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Abstract

We investigate symplectic structures on 2-step nilpotent Lie algebras as well as affine
structures on filiform Lie algebras, and we establish a necessary condition for the existence
of such affine structures.
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1. Introduction

Let g denote a nilpotent Lie algebra over a field K. The descending
sequence of ideals known as the lower central series, written {g¥}, is constructed
by setting g° = g and defining each subsequent term as g* = [g¥~1,g] for all
k > 1. The smallest integer p satisfying g” = 0 while g?~* # 0 is called the
nilindex of g; in such a case g is said to be p-step nilpotent. Two important
subclasses are obtained for specific values of p: when p = 2 the algebra is called
2-step nilpotent, and when p = n — 1 (where n = dimg) it is referred to as a
filiform Lie algebra.

These two families—2-step and filiform algebras—are central to the study of
geometric structures on Lie algebras, particularly symplectic and affine
structures. Indeed, the search for symplectic forms on a Lie group can be
reformulated in terms of its tangent Lie algebra: a symplectic form on g induces a
left-invariant symplectic structure on the corresponding simply connected Lie
group G (see [2]). This connection motivates the investigation of which Lie
algebras admit symplectic forms.

Although a symplectic Lie algebra must have even dimension, no general
necessary or sufficient conditions for the existence of a symplectic structure are
known. The class of 2-step nilpotent Lie algebras, owing to its relatively simple
structure, provides an ideal setting in which to search for such criteria. In the
present work we examine symplectic structures on 2-step nilpotent algebras and
demonstrate that they are, in fact, symplectic only in exceptional cases.

Symplectic Lie algebras constitute a special case within the broader class of
Lie algebras that admit affine structures. An affine structure on a Lie algebra
corresponds infinitesimally to a left-invariant affine structure on the associated
Lie group. Affine concepts appear in a wide range of mathematical disciplines,
from differential geometry to optimization and cryptography. For example, affine
mappings have been employed in combinatorial optimization and graph theory
[3], and affine transformations are used in the design of cryptographic systems
[5]. These diverse applications underscore the richness of affine ideas, which also
play a fundamental role in the structure theory of Lie algebras.

The problem of deciding whether a given Lie algebra admits an affine
structure remains open in general, despite considerable effort (see [1]). In this
paper we focus on filiform Lie algebras and establish a link between the vanishing
of a certain subspace A,(g) and the existence of a nontrivial affine cohomology
class in H?(g, K). Specifically, we prove that if A,(g) = {0}, then such a class
exists, thereby providing a sufficient condition for the existence of an affine
structure on a filiform Lie algebra.

2. 2-step nilpotent Lie algebras
Let g be a Lie algebra over a field K. Denote by D(g) its derived ideal,
i.e., the vector subspace spanned by all brackets [x,y] with x,y € g. The center
of g is written z(g) and consists of all elements x € g satisfying [x,:] = 0.
Given a bilinear alternating form w on g, the set
Rad(w) = {x € g|lw(x,) = 0}
is called the radical of w. If Rad(w) = {0}, then w is said to be nondegenerate.
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Definition 1: A finite-dimensional Lie algebra g is called 2-step nilpotent (or
metabelian) if its derived ideal is contained in its center; that is, D(g) C z(g).
Equivalently, [[x,y],z] = 0 for every x,y,z € g.

Examples 1:
1. Every abelian Lie algebra is trivially 2-step, since all brackets vanish.

2. The Heisenberg algebra Hj of dimension 2k + 1 is a standard example.
With respect to a basis {ey, e,, ..., €241} its non-zero brackets are

[er, e2] = [e3,es] = = [eak-1, €2k] = €241

and all other brackets are zero. One readily checks that Hj is 2-step
nilpotent.

Propositon 1: ([6]). Any 2-step nilpotent Lie algebra g decomposes as a direct
product

8 =3, X4y
where g; is abelian and g, is a 2-step nilpotent Lie algebra satisfying D(g,) =
z(92).

3. Symplectic 2-step Lie algebras
This section provides an adaptation of results contained in [4].

Definition 2: Let g be a Lie algebra over a field K. A bilinear alternating map
w:g X g = K is called a 2-cocycle if it satisfies

w([x,y],2) + w([y, 2], x) + w([z,x],y) = 0, 2.1
for every triple x,y,z € g. The vector space of all 2-cocycles is denoted by
Z?%(g,K).

A 2-cocycle w is said to be a 2-coboundary when there exists a linear
functional f € Hom(g, K) such that

w(x,y) = f([x,y]) forallx,y € g.

The subspace of 2-coboundaries is written B2 (g, K).
The second cohomology space of g (with coefficients in K) is the quotient

H?(9,K) = Z*(3,K) / B*(9,K).
Its dimension, b,(g) = dimH?(g, K), is called the second Betti number of
g.

Definition 3: A Lie algebra g is called symplectic if there exists a nondegenerate
2-cocycle w € Z?%(g, K).

Example 1: Let g = H, X K?/* be the direct product of the Heisenberg algebra
H;, (of dimension 2k + 1) with an abelian algebra of odd dimension. Then g is
symplectic exactly when k = 1.
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For k = 1 write g = H; x K?*. Choose a basis {g3, ..., g5j+1} of K¥/**
and a basis {e,, e, f} of H; with [e;, e,] = f. Evaluating the cocycle condition
for all triples x,y,z € {ey, e, f,91,,92j+1} gives w(f,f)=0 and
w(f,g;)) =0 for every i=1,..,2j+1. One may then construct the
nondegenerate alternating form

w=e/ANf"+e;Ng; +Z{:1 92i N Gaiv1
which shows that g is indeed symplectic.

Now let g be a 2-step nilpotent Lie algebra and x a nonzero element of g.
The centralizer z(x) = keradx contains both z(g) and D(g); consequently it is
an ideal of g. Denote by D, the derived ideal of z(x), i.e.

D, = [ker ad x, ker ad x].

For an arbitrary nilpotent Lie algebra g we introduce the following
subspaces:

Al(g) = nxeg Dy, A, (g) = n(uezz(g,ﬂ() Rad w.
Clearly A,(g) is a vector subspace of g.

Propositon 2: We have the chain of inclusions 4;(g) < 4,(g) < z(g).

Proof: Note that z(g) = Nyepz(gx) Rad w. If x & z(g), there exists y € g with
[x,¥] # 0 and a linear functional f € g* such that f([x,y]) # 0; hence the
coboundary d; satisfies d¢(x,y) # 0, so x € Rad(d;).

Now take y € A;(g) and z € g. Because y € D,, we can write y =
¥ [u;, v;] with u;, v; € ker ad x. For any w € Z?(g, K),

w(,z) =2 o([u, v, 2) = = X; (w(uy, [vi, x]) + 0 (v, [x,u])) =0,
since [v;,x] = [x,u;] = 0. Hence w(y,z) = 0, showing that A,(g) 2 A,(g).

Corollary 1: If A;(g) # {0}, then g cannot be symplectic.

Lemma 1: Let Hy, be the (2k + 1)-dimensional Heisenberg algebra. Then
A, (Hy) = z(Hy) for every k = 2.

Proof: A straightforward computation gives D,, = z(H,) forall i = 1,...,2k +
1, which immediately yields A, (Hy) = z(Hy).

Consequently, for k > 2 the algebra g = H, X K¥*! of Example 1 is
never symplectic.

Lemma 2: 4 necessary condition for g to be symplectic is that
D(g) L, z(g) for every w € Z2(g, K).

Proof: Indeed, for z € z(g) the cocycle relation gives
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w([x,y],2) = —w([y,z],x) — w([z,x],y) = 0.
Thus D(g) is totally isotropic with respect to any cocycle, and we obtain

the dimension estimate

dim D(g) + dim z(g) < dim g.

Hence the following lemma.

Lemma 3: If g is a 2-step nilpotent Lie algebra (so g D z(g) D D(g)) satisfying

dimD(g) > %dim g, then g cannot be symplectic.

We now illustrate with several examples of 2-step nilpotent Lie algebras

whose derived ideal has small dimension.

Examples 2:

1.

Let ¢ = H; X H;, a 6-dimensional Lie algebra (the generic example of this
type). It is symplectic. Take a basis {e,, e, €3, €4, f1, f2} Wwith [e;,e,] = f;
and [es, e,] = f,. One checks that D,, = Kf, for i = 1,2 and D,; = Kf;
for i = 3,4; hence A;(g) = {0}. A direct computation shows that

w(fi,e3) = w(fi,es) = w(fz, 1) = w(fz,€2) =0,
and the alternating form

w=efNeste; Nfff +tesNf;

is nondegenerate.
Let g = H, X H;, an 8-dimensional algebra. With basis {e;, e,, €3, e4, €5,
es f1, fo} and brackets [e;,e,] = [es, e4] = f1, [es,€6] = f>, we have
De;, = D(g) for i <4 and D,, = Kf; for i =5,6. Thus A(g) = Kf, #
{03, so g is not symplectic.
The same conclusion holds for g = H, X H; with k > 3. In that case
dimg = 2k + 4 and the brackets are

[e1, e2] = [e3,es] = - = [eak—1, €2k] = f1, €241, €2k42] = [
which again gives A;(g) = Kf; # {0}.

Propositon 3: The 2-step nilpotent Lie algebras g defined by the brackets

[er, e2] = f1,
les,es] = f1 + fa
[es, e6] =_f1 + Asf>,
[e2n-3, €2] = fi+ Anfo
= f2,

where {ey, ..., e, f1, fo} is a basis, n >3, and A,, ..., 4, € {0,1}, are never
symplectic.

Proof: For such an algebra one computes
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Hexs) = (@ Kep) ®D(@)7(e2) = ( @ Ke) © Do),

hence D,,, =D,, , =D(g) for every i =1,..,n. Consequently A;(g) =
D(g) # {0}, which proves the claim and also shows why the condition n > 3 is
necessary.

We now outline a general construction that leads to the following question.

Let Lxg be an (n+ 1) -dimensional 2-step nilpotent Lie algebra over an
algebraically closed field K of characteristic zero, with basis {e;, fi,} (1 <i <
n, 1 < k < r) and brackets

lei €] = Sher ciifio e fil = [fior fo] = 0.
The center z(Lk) has basis {f, ..., f} and dimension r. Assume now that

"1 %) > r. In Ly one has D, = [kerade, kerade;] = z(Ly) = D (L)

forall i =1,...,n.

Let w € Z2(Lg, K). Any element f € D(Lg) can be expressed as
f=Xa Aailtai vei] with uy;,v,; € kerade;. Then

w(ei' f) = Za Aa,i w(eir [ua,irva,i]) =0,
because
w(e [Ug,i Va,i]) = =0 (g, [Vair €i]) — 0(Va,i, [€1Uq,]) = 0.

Moreover, for f; € z(Li),

o(fi, ) = w(lew, 1], /) = —w(ej+1, fl. &) — w([f, e1], €j41) = 0.

Thus Rad w D D(Lk). Conversely, any alternating bilinear form w on Ly
whose radical contains D(Lg) is a 2-cocycle, since then w([x,y],z) =

w([y z],x) =w([z,x],y) =0. We therefore obtain the following
characterization.

Theorem 1: An alternating bilinear form w on Ly belongsto Z?(Lg, K) if and
only if Rad w D D(Lg). Consequently,

Z%(Ly, K); (A2 (Lg/D(Lk)))"
Since B?(Lg, K); D(Lg)*, we obtain a description of the cohomology
group:
H (L, K); 2 (L, K) /B (L K), by (Ly0) = dimH? (L, K) = () = 7

Corollary 2: If n =1 ++2r + 2, then the 2-step nilpotent Lie algebra Ly
cannot be symplectic.

Example 2: All 8-dimensional 2-step nilpotent Lie algebras (with n = 6, r = 2)
are non-symplectic. Representative examples are:
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g1 [er, es] = [ez e4] = fi,[e1, 5] = [e2,€6] = f2,
gz ¢ [en, es] = [ez, e5] = [e3,€6] = f1, [er, €2] = [,
g3 ¢ e, es] = [ez,e5] = [e3,66] = f1,[e1, €2] = [e3,€4] = fo,
g4 ¢ [er, e5] = [e3,e4] = f1,[e1, €3] = [es,66] = f>,

gs : [er, e2] = fi,[es ea] = [es,€6] = fo,
86 e ex] = fi+ fa les, €] = fi, [es,es] = fo,

where {e, ..., €, f1, fo} is abasis of each g; (i =1, ...,6).

4. Filiform nilpotent Lie algebras
Definition 4: 4 nilpotent Lie algebra g of dimension n is called filiform if its
lower central series satisfies
dimgt=n—-k—-1 foril<k<n-1.
An immediate corollary is that the center z(g) of a filiform Lie algebra
satisfies dimz(g) = 1.

Examples 3: Two standard constructions of filiform Lie algebras are:

(i) The Lie algebra L,: For n > 3, take a basis {ey, ...,e,} and set [e;, e;] =
e;41 for i = 2,...,n —1; all other brackets are zero. This is the simplest
filiform Lie algebra of dimension n.

(ii) The Lie algebra Q, (odd dimension): Let n =2k + 1. On the basis
{eg, ...,en} define [eg,e]=€i4q (1<i<n-—1) and [e,e, ;] =
(-1, (1<i<k). The algebra Q, is (n+ 1) -dimensional and
filiform. Under the basis change f, = ey + ey, f; = e;, the brackets take the
form [fo, fi] = firr A< i<n—=2)and [f;, fo_i] = (=D)'fn.

Every (n+ 1) -dimensional filiform Lie algebra over a field of
characteristic zero arises as a linear deformation of L,,.

The collection of n-dimensional filiform Lie algebras over a field K
(charK = 0) is written &,(K). A natural generalization of the symplectic
condition is the existence of an affine structure on the Lie algebra.

5. Affine cohomology classes

Let g € §,(K) be an n-dimensional filiform Lie algebra over a field K of
characteristic zero. We recall several definitions and facts concerning filiform Lie
algebras from [1]; our main goal is to prove that an affine cohomology class exists
in H?(g, K) whenever A,(g) = {0}.

Definition 5: For g € &,(KK), a 2-cocycle w € Z2(g, K) is called affine if
w(x,z) # 0 for some x € g and z € z(g).
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Lemma 4: [1] Let g € §,(K) and let w € Z*(a,K) be an affine 2-cocycle.
Then its cohomology class [w] € H?(g,K) is affine and nonzero.

Propositon 4: [1] Let g € &,,(KK) and suppose there exists an affine cohomology
class [w] € H?(g,K). Then g admits an affine structure.

Lemma 5: [1] An alternating bilinear form w is an affine 2-cocycle if and only
if either w(eq, e,) or w(e,, ey,) is nonzero.

Examples 4:

1. Consider Lg, the 6-dimensional algebra with basis {e, ..., e¢} and brackets
[e1, €] = €44 for i =1,..,5. For any 2-cocycle w, we have w(eq, eg) #
0 while the center z(Lg) = (eg); consequently, Ls admits an affine
structure.

All symplectic Lie algebras are affine.
Every 2-step nilpotent Lie algebra admits an affine structure.
Any nilpotent Lie algebra of dimension n < 6 admits an affine structure.

CRCES

Propositon 5: If 4,(g) = {0}, then g admits an affine structure.

Proof: Now let g € &,,(K). There always exists an element x € g such that
dimkeradx = 2; for such an element we have

ker ad x = Kx @ z(g) (abelian), D, = {0},
and consequently

A (g) = ang D, = {0}.

Since A;(g) = {0} c A,(g) € z(g) and dimz(g) =1, only two possibilities

can occur:

«  A,(g) =2z(g) ; then every w € Z?(g,K) satisfies w(-,z)=0 for
z € z(9g).

. A, (@) = {0}; then there exists w € Z2(g,K) with w(x,z) # 0 for some
X €g.

In the second case (A,(g) = {0}) such an w is an affine 2-cocycle, and its
cohomology class [w] € H?(g,K) is affine and nonzero. Thus we obtain a
sufficient condition for a filiform Lie algebra to carry an affine structure.

Examples 5:
(1) Let g be the 6-dimensional filiform Lie algebra with basis {ey, ..., e4} and
brackets

ler, ] = eirq (i = 1,...,5), [z, €3] = Bes (B € K).
It is easy to verify that A,(g) = {0}: one can exhibit a 2-cocycle w with
w(e;,e5) # 0. Hence g possesses an affine cohomology class [w] and
therefore an affine structure.
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(2) Let g € F5(K) be defined by

e e)] = ey (1=1,..,5), [eze3] =Pes (B €K),
[es, e4] = aeg (a # 0).

For every w € Z?(g,K) we have w(-,es) = 0, so A,(g) = z(g) = (eg).
Consequently no affine cohomology class exists in H?(g, K).
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