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Abstract

This work explores new upper bounds for the g-numerical radius of Y € £L(K), extending
and strengthening existing advancements in the field. Specific instances of g-numerical
radius inequalities for operator sums are derived using these findings. Additionally, the
paper presents new inequalities for the g-numerical radius of two by two matrices, offering
valuable contributions to the study of operator theory.
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1. Introduction and Preliminaries

Let L(K) be the space of all bounded operators on K, and let X be a
Hilbert space. An operator Y € L(K) on a Hilbert space K has a classical
numerical range and numerical radius defined by W(Y) = {< Y¢, & >:||€]| =
1} and w(Y) = sup{|A|: 1 € W ()}, respectively. For further information, see
[1, 8, 10, 15]. The spectral norm of L(¥) is known to be identical to the
numerical radius. For the numerical radius, several mathematicians came up with
upper (and lower) boundaries. In [16], Kittaneh specifically showed that for each
operator Y in L(XK), the disparity listed below is true.
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Also in [16], he showed that for any Y € L(K),

ill’y*y +YYIl < 0?*(Y) < % 1YY + Yyl (1.2)
Dragomir established the following inequalities for every Y,S € L(K) in
[8, Theorem 4, 5]

Y Y+8*s
2

| <0s)+51Y - sI% (13)

In [11], the author introduces new inequalities for the numerical radius of
normal operators on a Hilbert space. One of these inequalities states that for a
normal operator 7' € L(K), the following is true:

1
Z001+7) < 0@) < (%] + 172D, (1.4)
where T = J; +i7; is the Cartesian decomposition of T, and |Tj| = |T*T},j =

1,2.

On the flip side, Marcus and Andresen [19] introduced a broader concept
known as the g-numerical range, denoted by W, (+), in 1977. This concept applies
to a space with an inner product and unitary properties, specifically in n
dimensions. They showed that an annulus is formed when the "g-numerical
range" is rotated about the origin for q € C with q € (0,1]. For more details, see
[4], [5] and [22].

Li, Metha, and Rodman [17] investigated the basic characteristics of W, (T)
in 1994. Li and Nakazato [18], Rajic [21], and Chien [6] conducted follow-up
research on the g-numerical range, radius, and associated shift operators.

Let 0 < g < 1. The g-numerical range of Y € L(K) is established by

Wo(Y) ={YS, 0 = &,Ce K EN = 1SN = 1,< €, >=q}.

Consequently, the q-numerical radius of Y € L(K) has the following
form:

©0,(Y) = sup {Ju] : € Wy (Y)}.

The g-numerical range's characteristics show that for every Y, B € L(K), and
a €C,

(@) wy(ay) = |ajw,(Y);

(®)  @,(Y +B) < w,(Y) + w0, (P);

() w,"YU) = w,(Y) for every unitary operator U € L(K);
@) w0, (Y") = 0, (Y).

The authors in [20] established the equivalence between the operator norm
and the g-numerical radius as a result of these features. In particular, they showed
that for 0 < g <1 and Y € L(K) (see [20, Theorem 2.1]),

Yl < we(Y) < 1Yl (1.5)

2(2—9%)
Additionally, they offered proof that, for each normal operator Y,
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S 1Y < wo(Y) < NIYIL (1.6)

2—q2
For the “g-numerical radius w,(Y)”, we provide upper and lower bounds
in this work. The requirement is that 0 < q < 1. By providing insights into a
broader range of circumstances, this builds upon the already established
information in the literature.

2. Main Result

We use a number of well-known lemmas to illustrate our expanded
numerical radius inequalities.

Lemma 2.1: (Holder Mc-Carthy inequality): Let & € K be any unit vector, and
let F € L(XK), F =0, be allowed. Next, we have

(i) (F& &)< (FX,&) for k > 1.
(i) (F*&, &) < (FE &) for 0 <k < 1.

Lemma 2.2: [13] Let 9,0 >0 and 0 <y <1 and u,v > 1 such that i+% =
1. Then
1
) """ <yot+(1-y)o <o+ (1—y)a")x for k 1.
.. p+o
(i) oo < -
oM gV

oh ¥ _ (oMF | gVEYk
(iii) QO'S”-I‘VS(H'FV) for k = 1.

1

Lemma 2.3: [2] Let 9; € RY, i € {1,---,m}. Then
Qi e)* <m 1YL, of forrk = 1. (2.1)

Lemma 2.4: [13] Let Y € L(K) and &,{ € K be any vectors.
i If y,6=0 such that y+&=1 then [|(Y&)|* < (|Y|?YEE)
(1Y"17°¢,9),

(i) If ¥, are non-negative continuous functions on [0,00) satisfying

YOP@) =7 (r20), | <YET> < IpAYDEN NISAY DI
Lemma 2.5: ([9]): If the operators B, Y are positive, then
|93 < IByI (22)

Lemma 2.6 ([14]): If Y, B € L(K) are positive operators, then

1 12
Iy + 3l < §<||y|| + 18Il + J Yl — I1BID? + 4 || y= B2 ) (23)

Lemma 2.7 ([12]): Let J,G € L(K). Then the following claims are true:
(a) w( ‘(7) g]) = max {w(J), w(G)}.
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o w(g o)=»(5 o)

(© w([g ]) ([eigg OD forall 6 € R.

(d) w([‘g g]) = max{w(J — G),w(J + G)}. In particular, W<[g 0])
w(G).
@ |5 glll=maxtianngm.

Theorem 2.8: If ¥ = [7% ‘g] € L(K @ K) and q € (0,1), then

wg (W) < %(max{IIJII, G113 + Vmax{llaGII, 1GI11})
+ (1 - a®) max {llJ1I% IG1I*} + 2ay/1 — ¢ max {IIJII% IG1I%}.

Proof: Let hz[;;],go [Y1

]e.‘K@.‘K such that ||All = |l@ll=1 and

(h,)=¢q. Then h+# g and h+ —gp. Put o =qh+.1—g?>X. Hence
(h,X) = 0.
Now, by employing Lemma 2.4 (i) and Lemma 2.2, we get
[(Ph, )| < (|P|h AN |0, 0)
= (1WIh, 1) (19" (ah + T = a2K), qh + T = a?%)
= qX(|P|h, h) (|¥*|h, h) + (1 — ¢*)(|P|R, h) (|P7|R, R)
+2Reqy[1 — q2(|W|h, h)(|W*|h, R)

2 (IR -+ P R, oy (PR (R K)?
<o (FREERRE) + - (B

+20y/1 = o%(| |5, RY(P° |7, R)|
< S AL+ W DR A2 + 55 (WIh RS2 +< (97X, X))
+2qJ1—_q2 |||tp||||||w*|||||n||3||x||
T (W] + 9D + 55 @ (D) + w29 + 2041 — 21111
< lw] + |||+1T°‘(|||W|||2+|||w 1) + 2ay/T = 2w %Il

Using Lemma 2.6 for the positive operators |¥| and |¥*|, and the fact that
NP = M= 110 1P = [[P2]], we obtain
1112
2

1
]+ 1< 5 { 0+ e+ J(nmn — e + 4 ey

1
2
1
2

(200911 + 2/ T27) = el + 1221
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Consequently,
2

q 1
< Wh o >12 < (I + I921E) + (1 = G I + 209 T = 2.
The supremum over all vectors 7, 0 € K @ K is found by using ||i]| =
lpll =1 and < 0 >=q

2
q 1
wg (V) < - (II‘PII + II‘PZIIZ) + (1= @I + 29y'1 = 2[I[P]1I%

Lemma 2.7 for ¥, W2, and |¥| is now applied, and we obtain
2

W) < 7 (max 11, 1611} + Vmax (161, 6T
+(1 = ) max {912, 1§12} + 20T — o2 max {17112 611}

Theorem 2.9: [f ¥ = [g g] € L(K @ K) and q € (0,1), then

: 0
+(55) max gl + 1P Iar + 1571y < o2 ([ ])
i 2.7)
q— 2 %12 2 £12
S Sy e UIGE+ 1T MIE+ 17

X Y
Proof: Let h = [xi],go = [yﬂ EX @K such that ||a|| =@l =1 and

<hgp>=q. Then h#gp and h# —gp. By using o =qh+.1—q?X
which ||| =1, < A, 8 >=0, 1 = —— and y = ——. Then
24+q 2—q
2
(Wh, @) = |(¥h,qh +T— q2X)|
2
< (alwh, )| + 1= gZ(wh,N)|)
2
< (qo(¥) + V1= dZ0,(¥)) .

Utilizing (h, ) = q and ||A]| = |||l =1 to determine the supremum
over all vectors h, % € K @ K, we arrive at

w,(P) < qu(¥) + /1 — q?w,(¥).

Consequently,

w,(¥) < JZ_T“’(W)' (2.5)

By using the right-hand side of the inequality (1.2) and the inequality (2.5)
and Lemma 2.7, we have

2
w(¥) < q—22 P + wwH||

2(1-/1-¢7)
__ & ||[|§|2+|<7*|2 0 ]
2(1-y1-¢7)’ 0 1T+ 16717
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— a’ 2 2
= vy max {[l|G1 + |7"I*IL 1T + 1G712113.

This proves the right-hand side of (2.4).

To prove the other side of the inequality (2.4). Put u = iada = [

ol Y gl
and v = qu + /1 — q?w. Trivially (u,w) = 0. Also (u,v) =q and ||v|| = 1.

Letting v’ = qw + /1 — q%u, we get
Re((Wu,v) + (Yw,v')) < (Pu, v)| + (Pw, V)| < 20,(¥). (2.6)

On can see that ||A+ @]|? =2+ 2q and ||h—@]|? =2 —2q. On the
other hand,

Re((Yu,v) + (¥w,v')) =

Re [MW(h+ ), 1+ 0) + ot (W (h+ ), h — )

X = 9),h - ) + oL (W= ).+ )|

= Re[A(Wh, h) + A(Wh, ) + A(Pep, h) + (P, p)
+2(Ph,h) — 2 (Ph, 0) + (¥, h) — > (¥, )
+x(Ph, h) — x(Ph, o) — x(¥$, 1) + x (¥, )
+2(Wh, ) + (PR, 0) — 2 (¥, h) — 2 (¥p, ).

Hence,
A+ x + D)Re(¥h,h) + (A + x — DRe(¥p, $)
< 2w,(W) + (x — DRe[(Wh, ) + (Y, h)]
< 2w,(¥) + (x DWPh, o) + (P, h)|
< 20(W) + 175 (KPR, @) + (W, )
<( _qz)wq(‘}’) = ﬁwq(%.
So,

2—

0, () + (1= A= DI, )]

2

< L0, (9) + (¥, 0) @)

1

A+ x + 1Re(¥h,h) <

< %wq(‘l’) + w(¥).

Replacing ¥ by W in (2.7), we have
A+ x + DRe((é"
The supremum over all 8 € R is found by

G+ 1+ DI, )] < 2L 0,(9) + w(¥).

(W) + o (¥),

We now determine that by calculating the supremum of this inequality over
all h € K @ K that fulfill ||a]| = 1,
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A+ xy+Dw(P) < a)q(‘{’) + w(¥). (2.8)
Consequently,
wq ¥). 2.9)
Therefore,
(2.10)

The inequality (2.10) and the left side of (1.2) are now used to suggest that
2
V(W) 25 (75) v+ v

2
=1 (%) max{llg +13° 121, Mg 1? + 16" 121

The evidence is now complete.

Remark 2.10: (i) In Theorem 2.9, if we tend q to 1, we get
1 * *
cmax{[[IG]* + 1Tl 11 + 167111} < w(¥) <
1 * *
max{|[|G]* + |7 1IL T2 + 1671711} (2.11)

(il) Using Lemma 2.7, allowing q tend to 1, and taking into account J = G in
Theorem 2.9, we obtain

I g+ 3TN < 0@ <13°T + 3N (2.12)

By using the inequality (2.5) and the inequality (2.10) and Lemma 2.7, we
have

Corollary 211: If ¥ = [g g] € L(K © K) and q € (0,1), then
J— max {w(J), w(§)}. (2.13)

Therefore, as two norms, the q—numerlcal radius is equal to the numerical
radius. For g-numerical radius, our final findings are extensions of (1.2) and

(1.3).
Theorem 2.12: f ¥ = [8 g],y = [ﬁf g] €ELKDK) and q € (0,1),
then

+ ML + D2} <

max(lg - DI, g - a1 + 20, (6 1) s
and
2} <

20,(["50 o)) + maxtiig + 1Pl IR + 1P, @15)
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Proof: Let h = [ﬁ:],go = [i;] EX @K such that ||a]l =]l@ll=1 and
(h, ) = q. Then
KW' + Y VA p) = ((PY +YY)h 0)

—((Y*Yh, @) + (Y"¥h, 0))
+({(Y*Yh, $) + (Y"Ph, 0))]
< (W'Y + Y'Y)h, o) — (P*Yh, o) — (Y*'Wh, )|
+H(WPYR, p) + (YWh, 0))]
< KW —h (Y - P) + KPYR ) + (Y Ph, o)
= (WY -1)"(Y —h, o) + (P*Yh, p)| + [(YPh, p)|
< wg(P =Y)"(W =) + 0g(P*Y) + 0, (Y'¥)
SIP -0 =Dl + 20,(Y"¥)
=¥ = YII? + 2w,(Y*¥)

= max{||J — DII% g — M|I*} + 2w, <[]V[0*Q DQJ])'

It is possible to calculate the supremum over all vectors #, % € KX @ K
with ||A]] = |l@]l = 1 and < A, o >= q to obtain

M* 0
0 (W + YY) < max{[lJ — DII%, I — M2} + 2w, ([ v D*JD'

Now, using Lemma 2.7 and the fact that w,(¥) = # [|¥]l, we get that

* * q * *
O(PY YY) = U+ YUY

= —max {|l|GI* + M [, I1J1* + D71}

2-q2
The proof of (2.14) is therefore finished.

Let h = [i:],go = [i;] EX @ K so that ||h|| = ||o]l =1 in order to

demonstrate the inequality (2.15) as well as < h, o >= q. Next,
KW +Y)"(¥Y +h, o)l
= (WY + Y p) + (YVh, p) + (P Yh, p)|
< WY + YR o) + KY"WPh o) + [(P*Yh, 0)]
< W W + Y] + 20,(YW).
Using ||a|l = |lo]l = 1 and < h, §o >= q to obtain the supremum over all
vectors h, 0 € K @ K, we obtain
W (W + ) (W +Y) < [WW+ Y'Y + 20,(Y'W)
— M*g 0 2 2 2 2
=20,([,9 o2,]) + maxtligi + el g + P
Note that (W +Y)*"(W +Y) is self-adjoint. Using [20]'s Theorem 2.1(b),
we obtain

q * __4 2
SO+ ) @+ DI = S+
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max {||J + D% IIG + M||?}

2—-q
2
Sw,(P+V)'W+Y) =, <[|g +0M| 5 J?DIZ])
<200 ([ i) + maxtiigie + el g + 1o,

The proof is complete.
The sequel makes extensive use of the next two lemmas.

Lemma 2.13: ([7]). Let v,6,p € K. Then
S8, V)% + [y, p)I? < llyIIZ(max {II511%, 1IplI?} + (8, p)D).  (2.16)

Lemma 2.14: Let y,n,p € K and p = 1. Then
[{n, 2P + Ky, )PP < v I1?P (max {InlI?®, 11?2} + [{n, p)IP). (2.17)

Theorem 2.15: Let P,Q € L(X), q € (0,1) and p = 1. Then
wg? (P + Q) < 2277 (max {||P||?", |1QII*"} + w? (Q*P)).

Proof: Let &, € K with ||&]| = ||{]| =1 and ({,{) = q. Then
2172P((P + Q) OIPP = 2172P(PE, {) +(Q¢E, I
< 2172 (PE, O + 1{QE, D
< (P&, OI?P + [{Q¢, §)I?P (by Lemma 2.3)
< 117 (max{[|PE 1177, 11Q€11%P} + [(P€, Q€)|P) (by Lemma 2.14)
< max {||P|I?%, [QII*"} + KQ* P&, &)IP
< max {[|P[I*”, [|QI*"} + w? (Q*P).
Using ||€]l = ||¢]l =1 and (&,{) = q to obtain the supremum over all
vectors &,{ € K, we obtain

wy? (P + Q) < 227~ (max {||P||?", 1QII*"} + w? (Q"P)).
The evidence is now complete.

Theorem 2.16: Let ¥ = [% g/[] ELKPK) and q€ (0,1) and p = 1.
Then
o ([Z9]) <2 amaxllg? +1g°PIL NP2 + 1D 1)
)
+max{llgI? = 1g° 1L I = 122 + 22 ([ o )
Proof: Let 0 =7 9 | and & = [g g ,and let A = [2]@ = [2] EX D
¥ such that ||| = |||l = 1 and < (A, §) = q. Then
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21720 |(Wh, )|?P = 2'7*P|(Oh, ) + (Eh, p)|*
< 21722 (|(Bh, 9)| + |(Eh, $£)|)?? (by the triangle inequality)
< (®h, 9)|?? + |(Eh, £)|** (by Lemma 2.3)
< (max{||®#||% ||ZA||?})P + |(Oh, Eh)|P (by Lemma 2.14)

1 2 o 2 2 [} 2 -
= o5 ORI + IER]I® + [lOR[% — [IERIZDP + [(Oh, ER)P

1
=55 (U817 + [E1)h, h) + KB = [E[)A, AP + (27O, )P

_ ip([l(]lz +1G°1? - 0 |D*|2] W
2 2
[w' 0 |M|2?|D*|2] ) Hga o | nml

< — max{[l|J1% + |G 1?1l NIM 1 + 1D 21}

+max(llg P - 16° 1L 1l = iy + o ([, o )

Utilizing (h, %) = q and ||A|| = |||l =1 to determine the supremum
over all vectors A, o € K, we arrive at

wc?p( % ?V[‘ ) S Zp_l(max{lll(jlz + |g*|2”' ”l]\/[lz + |D*|2”}
DM
+max{[l|J1? = 1G° 121l 1M |2 = [D* 2} + 2P~ wP ([g ‘g 0 ])

Remark 2.17: The following series of refinements may be obtained by using
=G =D =M from Theorem 2.16

wgP () < 2P NI + 1T 1PN+ N2 = 137 12IDP + 227 wP (17 17)

—1 (3213l +1a2 =177 21N _
— p2p-1 (|| ||2|| ||) + 220710 (|J12)

2,19%2||P 2_1q%2||P
— 22 (Illal "] :Illal 17712 )+22p-1wp(|3|2)_

Lemma 2.18 ([3]). Assuming p is a nonzero complex integer and ||&|| = 1, let
§,(,n € K. Then,

K EXEmI < lifl(max{l, lo = 131Nl + 1K mD.

Theorem 2.19: Let P,Q € L(K) and the complex number t should not be zero.
After that,

03P +0) < (14 Zmax(L, |t = 13) IIPP + QP] + Zw(@P).  (218)

Proof: Let &, € K with ||&]| =||¢|| =1 and (¢,{) = q. Then
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K@+ Q)8 012 < (KPS, O+ Q8. O)D?
= P&, O + QE, DI? + 2|{PE, OIKQE, O

< (P& O + (08, O)I? +|27|(maX{1, IT = 1}IPENNQEN + KPS, Q8
(by Lemma 2.18)

< P& + 198117 + f—l(max{l It~ 13V(PE PO, 05)Q + (P, 09)1)
= (IP176,6) +(1012,§) + = (max{1, |t — 1}{(PPE,ENIQP. 8) + [(P€, 06)1)
= (PP +1Q1)6,6) + (max{l [t — 1P PE EXIQIPE, &) + Q" PE, £)])
< (P +1Q0%)¢.6) + |Tlmax{l, [T = 1A + 121, €) + 5 [(Q"PE, 6)]

(by the arithmetic — geometric mean inequality)
< (14 mmax{L, [t = 13) (PP +1Q1E.8) + 2 Q' PE, O]
< (14 Zmax(L, [t = 13) P12 +1QP21 + 5 w(Q'P).

Identifying the supremum over all vectors &,{ € K using (£,{) = q and
€]l = <] = 1 allows us to

03P +Q) < (14 max{l, |t~ 1}) 1P + 1011l + 50 (Q"P).
Using Theorem 2.19 and Theorem 2.1 of [20], we have

Corollary 2.20: With v being a nonzero complex number, let P,Q € L(K), and
q € [0,1] be considered. Next,

1 G5) 12 4+ 017 < (14 max(1, o = 13) 1212 + QP2 + = (")

As a consequence of Lemma 2.18, we have

Proposition 2.21: Let &,{,n € K with ||]| = 1, T a nonzero complex number
and 9 = max{1, |t — 1]}. Then

[, mI* < lz IS I +

29+1

w219

Theorem 2.22: Let ¥ = [g g‘)/[] ELKDK), qe(0,1), T a nonzero

complex number and 19 max{1, |t — 1|}. Then

([ ) < T max(l1g1* + 19711, 1121 + 1227111
+% max{{l|J|* + 17" 1l 12> + 12 * [Bmax{w (%), 0 (M)}
+2&2max{||J|I*, ||M||4}+q| f; max{|||G|* + [D*|*Il, I1D]* + |G |*II}
+ 8299 ax(llIGI? + D121, 11D 12 + |G* P Imax{w(§D), w(DG)}

Iz|?
+2&*max{||D|I*, IG1I*},
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where £=1—¢g?+ q/1— ¢~

Proof: Let © = [‘g ?V[] and = = [g g ,and let A = [2],50= [2] EX D

X such that (h, @) = q. Then, £ may be written as o = qh + /1 — g?R,
where (h,X) = 0 and ||X|| = 1. Foreach Y € L(K @ X)) in this configuration,
we have that
YR, )| < ql(YR, )| + /1 — q* (YA, R)|. (2.20)
Assume that F is any orthonormal set that contains A and X in K @ XK. It
follows from "Bessel's Inequality"

Yeermy (YR, €)% + (YR, B)? < [IYA?
= [(Ya,R)? < Zeepmy (YR, €)I? < IYRI? — (YR, )%
Using the above relation (2.20), we get

(YR, @2 < qI{Yh, Y] + T = g2 (VAN — (YR, A2
1.2
= 1, ©)2 < (ql(Yn, W) +T=q2(IYRIIZ = |(YR, 1)[2)2)

= q*[{Yh, 1)|? + 2q:/1 — q?|(YR, R)|(IIYR||* — [(Yh, fl)|2)%
+(1 = g»)UIYAR|I> = (YR, R)|?)
= q*[{Yh, h)|* + &|YR||>.
Now,
S (Wh,p)* < (1(Oh, )] + |(Eh, @))*
< ({®h, p)|* + |(Eh, 9)|*) (by Lemma 2.3)
< (¢*l(0h, h)|* + A£||6hn|*)?
+(q?|(Eh, h)|? + £]|Eh||?)?(by the inequality (2.21))
< 2(q*|(0h, h)|* + A£?||O|*)
+2(q*|(Eh, h)|* + £2||ZA]1*) (by Lemma 2.3)
< 2q*|(Oh, h)h, O*h)|? + 2£2||0||*
+2q*|(Eh, h)(h, E*R)|? + 24&2| E||*

92 % 9 * *
< 2q* (L l0nlZ 0 Al + 222 onillle*hlll(oh, 0')) + 28 0]}
1429

|z|?

2.21)

+2¢* (- |EAI2IIE RN +
4 gz l=niirii=

IERIlIE* RIIER, B 1)) + 242 12]|*
(by Proposition 2.21)
92 .
< 2q* (S5(101%h, A)(|6" A, h) +
+242|0]*
4 92 =12 =2

+2q" (S (IERR, RY(E" 2, 1) +
+24&2||Z||*

1+29

|z|?

JAOPR, RO R, R)I(6%, b))

1+29

7|2

VPR, RYE PR, R)I(Eh, 1))
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< T eI + 107D, ) + EDT (62 + 07 )R, WI(O2h, B
+2A€2||®||4
F L1 + 12719, ) + EEILIER + [£[D)h BIER, B
+282 2]
a2 [191* +16°1* 0
e o |M|4+|M*|4]h'h>
L aezoat [1G1° +1G°1* 0
|2 ([ IG12+1G* |2] h)([a gz]hh)
G O
+242 |15 G
ao [IDI*+16°1° 0
(o g1+ 16714
4 (+20)q* ICI>+1G*|> O GD 0
|2 ([ G2+ |C* |2]hh> <[ ]hh)
4
w2 [, I
S max(1g1* + 17" 141, 121 + 1141}

||2

(1+29)q*
Iz

+ ax{[I1712 + 171?11, M2 + 12 Imax{e(J2), & (M)}
492 . .
rmax{lID1* +16°1*IL IIGI* + 17711}
(1+29)q

+T4Hflax{lll73l2 +167 121 11G1? + |1D*|?|3max{w (GD), w(DG)}
+2&2max{|IG]I*, I1DII*}.

+2&max{||JII* 1M 1*} +

The evidence is finished now.
Based on Theorem 2.22's proof, we have
0 g

Corollary 2.23: Let Y = (D O | and q € (0,1). Then

w§(Y) < g*max {w(GD), w(DG)} + £ max {lIG]|% [IDII?},
where £ =1—q* +q/1— g2
Lemma 2.24 ([23]): Let &,(,n € K. Then
KE O + 1K mI2 < HSIP A OIZ + Kn,m? + 2|((,7))|2)%- (2.22)

Theorem 2.25: Let D € L(K), q € (0,1) and p = 2. Then
wg? (D) < q?P2P71([||DI?P + |D*|?P|| + wP (D)) + 2P 1A ||D||?7,

where £ =1-q*+ q/1—q?
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Proof: Let &,{ € K with ||€]| = [I{]| =1 and (§,{) = q. Then

1 2p _ (2K0ED1NP _ (2q(DEE)2+24&(D)12\P
LD, )2 = (ALY < (2UBEOL2EBL)

_ (qzuwf,fn2+|<f.@*f>|2)+z£2||D||2)”
4

1 14
< (qz(I(Df,Df)I2+I(D*€.D*€>I2+2I(D€,D*€>I2)7+2:‘EzIIDII2>
- 4

(by Lemma 2.24)

<

N

1\ P
p—1 (qz(|<7>&Df>|2+|<D*f,7i*f>|2+z|<D§,D*f>|2)2> +2r-1 (ZAEZJJDMZ)”

IA

2p P4|(D*ED*E)P Rl
q_(|<7>f,7>s>| +|(D f,D4s>| +2(DE.D°9)| )+§,<EZ?’|IDII2”

<

< T2 (IDIPE, &) + (D" PPE, §) + S UD?E, )P ) + 2 A27|| D2

(GAUDPP + D" 1P)E,§) + S (D2E,E)NP) +3 £2P||D||2P.,

Finding the supremum over all vectors &,{ € X using (£,{) =q and
IEN = 1Ig1l = 1 yields

w;? (D) < q*P2P7([||DI? + |D*[?P|| + wP(D?)) + 2P~ &%||D||*P.

a°?

2

2

2

2
<

2

3. Conclusion and future Work

In conclusion, this study introduces novel upper bounds on the g-numerical
radius, which makes a substantial contribution to the field of bounded linear
operators in complex Hilbert spaces. Particularly in ¢ -numerical radius
inequalities for operator sums and two by two operator matrices, our contributions
add to the body of knowledge and provide insightful information. The versatility
and applicability of our derived results provide a comprehensive understanding of
the g -numerical radius in various scenarios, extending beyond theoretical
considerations to potential applications in mathematics and related fields. Future
directions include extending our findings to higher dimensions, exploring
connections with other operator norms, and investigating practical applications in
quantum mechanics, signal processing, and optimization problems. This research
establishes a foundation for deeper exploration, paving the way for further
investigations and applications in diverse scientific and mathematical domains.
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