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Abstract

This paper aims to explore arithmetic properties in the set of p-adic f-integers. We
show that the quantities L and L are finite if §is an algebraic integer of odd degree. Here,
L, (resp. L,) denotes the largest shift after the decimal point in the product (resp. sum) of two
B-integers when this shift is finite.
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1. Introduction

B-expansions are an important mathematical concept that generalizes the
idea of base expansions (like binary or decimal) to non-integer bases. They play a
crucial role in various areas of mathematics and have significant theoretical and
practical implications.

The generalization of [-expansions was first introduced by the Hungarian
mathematician Alfréd Rényi in 1957. In his groundbreaking work, he extended
the concept of base expansions to non-integer bases, laying the foundation for a
new area of study in number theory and dynamical systems.

In [8], A. Rényi associated the expansion with a dynamical system defined
by the class of the pJ -transformation {Tg,f > 1}. Let B> 1. The

B-transformation is a linear piecewise function on [0,1[, defined as:
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Tg:x » px — [Bx],
such that x is a real number in [0,1].
Forall i = 1, we set

xi =[BT ()],
which leads to the representation
X =Yix1 %
The sequence dg(x) = 0 ¢ x;x,x3 -+ is called the f-expansion of x.

Now, V x > 0, there exists an integer m > 0 where f~™ 1x € [0,1[. This
allows us to express x in the form

X=X+t x4 +xp + %1+

Consequently, dg(x) is expressed as
x_m ...x_1x0 L4 X1XZX3 .

The [-expansion is finite if the sequence (x;);»; becomes 0 from a certain
rank, and it's eventually periodic if there exist integers [ = 1 and s = 1 such
that for all j = s, we have the condition x; = x;,,. The set of real numbers in the
interval [0,1] with periodic [S-expansions is denoted by Per (), while Fin(f)
is the set of numbers with finite S-expansions.

Any real x > 1 admits a unique expansion as follows:

x=Yko X B+ Tiso B
[x]p {x}p

The part [x]g is referred to as the S-integer part of x. Conversely, the part
{x}p = x — [x]p is known the p-fractional part. This decomposition extends the
conventional notion of integers. Denote by Zg the set of f-integers.

In general, Fin(f), Per(B) and Zg are not necessarily stable neither by
addition nor by multiplication. Despite this, considering these operations in
B-arithmetics is useful in computer science. Consequently, studying arithmetic
properties of [S-integers, such as computing their sum or product where fractional
parts may arise, is very interesting.

To analyze this, we introduce the quantities Lg and L, as defined in [1].

Definition 1.1: Let § > 1. We define:
Lg:= min{m € N:ifx,y € Zg and x + y € Fin(B), then f™(x +y) € Zﬁ}.
Lo:= min{m € N:if x,y € Zg and xy € Fin(f), then g™ (xy) € Zb’}'

In convention that, +co otherwise.

Many researchers have been interested in examining the finiteness of these
two quantities. For instance, in 1992, Frogny and Solmyak showed in [5] that Lg
is finite if B is a Pisot number ( an algebraic integer greater than 1, such that its
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conjugates are all in the open unit disk). Later, M. Hbaib and 1. Ben Salah
strengthened this result through this theorem:

Theorem 1.2: [4] Let § > 1. If either 8 or % is an algebraic integer without
archimedean conjugates of modulus 1, then Lgy, and L, are finite.

To date, no example of f is known for which Lg and L are infinite.
Additionally, several studies have aimed at determining explicit values of Lg,
and Lo in various bases. Let's first consider the quadratic case and cite the
following theorem:

Theorem 1.3: [3] Let B > 1. Suppose [ is a solution of either x* = kx — 1,
where k € N and k = 3, or x? = kx + 1, where k € N. In the first case, we get
Lo = Lg = 1. In the second case, we get L = Lgy = 2.

The first cubic case was investigated by A. Messaoudi, who proved the
following result for the Tribonacci number:

Theorem 1.4: [6] If B is the Tribonacci number, then Lg < 9.

Subsequently, this result has been refined as follows:

Theorem 1.5: [1] If B is the Tribonacci number, therefore 5 < Lgy < 6 and
4< Ly <5

The exact value of Lg was later determined by J. Bernat.

Theorem 1.6: [2] If B is the Tribonacci number, then Lg = 5.

For higher-degree values of 8, determining the exact values of Lgy and Lg
remains a challenging problem. Even establishing upper or lower bounds for these
constants proves difficult. Many examples are analyzed in [1], where a new
method was presented to give upper bounds for these two quantities for certain
classes of Pisot numbers that satisfy specific properties.

Thus, the finiteness and explicit values of these two quantities constitute an
important research topic that has attracted considerable attention. Motivated by
this topic, we explore analogous concepts in the field @, and we introduce the
algorithm of [-expansion in this setting, which is an emerging area of research.

It is worth noting that the quantities Lgy and L have not yet been studied
in the context of p-adic numbers. The objective of this article is to investigate
these quantities in this field and to establish that Lo and Lg are finite for
specific families of algebraic numbers f3.

The organization of this paper is outlined below:
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In Section 2, we cite fundamental definitions of p-adic numbers in the field
Q, and we define the B-expansion algorithm for p-adic numbers. In Section 3,

we show that for any algebraic integer [ or % without archimedean conjugates

of modulus 1, the quantities L and Lg are finite.

2. f —expansion in the p-adic field

Let's take p is a prime number. In the field of p-adic numbers,
B-expansions are a generalization of the usual expansions in powers of a prime p,
but with a non-integer base . They involve adapting the real f-expansion
framework to the p-adic context, considering the unique arithmetic and
topological properties of the p-adic numbers. This extension leads to new
challenges in defining convergence and studying the ergodic properties of p-adic
B-expansions, with potential applications in number theory, cryptography, and
dynamical systems. So, before introducing the f-expansion in Qy, let us define
first this field.

The p-adic valuation v, is a function v,: Q = Z U {oo} defined as follows:
e For any non-zero rational number y, we express y in the form y = p* %,
where a and b are integers not divisible by p. Then, v,(y) = k.

e For y = 0, by convention, we have v,(0) = .

The p-adic valuation satisfies the following properties:
1. Non-negativity: For any non-zero y € Q, v,(y) = 0.
2. Multiplicativity: For any y,,y, € Q,
Vp(V1Y2) = Vp (V1) + vp(32)-
3. Non-Archimedean Property: For any y;,y, € Q,
Vp(V1 +¥2) = min{v, (y1), v (¥2)}-
Moreover, if v,(y,) # v, ()2), then

Vp(y1 +¥2) = min{v, (y1), v, (¥2)}

So, we define the p-adic norm |- |, on Q as:
s Fory#0: |y, =p"®.
e For y=0:[0], =0.
This p-adic absolute satisfies the non-Archimedean (Ultrametric) Property:
[y1 +¥2lp < max{|yily, [y21p} forall y,, y, € Q.
Additionally, if |y1], # [y2]p, then |y1 + ¥z, = max{|yilp, [y21p}-

Let |. |, denote the standard (Archimedean) absolute value on Q. Then
|-, and [.|e verify the product formula
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[Ipepuieo) [¥1p = 1, forally € Q\{0}.
Recall that the field (Q, | - |,) is not complete. Its completion with respects
to | - |, is the p-adic field Q.
Now, we define
- h — 7|
A, = (kp"|hk € T} = z[p].
This set A, included in Q, forms a principal ring. The group of units in A,
is given by
{#p"h € Z},
and its field of fractions is Q. Consequently, we have the following inclusions:
ZcA,cQcQ,.
In particular, define
A, N [0,1[= A,,.
Moreover, the field Q,, can be defined as the field of fractions of Z:
Q, = Frac(Zp),
where
Zp = {Zi% axp*;x € {0, ..,p — 1}, k = 0}
The valuation v,, introduced earlier, extends naturally to Q, in the
following way:
Consider a non zero element y € Q,, with
Y = Yk, VP
where ko € Z, yi, # 0, and y, € {0, ...,p — 1}. Then the valuation v,(y) is
defined as:

Ify #0,v,(y) = kgand ify = 0,v,(y) = .
We note that every nonzero element y € Q,, has a unique p-adic expansion
expressed as

Y = Tk, Vi, ()
with kg € Z, yi, # 0, and y, € {0, ...,p — 1}.
Using this expansion, we adopt the notation
Y = = D2P1Po-P-1P-2 --- Pny-
Definition 2.1: Every y € Q,, with the expansion given in (*) admits a unique
decomposition, known as the Artin decomposition:
y= [}’]p + {y}p'
with
[Ylp = Zizo yip' and {y}, = Tico ¥ip".
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The term [y], € Z,, is called the p-adic integer part of y, while {y}, €
[0,1) N A, is referred to as the p-adic fractional part of y.

Algebraic numbers in Q,, are powerful tools for studying local properties of
numbers, with far-reaching implications for both local and global number theory.
For this, our aim now is to introduce these numbers.

Definition 2.2: An element y is said to be algebraic over A,, if there exists a
polynomial
Q(x) = amx™+ -+ a;x + ag € Ay[x]
such that a,, # 0 and Q(y) = 0. If Q(x) is irreducible over A,, it is called the
minimal polynomial of y. In particular:
. If the leading coefficient satisfies a,, = p"* for some h € Z, then y is an
algebraic integer. Since p" is a unit in A,, we may assume without loss of
generality that a,, = 1.

o  Ifthe constant term satisfies a, = p™ for some h' € Z, then y is called an
algebraic unit.

It is important to note that not all algebraic elements over Q belong to Q,.
However, in our context, we only need the fact that the absolute value |- |,
uniquely extends from @Q,, to all of its algebraic extensions. This stems from a
basic theorem in the theory of non-Archimedean fields (see [7]).

Remark 2.3: Let y be algebraic number of degree n belongs to A,,. We denote
by:

o yD, .., y™ the non-archimedean conjugates of y.

o y@D L y®M the archimedean conjugates of y.

Definition 2.4: Let y € Q, such that |y|, > 1. y is called a Pisot-Chabauty
number (or PC number) if it satisfies these conditions:

The element y™® =y is an algebraic integer over A,,.

. For all non-Archimedean conjugates ¥y of y, with i € {2, ...,n}, we have
ly®l, < 1.

+  For all Archimedean conjugates y® of y, with i € {n+1,...,2n}, we
have |y®|, < 1.

Pisot-Chabauty numbers are a special class of algebraic numbers. They have
deep connections to number theory, particularly in the fields of Diophantine
approximation, sequences approaching integers, and certain dynamical systems.
Their fascinating properties make them a rich subject of study in various
mathematical disciplines.
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Finally, we reach to study the f-expansions in Q,: Let § and y two
p-adic numbers such that ||, > 1 and |y|, < 1. A f-representation of y is a
sequence (a;);>1, a; € A, with

Y =2is1 %

In general , a [f-representation is not unique.

Now, we introduce dg(y) the B-expansion of y by using Ty in Z, which
is defined as follows:

T ) = By — [BY]y-

Thereby dg(y) = (a;)i1 with values in Ag,, ={y € Ap:|y|, < [Blp} N
[0,1) where a; = {BT""*(y)}, forall i > 1.

We can define the sequence (a;);»1:

10 =¥, a; = {BT1x—1}p wherer; = fr;_; —a; foralli = 1.

If dg(y) = (a;)i>1, we can write y = 0.d,d,d; ....

We note that dg(y) is finite (a; = 0 for all but finitely many j > 1) if and
only if there exists h > 0 such that T; () =0 and dg(y) is eventually
periodic if and only if there exists h = 0 and t > 1 when T,;h”(y) = T;(y).

Let's define the following sets.

Fin(B) = {y € Zp:dg(y) is finite} and
Per(B) = {y € Zy:dg(y) is periodic}.

We can generalize the f-expansion of p-adic number y € Q, such that

|¥l, > 1; because in this case, there exists a unique s € N with |B]}, < |y[, <

1815

So |#|p < 1; hence we obtain the [ -expansion of y by shifting

dp(53) by s digits.

If dp(y) = dydj_q .dp.d_yd_; ..., let [y]lg = d)B +di 71 + -+ d,
and {y}g =y — [ylp- '

If dg(y) is finite with y =3" a;f~" where m,l € Z, then we put
ordg(y) = —m and ordg(y) = — otherwise.

We also define (Zg), the set of B-integers as follows:

(Zg)p ={y € Qp:y = [¥1p}-

Remark 2.5: The set (Zg),, is not stable either by addition or by multiplication.

Recently, the beta-expansion in Q, has become a source of interest for
several researchers, as it presents many applications in various areas of
mathematics. In 2016, K. Schecher, V. Sirvent, and P. Sureir succeeded in
proving interesting results concerning this concept for instance the following
result KVFPS :
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Theorem 2.6: Let f € Q, bea PC number. Hence

Per(B) = Q(B) N Zy.

The sets Fin(fB) and (Zg), are not stable by addition and multiplication.
Therefore it is important to study the two quantities Lgy and L.

Definition 2.7: Let |8| > 1. We denote
minSp ifSp # minS'p, ifS'p #
Loz{ ’ 'fsﬁ—(P and L®={ S ¢
o0 1 B = ¢ [e¢] lfS/; = ¢
With
Sg = {m € N:ifx,y € (Zg), and xy € Fin(p), then f(xy) € (Zg)p}-
and
S's ={m € N:ifx,y € (Zg), and x + y € Fin(B), then f™(x + y) € (Zg),}.

3. Results

Our goal now is to establish the finiteness of two quantities L, and Lg in
the context of an algebraic integer basis. To achieve this, let's first introduce some
fundamental notions.

Consider an algebraic number f whose minimal polynomial is

P(X)=ag+ - +ag_ X1+ X4,

with a; €A, , for all i€{0,..,d—1}. Let fP,..,p@ denote the
non-Archimedean conjugates of 8. We define the vector of these conjugates as
'3(2)
p@ /)

For any element x € Q(f) of the form
x=rg+nf+ -+,
where 1; € Q, the j-th non-Archimedean conjugate of x is given by
XD =1y 41, BD 4 e 4 1y (BU),

Definition 3.1 Define the following vector norms On Aj:

—  The p-adic norm: [|(ay, ..., ap)ll, = 1rr<1ie§r(l|al-|z,,.

—  The infinity norm: ||(ay, ..., a,)Pr = max|a;|e.
1<isn

Before establishing the finiteness of Lo and Lg, we first present this
lemma.

Lemma 3.2: [9] Assume A < A,,. If A is bounded to both the p-adic norm | - |,
and the Archimedean norm | - |, meaning that
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suplal, < o and sup|ale, < o,
a€cA a€cA

then A is necessarily finite.

Theorem 3.3: Let § € Q, such that |B|, > 1. If B is an algebraic integer of
odd degree, then Lg and L, are finite.

Proof:
Let x, y € (Zg)p - Suppose that dp(xy) € Fin(B) , so dg(xy) =
Cp +C1Cq * C_q . C_p, Where
x = agB° + as_1 771 + - + ap with |a;], < |B,

and

Y = b + b1 BT+ -+ by with ||, < |Bp.

Hence
c_ c_ C—
xy = cnﬁ"+---+co+?1+ﬁ—22+---+ﬁ—,’:.
Then,
Cc— c_ C_
T A L

Let now (BY),.j<q denote the non-Archimedean conjugates of 5. To
show this theorem, we first distinguish these two cases:

Case 1: If [BU)], > 1.
In this case, we have

) _ -1 C-2 C-m

' =55 o Tt oy

Since
Icilp < |Bl, forall i € {—1,...,—m},

we get
131y < 1Bl

Case 2: If [BU)], < 1.
In this case, we have

163 1y = 1@ag(BD)® + -+ + ag) (b (BPY* + -+ bo)

—cn(ﬁ(j))" e — C0|p
= |25 Cheo bpai—p) (B = ¢ (B = -+ = ol
< max{| X325 (Cp=o bp@i—p) (BP) |3 Icn(BPY" =+ = o}

As |,8(j)|p <1, we get
| 2328 Zp=0 bpyar ) (BPY, < 1815 and |, (BI)" = -+ = colp < |Bl,-



10 M. GHORBEL AND S. ZOUARI

Consequently,
1y}l < 1813

{xy}p
. {xy}ﬁgz) : 2
Therefore the p-adic norm of | ; | is less than | Bly-

Gy}

Now, since {xy}g = XK (Xb-o bpa;_p)B' — cuB™ — - —co and B is
an algebraic integer of degree d, we easily deduce that {xy}z = A, + A, +
o Ay YT with 4; € A,

Hence for all j € {2, ...,d}, we have

9} = Ao+ A;(BD) + -+ + Ay (BD)4L,

Thus,

bvls A 1 B e . g

foy)y / Af\ / 1 @ - o
: =M : ,where M = | : : : .
: k : ) \ : (ﬁ(d—l))d—l)

{xy}f;d) Aa-1 1 gD L (@)t

We have detM =[];c; (B%Y —BY) # 0 which implies that M is
invertible, therefore it transforms all bounded vector in a bounded vector. From
{xy}p
(2)

{xy}g

the two cases and since [{xy}g|, <1, we get is bounded, so

: d
fy}s?
A

is also bounded in Q,, and moreover belongs to Ag.
Ag—

Furthermore, 8 has d archimedean conjugates fU), with d +1<j <
2d.

Recall that f has not a conjugate of modulus 1 because if one of the
conjugates has modulus 1, then by the symmetry of Galois conjugates, its inverse
(with the same modulus) must also be a conjugate.

However, if 8 has an odd degree, this symmetry would imply that at least
one root (either  or one of its conjugates) would not be paired symmetrically,
leading to difficulties in maintaining the modulus 1 condition. For this, we must
distinguish these two cases:
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Case 1: If |fD)|, < 1

In this situation, we have
{2y} g leo = 1(as(BY)® + -+ ag) (b (BPY* + -+ + by)
—Cp (B = - = €)oo
Which implies that
1 1
1-18 D)oo

|{xy}ﬁ(j) |oo S (1_|ﬁ(j)|°°)2

Case 2: If |fD)|, > 1
In this situation, we have
1y} Lo = 12y = [0 leor

c_1 [

%50+ Gonyz

C-m

BUHYm

|oo-

Consequently, we get
1

10} oo < —
18D |0

As |{xy}(})|oo < 1 and through the two cases, we deduce that the infinity

{xy}(“”\
(d+2)
norm of the vector | bry } | is less than the quantity
{xy}“‘”
! 0)
a+15)%2 (67 * e 871 < 1), max (1-3(})l F e > 1)
(d+1)
{xy} \ A
0
({xy}ff*” / A, \
Recall that = | |, where
{xy}(Zd) A
1 ﬁ(d+1) (B(d+1))d—1
1 ﬁ(d+2) :
M =|: S ;
(ﬁ(zd—l))d—l
1 ey L (BRY)yet
Ao

Af is also bounded.

Since M’ is invertible, so the vector
Ag—q
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Ao

Finally, by Lemma 3.2, we conclude that A:l takes a finite values.

Ag-1
Thus we obtain that L, is finite.

We proceed in the same manner as in the case of finiteness of L. and we

{x+ylp
@)
X+
prove that the p-adic norm of { ‘y}ﬁ is less than |B|,.
@
x+ 3150
(d+1)
{x+}; \
x + }(d+2)
and the infinity norm of | Yip | is less than the quantity
e+ 350

3 ) 1
max max (— ,| J < 1) max
d+lsjs2d 1-18D |0 B oo ’ 1—|ﬁ(})| ’
(o]

B(j)|00 > 1) .

Since M and M’ are invertible and through Lemma 3.2, we conclude that
Ay
Al . . . .

. takes a finite values. Therefore, we obtain that Lgy is finite.

Ag-q

Now, we suppose that % is an algebraic integer of degree d whose minimal
polynomial is P(X) =bo+ -+ by X** +X*, where b; €A, for i€
{0,..,d —1}.

we can easily check that {xy}1 =By + B; % + -+ Bd_l(%)d_l with

B

B; €A,.

Hence, forall j € {2, ...,d,d + 1, ...,2d}, we get

() = By + B QP + -+ Baa ()
Moreover, we have
(e +yh = By+ By S+t Baa (DU with By € Ay,
Thereby, forall j € {2,...,d,d + 1, ...,2d}, we get
(A9 = By + By 4 Baoa ()
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We continue as in the previous way, we obtain that quantities Lg and L,

are both finite.

Corollary 3.4: Let B € Q, such that |B|, > 1. If B is a PC number of odd
degree, so Lg and Lg are finite.
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