    
 , 

 [                        ]     [     
       
           ] . Moreover, let  ′ 

be one more set with   is contained in                   } then the parameter 
of augmented cyclic code     

   of    
 , is [     

       
            ] . Let 

       . Since                  then                     
        
    

. 

Furthermore, since    (     )      where         
   

    , consequently the 
      obtained by    

     and their       achieve the optimal synchronization 

limit. Based on Lemma 6.1, we get     ,          [[                  
   ]]   where           

The cyclic code      
     can be leveraged along side       to create 2nd 

class of       offering superior synchronization performance. 

Theorem 6.4: Let         is an odd prime,     
    ,            , 

     
    

, then for any nonnegative integers    and    with         ,   a 

quantum synchronizable code,    ,     [[                ]] , where 

                   
    

. 

Proof: Since         is an odd prime, then |  
    |   |  

    |          
     . By Lemma 4.6, |       |      for any                      }  and 
            . Then,           

     has         
          

        has at least 

          
    

 irreducible factors over   . By Lemma 4.8 (c),           
     has 

an           
 [             ] . Choose a second subset    such that the 

earlier set   is included in   , where    is drawn from {             }  
{             }. Under this choice            

   of      
  is [              ]  
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