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2 Y. SHI, Y. FENG AND J. YU

Abstract

Herein, we extend the framework of Lie symmetry group theory and conservation
laws to analyze the (2+1)-dimensional time-fractional Sakovich equation ((2+1)D-TFSE). The
distinctive feature of this equation, setting it apart from conventional time-fractional partial
differential equations(TFPDEs), lies in its unique combination of the Riemann-Liouville
time-fractional derivative and the integer-order derivative with respect to x. Therefore, we
first transform the original equation into the form of a system of equations containing only
fractional order derivatives in time, and then apply Lie symmetry methods to this system
of equations. After finding these symmetries, the system of equations is transformed into
a lower dimensional form and its power series solution is obtained by means of Erdélyi-
Kober (E-K) fractional order differential operators. Finally, a new Noether’s theorem is used
to establish a conservation law for the system of equations.

Subject Classification (2020): 22E60, 22E70, 34A08, 34A25.
Keywords: Lie group method, (2+1)D-TFSE, Exact solutions, Conservation laws.

1. Introduction

The investigation of fractional-order differential equations (FPDEs) holds
paramount significance due to their superior descriptive capabilities compared to
traditional integer-order counterparts. These equations provide a more precise
portrayal of complex dynamic behaviors encountered in natural and artificial
systems, capturing essential nonlocality and long-term memory effects [5, 14, 19,
20]. Numerous researchers have delved into the theoretical underpinnings and
practical implications of FPDEs, leading to significant advancements. Benmehidi
and Dahmani explored sequential problems with Riemann-Liouville (R-L)
integral conditions, paving the way for more accurate modeling of systems with
historical dependencies [1]. Bezziou and Dahmani further enriched the theoretical
framework by establishing random inequalities via fractional integration, which
broadens the application scope of these equations in stochastic scenarios [2].
Additionally, Houas investigated the solvability and stability of fractional
differential equations involving dual R-L fractional orders, enhancing our
understanding of their adaptability in representing diverse dynamic behaviors [9].
These studies collectively drive the continuous evolution of FPDE research,
bridging the gap between theory and real-world applications. In contrast to
integer-order equations, fractional-order formulations offer enhanced flexibility
and richness in dynamic behaviors, accommodating nonlinear, oscillatory, and
chaotic phenomena. Furthermore, their wide-ranging applications in signal
processing, image enhancement, control systems, and optimization underscore
their significance in providing efficient algorithms and strategies, particularly in
scenarios necessitating consideration of non-local effects and long-term
dependencies [1, 2,5, 9, 14, 15, 19-21, 23]. The study of FPDEs not only deepens
our understanding of complex systems but also drives innovation in scientific and
engineering applications, enhancing predictive accuracy and analytical
frameworks. As FPDEs emerge as powerful tools for modeling intricate
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phenomena, researchers are extending methodologies from integer-order PDEs to
explore their fractional counterparts. Prominent techniques include the Adomian
decomposition approach [4], numerical discretization via finite differences [16],
perturbative solution based on homotopy [17], sub-equation-based strategy [27],
variational iteration procedure [18], symmetry reduction through Lie group
analysis [6], and invariant subspace-based solution construction [7]. Among
these, symmetry group analysis proves especially versatile, effectively handling
both integer and fractional derivative equations.

The notion of investigating the invariance properties of fractional diffusion
equations under Lie group transformations was first proposed by Buckwar and
Luchko in their work [3]. Building upon this, Gazizov et al. [6, 8] extended this
concept to address fractional differential equations. Consequently, numerous
nonlinear models of fractional order, grounded in physical principles, have been
investigated. However, the majority of FPDEs examined using Lie symmetry
technique predominantly involve purely time-fractional, purely space-fractional,
or both forms [8, 10, 13, 24-26, 28]. Conversely, there exists a scarcity of Lie
symmetry findings pertaining to PDEs involving hybrid fractional-integer order
derivatives.

In reference [22], the authors investigated the three-dimensional
second-order nonlinear wave equation as follows:

Uy + Uyy + 2Ullyy, + 6UP Uy, + 2uZ, = 0. (1.1)

This equation has recently emerged as an intriguing special case in the
Painlevé analysis of a class of second-order equations quadratic in u,,. The
authors obtained multi-soliton solutions reminiscent of the Korteweg-de Vries
(KdV) type.

This paper concentrates on the exploration of Lie symmetries and
conservation laws in the (2+1)D-TFSE

Dffuy + Uy + 2ullyy, + 6UP Uy, + 2ufy, = 0, (1.2)

with 0 < a < 1. For this type of equations, we use a different approach than that
in the literature [29]. The core principle of our approach involves transforming
FPDE (1.2) into an equivalent system through strategic variable substitution:

{Dt“v + Uy, + 2uv, + 6utv, + 2v7 =0, (1.3)

V= Uy,

This is followed by the application of Lie symmetry analysis (LSA) to the
system. As commonly acknowledged, fractional derivatives encompass various
definitions, including Riemann-Liouville, Caputo, Weyl types, among others. In
this study, we adopt the R-L fractional derivative formulation specified by

pDEf(6,x) = D" oI f(t,%) =

1 ﬂ t  f(sx)
r(m-r) at™ fb (t—s)r—m+1 ds,

m—-—1<r<mmeN

DI*f(t, x), r=meN
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with t > b. Throughout this paper, we denote the operator (D as Df.
Additionally, we use D; * = I to represent the R-L fractional integral.

This study systematically derives the complete Lie symmetry algebra of
Egs. (1.3) within the Lie symmetry analysis framework. The symmetries are then
exploited via invariant transformations to reduce the equations to either (1+1)D
fractional-in-time PDEs or ODEs. Moreover, closed-form solutions of the
simplified system are constructed, and establish symmetry-induced conservation
laws via a recently proposed theorem combined with fractional Noether
operators.

The layout of the present work is organized sequentially: Section 2 conducts
a comprehensive symmetry analysis of Eqgs. (1.3) to identify their invariance
properties. Section 3 derives reduced forms and characterizes exact solutions
invariant under these symmetries. Section 4 establishes conservation vector fields
for each symmetry, linking local invariance to global conservation. The final
section synthesizes these results.

2. Systematic Lie symmetry analysis of the model (1.3)
Given that the (2+1)D-TFSE (1.3) exhibits symmetry under the continuous
transformations of an &-parameterized Lie group, whose elements are local point
transformations
t=t+e&(tx,y,uv)+o(e),
X =x+e&(x,y,u,v) +o(e),
y=y+e&(tx,y,u,v) +o(e), 2.1
u=u+en(tx,yuv)+o(),
U=v+en,(t,x,y,u,v)+o(e),

where &, &,, &; represent the symmetry components in time and space, while

11, N, correspond to the field-dependent generators.

This group action has the infinitesimal generator

a a a a a
V=f1§+525+f35+7715+7725- (2.2)

As a result, this extended generator V corresponding to this symmetry is
expressed as

prV = V+n§”a%+mg+nz;+nz p nfyafyy (23)
where

N1 = Dy(M1) —uDy(§1) — ux Dy (§2) — uny(f3)' (2.4)

ny = Dy(1) — ueDy(§1) — ux Dy (§2) — uy Dy (§3), (2.5)

N3 = Dx(m2) = veDx(§1) — v Dy (§2) — Vny(fs)' (2.6)

77%1 =D (772) - UtDy(El) - Vny(fz) - vyDy(ES)! 2.7

1" = Dy(n7) — Uyt Dy (§1) — Uy Dy (§2) — Uy, Dx(83), (2.8)

and
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9% 6 u 9 u
net = LI 4 (1), — aDy(1) S — u T 4 (), S gy Ty
am v a _
iy + gt + T () e — (0 ) DIFEDIDET (W)
I 4 u o0 a _
+ i () E peomey) — 3y () DI(E)IDE ™ (v)

—¥ea () DI(E)DE™ (), 29

with

T'Z) tr4—a(_u)r1 oT3uT2"T1 6T4—T3+T2n2

72 () ()
z:T4 ers ZZ 22 3) \1) r!T(ry+1-a) 9t™3  9tT4773 gur2’

DD NI YIRS Y 1( )(7’4) (7”2) TR T T
M2 = Zny=2 Ziry=2 Zimy=2 13/ \1) 5Ty +1-a)  ot's  ot7aT3 o2’

where Dy, D, D, are the total derivatives for t, x, y.

Remark 1: Preserving the structural integrity of the R-L fractional derivative
operator in (2.1) requires that the manifold ¢t = 0, which defines the integral's
lower limit, remains invariant under the group transformations. This condition
leads to the conclusion that

fl(t'x'y'u'v)|t=0 =0. (210)

Remark 2: For n; = a;u + byv and 71, = a,u + b,v, the invariants y; and u,
satisfy p; = y, = 0. Thus,

2 2
Iz 0702 _ g, @.11)

ou? ov?
Under the group transformations framework defined by (2.1), Egs. (1.3)
remain invariant if and only if the following condition holds

prV (DEv + uyy, + 2uvy, + 6u?vy + 2v¢) |13y = 0, 5 1o
prV(v — ux)|(1.3) =0, (@.12)
which can be rewritten as
{(ng't + 077 + 2uny + 6ung + 4ven3 + 2vyny + 12uvny)| gy = 0, 2.13)
(2 — 77%)|(1.3) = 0.

Upon substituting the symmetry components nf’t, n¥, n¥, n, and n)”
into the determining equation (2.13), the invariance condition mandates that all
derivative coefficients of u and v must annihilate, yielding the following
infinitesimal expressions

a 3a 2a 3a
1=t =o0X + 03,8 =0y + 03,0 = G = — 0,
(2.14)

where ¢;, ¢,, c3 be free parameters.. Therefore, Eqs. (1.3) yields a 3D Lie
algebra with generators
5} 2 0 3a 0 a a

a a 0 3a
Vl—t5+gx£+?ya—?u£—?va—v,Vz—E,V3—E. (215)
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3. Reducing Eqs. (1.3) via Similarity Transformations: Invariant Solutions
Constructed
This section focuses on reducing the target system (1.3) to two classes of
FPDEs: (1+1)-D models incorporating left-sided E-K fractional derivatives and
analytically tractable FPDEs involving R-L fractional operators. The reduction
aims to simplify the complexity of the original equations for subsequent
analytical treatment.
i) a 0 3a 0 2a 0 3z 0
Case 1: V} = ta-l‘EXa-F?ya—?uE—?Ua—v
Given the group generator V,, its characteristic equation is expressed as

dt dx dy du dv
5 57 5 ¢ i

Building on this foundation, we have determined the similarity variables
3a 2a 3a

a
xt's, yt~ s, ut’s,and vt’s. Asaresult, the invariant solutions for Egs. (1.3) are

derived accordingly
2a 3a a 3a
u=t s f(w,wy),v=_t sg(w;,w,;),T =xt 51, =yt s. 3.2)

Theorem 3.1: To reduce the dimensionality of the original system (1.3), we seek

solutions of the self-similar form:
_2a _3a
u=t sf(w,w,),v=_t sg(w,wy),
a 3a
where w, = xt' 5, w, =yt 5. This ansatz systematically reduces the system to

a set of (1+1)-D FPDEs

8a

1-—a
(?Eis g)(wlﬁwZ) + fwl,wz + ngwz + 6fzgw1 + 295)1 = 0,

a’3a
g — f W, — 0,
where (Pg’ﬁ 52) represents the left-sided E-K fractional differential operator,
which is defined by

— X 1 d
(:Pg'lkszd))(wp wy):= H?:é t+j- 5 4w,

(3.3)

1 d 1+k,s—k
5,92 3, K5, ")

, o
(w1, w,), k>0,
(k] +1, ifk &N,
- 34
s {k ifk €N, 34)

with
1 1
%flm (r — D= (w, 181, w,T82)dT, k>0,
¢(w1'w2)' K = 0,
(3.5)

(K5t s, &) Wy, w5): = {

denotes the left-sided E-K fractional integral operator.
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Proof: With a restricted to the open interval (0,1) , the fractional differentiation
of u(t,x) in the R-L sense proceeds as specified hereafter

6au 3& 3(1
=g sg(wl,wz)) ety c—9es e g (xs75ys e ) ds).
Assuming r = -, we have
a
o _ o

atx 0t F(l a)f (T - 1) rs g(a)lrs WyT s )dr:| =
a

(,,t[ oy “g)(wl,wz)].

ll 3(1
a 3a
Because of w; = xt™5 and w, = yt~ s, the following relationship is valid

a _1_1 3a _3_a_1
9wy wp) =t(=Xt5 gy, =7Vt 5 gu,) =

3a d
05 TS 0,

Hence, we arrive at

a 111
=t (- F o = T, 75 9)(wr,02)
11311 o 8(1
5Py 50 9) (@ ws).
lZ3lX
Meanwhile,

8a
Uyy + 2uvy, + 6UV, + 207 =t 5 (fy, 0, + 2f 9w, + 6 %G, +295,) =0,

_3a
uy—v=t 5(f,, —9)=0.
The proof is now finished.

The power series solutions for system (3.3) are next derived through
application of the power series method. Let us make the following assumption

m m.
f(wy, wy) = Z;.rozl,mzﬂ) Amy,m, W1 10')2 2, 9(wy, wp) =
m m
Ymimy=0 Pmym, @1 5@y 2, (3.6)
then
o ma my Of

— o
dw, - Zml,m2=o (ml + 1)am1+1,m2w1 0)2 'awz

m
= Z?r.il,m2=0 (mz + 1)am1,m2+1(‘)1 1“’2 2,
ag m; m
70 = Zmama=o (M1 + Dby, m, 0] 032, (3.7)
99
60)2
a%f

m; m
@ = Z;.:ll,m2=0 (mz + 2)(1112 + 1)am1,m2+2(‘)1 10‘)2 z

m; m
= Z?;)ll,m2=0 (m, + 1)bm1,m2+1w1 10'-’2 Z,
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and
8a
1—?,11
(P 5° g)(wg, w3)
a’3a
8a a d
=(-F-tog, = ; w2 5,)
1 © _a 2 a 3a
Gk -1 52 g (y55, wys 5 )ds)
8a a d 3a
= (-5 —forg o)
(m1+3m2+8)a o my  my
x (r(1 oc)f (-1 Zm1:mz=0 (bm1.mz Wy "W, )ds)
a d 3a d
= (- forg— S g,
3a kija 3maa
ra-2-4age_ )
X By my=0 1o, Bema g, bmym, @1 @)
5 5 5
l_,(1_(3+m1+3m2)ot) e m,
= Limymy=0 1 @rmpesma, Dmmy 01 @2
5

(3.8)

Upon substituting the expressions given in Egs. (3.6)-(3.8) into the

simplified system (3.3) and conducting coefficient comparison for different w,
and w, power combinations, the forms of @, m, and by, ., are established.

g r(1- )

mq,m;=0 r(1- (8+m1;3m2)a)

o0 my M2
+ Xmymy=0 (Mo + 2)(My + D)@, my 420, "0,
+221?i11,m2:0 Z Z (] + 1)am1 mmz—me1+1w1 wgnz
m
+6Z1?L1,m2:0 Zmio Zj:() ;lrl:() Z:":O (n +
1)bn+1ram -n,j— ram1 -mmy— ]wl “’2 4

+2 Z?rozl,m2=0 221:0 ;'n=20 (m + 1)(m1 —-—m+

(B+kq1+3k2)a
my
by m, Wyt w,

2 _
1)bm+1]bm1 -m+1my— ](’-’1 =0,
© my M2 o 1w
Zml,m2=0 bml,mzw1 w, " — Zml,m2=0 (ml + 1)am1+1,m2(‘)1 =0. (3 9)
For m,, m,0, we have
bml,mz =(m + 1)am1+1,m2'
3+mi+3my)a
. _ . [1-(1_( 1 2) )b
mq,my+2 — (Mmp+2)(mq+1) r(l_(8+m1;3mz)a) mi,my

+22 Z (] + 1)am1—mm2 ]bm]+1
+2 Zmzo j=0 (m + 1)(m1 -m+ 1)bm+1,jbml—m+1,m2—j

+6er21:0 Z;nzzo nm:O Zi:o (Tl + 1)bn+1,ram—n,j—raml—m,mz—j]’ (3-10)
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. am1 gMm2
where the constants a,,, .,, are characterized by @, m, = 30T 90T £(0,0)
(m, =0,1,m; =0,1,2,...). The solution to Egs. (3.3) follows directly in the
form of a power series

my m
fwy, w;) = 221:0 Zrlnzzo Amy,m, W 1wz 2
_(3+m1+3m2)a)
5

(8+mq+3mp)a.
5

)
+2 Zmlzo Z;Vlzzo (/ + 1)am1—m,mz—jbm,j+1

+2 Zzlz[] ;'nzzo (m + 1)(m1 —-m+ 1)bm+1,jbm1—m+1,m2—j

myq mp+2
W, Tw, ra

[oe]
Zm1,mz:0 (mz+2)(my1+1) T(1- a2

+6221=0 Z;H:Z(] ?:0 i:o (Tl + 1)bn+1,ram—n,j—ram1—m,mz—j]:

m
g(wy, wy) = Z‘;.‘;Jll,m2=0 (m, + 1)am1+1,m2w1n1w2 2 (3.11)
Consequently, the power series solution corresponding to Egs. (1.3) is as
follows
o 1 m —(mq+3my+2)a
u= Zm1=o Zm2=0 aml,mzxmly 2t 5

—(m1+3my+4)a 3 3
xMiyme+2,— 5 F(l_w)

(my+2)(mq+1) 1.,(1_(8+m1-;-3m2)a) mq,my
+2 221:0 Z;lezo (] + 1)aml—m,mz—jbm,j+1
+2 z:ZLO ;'nzzo (m + 1)(m1 -—m+ 1)bm+1,jbm1—m+1,m2—j

m m j
+6 Zm1=0 Zj:zo ?:0 r=0 (Tl + 1)bn+1,ram—n,j—raml—m,mz—j]'
- —(mq+3my+3)a
V= Ymymp=0 (M1 + D), 11.m,x™1y™2t 5 . (3.12)

- Z?ﬁll,m2=0

Theorem 3.2: Convergence of the series (3.12) is guaranteed within a vicinity
centered at (0, |ag |, M|a,l).

Proof: Derived from (3.10), we can acquire

|bm1,m2| < |m1 + 1||am1,m2|:

3+mq+3my)a
1 p(-GHmiima)e,

|am1,mz+2| < (my+2)(my+1) [lr(l_(8+m1+5-3m2)a)| |bm1,m2|

+22m1=0 ;n=20 (] + 1)laml—m,mz—j”bm,j+1|
+22m1=0 ;n=20 (m + 1)(m1 -m+ 1)|bm+1,j||bm1—m+1,mz—j|

+6 Zmio Z;n:o ;1”:0 i:o (n + 1)|bn+1,r||am—n,j—r||am1—m,mz—j|]- (3-13)

Using properties of the Gamma function, we readily establish that
(B+mi+3mp)a

G +m1i3mz)a)| < 1 for any natural numbers m; and m,. Consequently, Egs.
5

|r(1-
IT(1-
(3.13) transforms to
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|bk+1| < Mlaml,mz |'

|am1,m2+2| < M[lbml,mzl +Z Z (] + 1)|am1 m,mqp— }”bm1+1|
+Z =0 r‘nzz |bm+1j||bm1—m+1,m2—j|

+Z Z m i:o Ibn+1,r|Iam—n,j—‘rllaml—m,mz—jl]' (3.14)
where
1 2(j+1) 2(m+1) 6(n+1)

M = max{m, +1, (my+2)(Mmy+1) " (my+2)(My+1)’ (M +2)(Ma+1) " (My+2)(My+1)

Consider another power series
— V' my My — V' my My
P((‘)l: wz) - Zml,mzzo pml,m2w1 w, ~, Q(wlrwz) - Zk:o qml,m2w1 w, *,

(3.15)
where Py m, = |, m,|(M, =0,1,my =0,1,2,...), and

Amym, = MPm +1.m, My, My 20,

Pmimy+2 = M[qm1m2 +Z ] 0 Pmi-mmy—j9m,j+1

+Z o Am+1,j9my—m+1,my—j

+Zm1=o Zj:() n=0 Zr:o Gn+1,rPm-n,j—rPmi—mm,—jl, M1, Mg = 0. (3.16)

Thus, we observe that |@m, m,| < Dmym, and |by m,| < qm,m, for
my,m, = 0,1,2,.... This implies that the series (3.15) serves as the dominant
series over (3.6). We proceed to demonstrate the convergence of the series (3.15).
Through straightforward computation we obtain

P =3 —0 Zmy=0 Prgmy @ w;twy? + M(Qw} + P(Q
— Ymy=0 le,owlnl)wz + (Q = Xmy=0 qO,mzwz ) wr’w;
+P?(Q — Xm0 QO,mzw;’lz)wflw%)’
Q= M(P =X, —0 Pom, @3 )i, (3.17)

Consider the implicit function involving the independent variables w, and
Wy

F(w1,®5,P,Q) = P =i _0 D=0 Pmym, @1 05
-M(Qw3 +P(Q - Z;Jll:o m,, owlnl)wz
+(Q — Zim,z0 Gom, @5 2?07 %w}),
G(w1,05,P,Q) = Q = M(P — 5,0 Pom, @5 2)wi L. (3.18)

By virtue of the analyticity of F,G near (0,0,pg0, Mpio) and their

vanishing at this point, together with the non-vanishing Jacobian condition
A(F,6)
a(P,Q)
analyticity of (3.15). This directly implies the convergence of solution (3.6) in a
neighborhood of (0,0, |ag |, M|a, ¢|), completing the argument.

l(0,0p0,0Mp10) =1 # 0, the implicit function theorem ensures the local
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Case2: V, = %

For the group generator V,, its corresponding characteristic equation takes
the form
T M2 (3.19)
10 0o o0 o
Consequently, the similarity variables t, y, u, v, which characterize
invariant solutions to (1.3), follow directly from Eq. (3.19). Their specific forms
are

u=fit,y)v=f(y). (3.20)
Performing the transformation (3.20) in (1.3) yields the corresponding
simplified system

{Dfxfz + (fi)yy + 2f1(f2)y =0, (3.21)

fz = O

Based on this, we can obtain the following straightforward solution
u=F@)y+F{t),v=0, (3.22)

where F;(t) and F,(t) are taken as completely arbitrary functions of ¢.

Case3: V; = %

For the group generator Vs, its corresponding characteristic equation takes
the form
dy _dx _de _du_ dv (3.23)
1 0 0 0 0
Consequently, the similarity variables t, y, u, v, which characterize
invariant solutions to (1.3), follow directly from Eq. (3.23). Their specific forms
are
u=u(t,x),v=uv(x), (3.24)
along with the simplified equations
{Df‘v + 6u?v, + 2v2 =0,
vV =1u,,
which is (1+1)-D time fractional PDEs. Applying the LSA to Egs. (3.25) once
again results in the following generator

(3.25)

7] a 0 20 0 30 a
Al—ta'i‘ng—?uE—?Ua, z—a. (326)
(1) For A4, the equation defining its characteristics is
dt dx du dv
T =T = @ = ey (3:27)
5 5 u 5 v

a 2a 3a
Thus, we derive the similarity variables xt s, ut’s, and vt's. As a result,

the solutions that are invariant are obtained

2a 3a a
u=t sd;(z),v=t sDy(z),z=xts. (3.28)
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Theorem 3.3: To reduce Egs. (3.25), we apply the scaling transformation:

2a 3a

u=t 5d,(2),v=_t 5d,(2),
which yields the following FODEs

PP, @) + 607Dy, + 2(d,)7 = 0
3 2 1 2! (3.29)
q)ll - (DZ = 0,

a
where z = xt s.

Proof: With «a restricted to the open interval (0,1) , the fractional differentiation

of v(t, x) in the R-L sense proceeds as specified hereafter
%y 3a _e
e~ e (t ° CDZ(Z)) at r(1 a)f (t=5)"% 5 @y (xs 5)ds].

Assuming r = ;, we have

3a

r—1) _ZCIJZ(z)dr] = %[tl‘i—a(xg_?l_“q>z)(z) .

a

v _ 9 tlsfaf

e~ at [ra-a)

a
Because of z = xt™ s, the following relationship is valid:
a a 21 a d
tE(DZ(Z) :t(—gxt 5 (q)Z)z) = —EZECDZ.
Hence, we arrive at

3a
0%y 8a 8a a d 1-—1-«a

_8a _8a 1-—a
fe ==Y =0T )@ = S @ e )
Meanwhile,

8a 8a
6ulv, + 202 = 6t 5 PId,, + 2t 5 (P,,)3,
3a
Uy —v==t s (P, —P)
The proof is now concluded.
We will employ the power series approach to derive solutions for the
reduced equations (3.29). Assuming

@,(2) = Xh=o ahzh,cbz(z) = Yheo bhzh (3.30)
then

h aCDZ

=Yheo (h+ Day4,2", =Yh=o (R + 1)bh+1z (3.31)

and

8a

@ D))

d

s [ (5= 1)+ 2, (zs)ds)

8a

—a-kog,
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8)a_ o
=(1-5-3 E)(r(l a)f (s-17* *Ei-o (buz")ds)
o 1_,(1_311 hrz)
=(1 —?a -2 dz)(Zh 0 m)bhz )
=53
B+h)a
ra——mm)
= Yh=o mb nz". (3:32)

Upon substituting the expressions given in Egs. (3.30)-(3.32) into the
simplified system (3.29) and conducting coefficient comparison for different z
power combinations, the forms of a; and b;, are established
r(1- (3+h)a) n
Yh=o thz +6Xh=o th 0 Zh1 —o (ha + Dap,_p,an_p, by 412

+2 X0 hy=o (hy + D(h = hy + Dby, 11bp_py12™ =0,

Yhzo baz" — Xizo (h+ Dapy,2" = 0. (3.33)
When h > 0, we have
1
Ap41 = mbh:
ra-29
b, = _mT%M)(Z Yhy=0 (ha + 1)(h — hy + Dby, 11bp—p, 11
+6 2,0 Tnlzo (1 + 1)an,n, @hony bny +1), (3.34)

where a, = ®,(0) and a; = ®,,(0) represent free constants. Therefore, Egs.
(1.3) admit a power series solution of the form
—(h+2)a —(h+3)a
u=yr,anxtT s ,v=3r, bx"tT s (3.35)
with a;, and b; denoting the coefficients defined through the equations in
(3.34).
(2) The equation that characterizes A, is expressed as
r & W (3.36)
0 x 0 0
Based on this, the invariant solutions follow from the similarity variables ¢,
u, v and are expressed as

u=4Y(t),v =" (3.37)
Substituting the expression from (3.37) into Eqgs. (3.25) yields the vanishing

solution W, (t) = 0. This implies that u = ¥, (t), where W, (t) is any function,
serves as a trivial solution to Eq. (1.2).

4. Conservation laws of Eqs. (1.3)

In this section, we aim to derive the conservation laws for Egs. (1.3) by
utilizing generalized Noether symmetries and the corresponding invariance
theorem [11, 12].

Egs. (1.3) can be formulated as follows
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{Fl = Dfv + uyy, + 2uvy, + 6u’v, + 2v¢ =0, @1
F2 =7V — U, = 0,
with the corresponding formal Lagrangian being expressed as
L=H,(t,x,y)F, + H,(t,x,y)F,
= Hy(t,%,¥)(Df v + uyy + 2uv, + 6uv, + 205) + Hy (8, x, ) (v — uy),
(4.2)
here H(t,x,y) and H,(t,x,y) denote the newly introduced dependent
variables, with the Euler-Lagrange (E-L) operators given by
S_9 _p 9% _p2 2
Su_ ou D duy Dy ouyy’ (4.3)
S _pay 2 40 _p 2
v (D) a(DEv) + v X 9vy Y ov,’

4.4

where the adjoint operator associated with Df , denoted by (D#)*, is
mathematically characterized through the right-sided Caputo fractional
derivative. Specifically, this operator is defined as
e P
(D) f(t,x) = (D7 f(t,x) = {T-a) 't (t-s5)@n+1
DI f(t,x), a=neN.
The adjoint equations corresponding to equation (4.1) are formulated as

Fi =5 = (Hy),, + 2Hyv, + 12Huv, + (H,), = 0,
Fj == = (D) (Hy) — 2(Hy),u — 2Hyu, — 6(Hy ), - (4.5)
12H,uu, — 4(H,) vy — 4H vy + H, = 0.

Subsequently, we shall utilize the aforementioned adjoint equations in
combination with the newly derived conservation theorem to establish
conservation laws for the system given by Egs. (1.3). In accordance with the
classical definition, a conserved vector is a triplet T = (T%, T*,T?) such that
[D: Tt + D, T* + Dy T ], =0 = 0. Using generalized Noether operators leads to
the determination of the vector components.

Initially, deriving from the fundamental operator identity, namely

PV + Do S+ Defy I+ Dy =04+ Q%+ DN +
D N* + D, (4.6)

Using the prolonged vector field prV given in (2.3), we introduce the
characteristic functions Q" and QY associated with the symmetry generator V:

Q =ny — &up — Suy — $3uy' O =n, — & — §u — f3vy-

These definitions, along with the identity operator J, lead to the Noether
operators:

NE=&3+ 35 (—D'DFTHQN)D;

ds, n—-1<a<nneN

a
a(Dfv)

(~ 1" (@, D 55m), (47)
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x—rxaqul v ?

N*=§83+Q F +Q o (4.8)
] a
Y = £.5 uy_% 4 ogv 2
N £33+ Dy (Q )auyy +Q oy’ 4.9)
with n = [a] + 1 and where | represents the following operator

_ 1 t T F(r,x,¥)G(O0,x,y)

J(F,G) = P fo ft onain déds. (4.10)
The conserved vector's components can be expressed as

Tt =N'QT* = N*¢,TY = NY8. (4.11)

i) a 0 3z 0 20 3z 0
For the symmetry generator V;, the corresponding characteristics take the
form

2a a 3a 3a a 3a
O = = U= tu — - XU — YUy, N = =V — L0 — - XV — Y1y
(4.12)
As a result
T = —HDF1(Q) +J(Q, (Hy)e)
-1 3 a 3a
= —H,DF M (v + tv, + S xve + - yvy)
3a a 3a
_](?V +tvy + PRAZ + = Yy, (Hy)e),
2 3
T = Hz(?au + tu, + gxux + ?ayuy)
—(3?0‘17 + tv, + ngx + 3?ayvy)(6H1u2 + 4H,v,),
2a a 3a 3a
TY = -H, (G Uy + tuyy + o XUy + Uy + T VUyy)
—2H1u(3?av +tv, + %xvx + 3?ayvy). (4.13)
9
Case2: V, = o

For the symmetry generator V,, the corresponding characteristics take the
form

Q4 = —u,, Q¥ = —v,. (4.14)
As a result
T* = HDE1(QY) +](Q%,p) = —H, DE v, — [ (0, (H)o),
T* = Hyu, — (6H u? + 4H,v,) vy,

TV = —Hjuy, — 2H;uv,. (4.15)
]
Case3: /; = 3y

For the symmetry generator V3, the corresponding characteristics take the
form
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Q= —u, Q" = —v,. (4.16)

As a result

= H, D¢~ Q") +J(Q%, (Hy)¢) = —H,DF vy, — J(vy, (Hy) o),
= Hyu, — (6H,u® + 4H,v,)v),
= —Hjuy, — 2H,uv,. (4.17)

5. Conclusion

When the space derivative and the fractional time derivative are both of

great significance, the mixed derivative might carry a different physical
connotation. Here, we present a method to compute the symmetry of a fractional
order differential equation containing this mixed derivative. The method doesn't
necessitate extensive theoretical groundwork; however, the process of identifying
such reduced equations is straightforward, requiring less computational
complexity. In addition, a power series solution and a conservation law for this
differential equation are obtained by us.
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