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Abstract

This paper is structured in two parts, both focusing on the analysis of nonlinear coupled
systems using fractional calculus. In the first part, we study a beam deflection-type system
with sequential Caputo derivatives. We prove an existence and uniqueness result under
nonlocal boundary conditions by applying Banach'’s fixed point theorem. Additionally, we
discuss the Ulam-Hyers stability of the system, supported by illustrative examples. In the
second part, we apply the Tanh method to obtain travelling wave solutions for a coupled
evolution system related to the sequential model.

Subject Classification (2020): Primary 45M10, Secondary 45D05, 47H10, 34K20, 46E36.

Keywords: Caputo derivative, Existence of solution, Beam deflection, Schauder fixed point theorem.

1. Introduction

The field of Fractional Calculus (FC) is witnessing remarkable development
and growing significance. The power of this field lies in its broad and successful
applications across various scientific and technological disciplines [19], [21],
[25], [28]. It provides unique mathematical tools for modeling complex
phenomena in dynamical systems, continuum mechanics, signal processing,
quantum mechanics, biomedical engineering, and even in financial modeling and
the study of environmental pollution and disease spread [1], [7], [9].

Within this framework, Fractional Differential Equations (FDEs) have
emerged as a central research tool, offering a more accurate description of many
physical and engineering phenomena compared to their integer-order
counterparts. The use of derivatives of real order, such as the Caputo derivative
[3], [15], demonstrates higher efficiency in representing reality, as in cases of
anomalous diffusion or in the precise modeling of lithium-ion batteries or Zika
virus dynamics [11].

Research efforts are not limited to developing models alone but extend to
studying the theoretical foundations of these equations. This includes proving the
existence and uniqueness of solutions using fixed-point theorems [30] and
analyzing stability in the Ulam-Hyers sense [14], [16], [17], [22], [26], which
ensures obtaining stable and highly reliable approximate solutions for practical
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applications. Thus, fractional calculus remains a field rich with potential and
opportunities for researchers in mathematics and applied sciences [2].

Beam equations are fundamental in structural and civil engineering for
analyzing the deflection, stress, and vibration of load-bearing elements like
bridges and building frames [4], [24], [27]. An elastic beam's deformation under
an external force g, sustained at both ends, is described, for instance, by the linear
boundary-value problem:

L) =F(), s € (0),

le le
YO = YD) =T (O =TF D =0.

Physically, the boundary conditions are derived from the assumption of zero
bending moments at the beam's endpoints, a standard mechanical consideration
referenced in [13]. Within this research direction, prior contributions such as [6]
have examined solution properties for the following fractional problem:

{Db(DJw)(c) +G(5n() =0, ¢€(0,1),
1(0) = D'w(0) = (D*w)'(0) = D*n(1) = 0,

For § € (0,1] and b € (2,3], consider a continuous mapping G:[0,1] X
R? - R. Under certain additional conditions, the following result holds.

The research presented in [5] is dedicated to establishing the existence and
uniqueness of solutions for a coupled system incorporating sequential Caputo
fractional derivatives, formulated as:

(079 0 su(s) = (6, (), v(6) + 610, (u(6)) + by 0 (@) s € 1 = [0.1)
0 0% 0% 9"+ 0(5) = Fy(5,u(6), v(5)) + a0 (v(5)) + do¥hp (0% 02v(c)), ¢ €1 = [0,1],
u(0) = u(1) = 8t d%2u(1) = d+u(0) = 0,
\w(0) = (1) = 8% d2u(1) = d4v(0) = 0,

Here, the derivatives 8% and 0% are taken in the Caputo sense, with orders
satisfying 0 <b; <1 and 0 <, <1 for i =1,...,4. Because the derivatives
are applied one after another, the total order of each equation is between 3 and 4.
We also impose the conditions by +1, <1, and §, +14, <1§,.

The nonlinear terms are given by the continuous functions

¢, ¥;:R->R and F:[0,1] x R* > R,j = 1,2,

An important property of the system is that none of these functions vanish at
the origin, that is,

Fi(C; 0:0) * 01 d)l(o) * Ol l/)l(o) * 01 i= 1;2

In reference [8], Bensassa and co-authors examined a fractional order
system describing a beam structure, formulated with Caputo derivatives. Using
Banach’s contraction principle and Schaefera€™s fixed point theorem, they
derived conditions guaranteeing the existence and uniqueness of solutions for the
following coupled problem:

{D“D“Zy(c) =@, (6, ¥(5),2(5)) + ¢ ¥1(6, ¥(6)) + d1 0, (5, Dy(5)),
D'1D%z(¢) = ®,(6,¥(6),2(¢)) + ¢ ¥, (6, ¥(5)) + d; 0,(5, D7z(c)),
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The boundary conditions are given by:

y(0) =y(1) =b,y'(0) = y'(1) = 0,2(0) = z(1) = 5,2'(0) = z'(1) = 0.
where, for i = 1,2, the constants c;,d; are real numbers, and Db, Dhi, DO
denote Caputo fractional derivatives with 0 < ¢ < 1. The non-linearities are
continuous: @®; € C([0,1] x RX R,R) and ¥;,0; € C([0,1] X R,R). An
important feature of the system stems from the orders of differentiation, which
satisfy 0 <b;, §, <1 and 2 <1, §, < 3. This choice breaks the semi group
and commutativity properties usually enjoyed by fractional differential operators,
adding a distinctive technical difficulty to the analysis.

In this work, a new beam-type fractional differential system with non-local
conditions and stated in terms of Caputo derivatives is studied. The following
equations represent the system that we are analyzing:

Dbl@:lbh”ﬁ(?) = 51(9 21(9} Vz(C):stl(C)) + Ry (s, Vl(?)'lpvl(C)’Dslﬁ(C))'

! (1)
:Dbzb'zzoh“’z(o = 52(9 21(9} Vz(C):DBVZ(Q) + R, (5, v2(5), Ipvz(g)'dez(g))-
subject to the boundary conditions:

( v;(0) = §1,12(0) = &3,
Dip, (0) = 0,D%2v,(0) = 0,
(2

v (D) = [ k(v (9)dg, v, (1) = [ k(6)v,(5)ds,
Dirv, (1) = 95, Di2v, (1) = 9,.

In this framework, D%, D%, D% are Caputo fractional derivatives, The
operator [P stands for the Riemann--Liouville integral. We assume the orders
satisfy 0 <b;, &, f, <1, 1<f, <2, and 9; & > 0. Moreover, §;, R; €
C([0,1] X R3, R) and k € C([0,1], R), for i = 1, 2.

This problem's structure offers a considerable extension beyond
conventional fractional beam equations. A further distinctive feature lies in its
nonlinear terms, which create a hybrid dependence on the system's fractional
velocities alongside a Riemann-Liouville integral component (IPv;(¢)). These
unique dynamical characteristics are complemented by a full spectrum of
non-local boundary restrictions. Together, these elements yield an advanced and
versatile mathematical construct for modeling sophisticated mechanical
behaviors.

The analysis relies on two main tools Banach's contraction principle and
Schauder's fixed point theorem To examine the system. We construct two
principal results concerning solution existence and uniqueness. The first theorem
is validated through a numerical example, while Ulam-Hyers stability is
demonstrated with two additional examples.

In this division, we present the tanh method and how it is used to derive
novel traveling wave solutions (Figure 1) for the beam system formulated with
Khalil's fractional derivative. [29]:

TPl (6, %) + Tyut (6, 2) + Gy (ul, u2, T (uh, u2) (6, 6), T (u, u2) (g, X)) = 0,

3)
TP (5, %) + Tyu?(,x) + Gy(ut, u?, Ty (uh, u?) (6, %), TH(uh, u?) (5, %)) = 0.



NONLOCAL GENERALIZED COUPLED SYSTEMS BEAM-TYPE AND TRAVELLING WAVES 5

where Gy, G, are two functions and 0 <f, 1 <1, TZT;E represent fractional
derivatives as defined by Khalil's conformable derivative framework.

We draw the attention of the reader to the fact that this new evolutionary
coupled system and the system (1), previously introduced are related in the sense
that both of them are instances of a coupled system of fourth order beam type
equation.

The structure of the paper is as follows: Section 2 establishes the
foundational concepts for our investigation. In Section 3, we present and prove
our main existence and uniqueness theorem; we then employ the same
assumptions to analyze different types of Ulam stability, supported by illustrative
examples. Finally, in Section 4, we use Khalil's conformable derivative
framework to generalize the analysis to a system of beam-type equations. We
systematically derive new progressive traveling wave solutions using the Tanh
method.

2. Preliminaries

This section presents the necessary preliminary lemma and definitions used
throughout this paper (see, [21], [25]).

Definition 1: For § > 0 and v € €([0,1]), the R-L fractional integral of order f
is given by:
o) = [ S v(6)ds
0 TM® ’
and for § = 0, as

3%v(¢) = v(9).

Definition 2: Let § > 0. For v € C9([0,1]), the Caputo derivative of order f is
defined by:

1 —h—=
D) = o (6~ M@ (8)da.

where, o = [1] + 1 indicates the integer part of b and v(©@ denotes the g-th
derivative of v.

Lemma 3: Let fj > 0. The fractional differential equation is
Dv(s) = 0,

with Caputo derivative DY, admits as general solution on [0,1]:

v(s) = XkZo as®
where ap ER for k=0,1,...,n—1.
Lemma 4: Let fj > 0. The differential equation is

D(5) =0, “)
has a general solution on [0, 1] given by
v(g) = Ag + Ajg + Ayg? + -+ Ag—1C9_1'
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where, A; ER; i=0,1,2,..,0— 1.

Lemma 5: Let /> 0 and let b > 0, then the equation
FD(§) = v(§) + B + Arg + Dyg? + -+ Dy_1607H, )
where A; €ER, i=0,1,2,..,0—1.

Lemma 6: The following characteristics hold true for any ¢ € [0,1] -

o SIS(e) = 3w (c) L forall § > 0 and § > 0.

« DF(g) = v(s), forall >0

. D'Sw(g) = I (), forall § > > 0.

Lemma 7: (Banach's contraction principle). Let F be a real Banach space. If a

map f:F — F is a contraction, that is there exists a constant 0 < k <1 such
that for all x,y € F

If ) = FWlr < kllx = ylle

Then f admits a unique fixed point in F.

Lemma 8: Let C; ,C, € C([0,1],R). The linear problem

:Dblfghlfgh”ﬁ@) = C1(5),
b _ (6)
D2D2D21,(5) = Cy(5).
With:
v1(0) =&, v,(0) = &5,
D1p, (0) = 0 D'21,(0) = 0, ,
(D) = [ k()1 (6) ds, v, (1) = [ k(6)va(s) s, 2
L D1, (1) = 95, D2v,(1) = 95,
Has a unique linear solution as follows for i = 1,2
(vi() = FHE ) + TG, + V(O — W) g + 6
I
{ +(1 - [ k(s) ds) X[ k() athe;(s) ds — Sttt (1)
(\47 + 1 k(s) 1
l +F( + 1)(19 - tLC’ (g)) (fﬂ D) ds — m)
+Jy t &ike(s) ds — &g
®)

Proof: We apply the fractional integral I for i = 1,2 and use Lemma (5) to
obtain:

{thlth”ﬁ(C) =316, () + ko, 9)

thfbhz”z(?) = szC’z(’;) + ky.
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Applying the fractional integrals 3% and 3% successively for i = 1,2, and
using Lemma (6), we derive:

_ prath kog'1ti kic™
() = ITRTRG) + T i T e ks

m, g12+12 m glz

2 (g‘) = Ibz+hz+hzcz(g‘) + F(hz+hz+1) + l"(h12+1)

Using the initial conditions v;(0) = §;, we find k,
Furthermore, we have:

+ m, + ms¢.

=¢ and m, =&,.

b — ph1th kos™t
Dhvy() = 1"1G(9) + 5 S+ R
(10)
i — Jba+f mog*2
D%2v,(¢) =12""20,(c) + FrD) + my.

These equations are obtained by differentiating (8). Evaluating at ¢ =0
yields k; = m; = 0. Substituting these values gives:

k 1 1
vi(e) = 1Irhe (o) + m + &1+ ks,

itz
va(6) = IRy (6) + Rt + S+ s

(11)

Evaluating at ¢ = 1 in equations (10) and (11), we determine the rest of the
constants given by :

ko =T, + D[9; — *ac,(D)],
= (1= [ k(s)ds) " X [[1" k(s)P+a¥iCy (s)ds — P3+a+Cy (1)
+ 1 shithp
+F(b + 1)(‘91 — I hlcl(l)) (f# k(s )F(h 11+ ds = F(:1+1hl+1))
+[ Eik(s)ds — &].

my  =T(1, + D[9, — I'*2C,(1)],

my =(1-f" sk(s)ds)” x| 7 k(s)I'2* %520y (s)ds — I 24%2C, (1)
sh2thz 1
+T (Y, + 1)(9, — I'2%%2C,(1)) (f"z k(s ) ey rerl r(n2+u2+1))
+y? &ak(s)ds — &

Finally, substituting k; and m; for i = 0,3 into (9) yields (8).
The integral problem (8) is equivalent to the original problem by Definition

2. The converse follows from Lemma 6 and the fact that ®’k = 0 for any
constant k.

3. Analytical results

The functional framework for our subsequent study is the Banach space
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F=(v:vec(o1]), D’v e C([0,1])),
and also, consider the norm
Ivlle = lIvllw + [|D°v]|
, such that
_ 5 _ 5
Ivlleo = max [v(6)l, |D%v|| = max ID°v(¢)]

Additionally, we present the product space F X F, whose norm is provided
by:
@, W)llexe = lvile + lwllg.
Let us consider the following sufficient conditions:
. The functions §;, R;: [0, 1] X R3® - R are continuous for i = 1, 2.
. There exist positive constants [;; > 0, i = 1,2, j = 1,2, 3, such that for all
¢ €[0,1] and (y,z,x),(y,Zz',x") € R3, we have
18:(6,¥,2,x) = Si(5, ¥, 2", x)| < luly = ¥'| + lip|lz — 2| + liz|x — ],
where L; = max{l;;,l;,, l;3} for i =1,2.
. There exist positive constants h;; > 0, i = 1,2, j = 1,2,3, such that for all
¢ €[0,1] and (v,z,%), (¥, 2, x") € R3, we have
IR (5, ¥, 2,%) = Ri(5, ¥, 2, XN < hialy = ¥'| + hip|z = 2'| + hyzlx — ],
where H; = max{h;;, hjp, h;3} for i = 1,2.

We define the following constants:

’ k(s) 1 -1
r=f" o A K =(1-f" k(s)ds)

1) - T(g+0;+1)7

K. =
m grg[gf;]IK (9]B

we shall take :

. =(|76|+|9€||Km|+1 |7€|T (4, +1)T I3, +1) )
1 TOh1+h,+8,+1)  TOp+i,+1)  (TO1+i,+1))2 v
7= 1 2 K| Km|+HK]
2 T+t +1,+1-8) = 2-8 T(by+a,+i,+1)
PG, +1) T +5,+1) | KT +D 1) )
(4, +5,+1) T(3+6,+1-8) = Ty, +1) [(2-8) L
_ (IKI+ K| K] +1 |, KT (5, + DT T(5,+1) '
3 T \POgtty+i,+1) | TOz+i,+1) | (TOz+h,+1))2 2
. =( 1 2 KUKl +IK]
4 T(a+h,+4,+1-8) = 2-8 T(g+i,+i,+1)
P+ T(H,+i,+1) KT+ D17 T(2) )
C(h,+0,+1) T(h,+5,+1-6) C(b2t+h,+1) T(2-96) 2

C] :T1+T2+T3+T4.
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3.1 Exactly One Solution to system (1)-(2)
This section starts by defining the operator. T: F X F — F X F as follows

T(W1(6), v2(5)) = (T1(v1(), v2(6)), T2 (W1 (), w2 (5))),

where for i = 1, 2, we have:
Ti(w1(5), v2(5)) = J"+4%48; (6,11 (), v2(5), D5 (5)),
+R; (5, v:(6), IPv;(5), D% v;(¢))

b+ I(f;+1) e
(0 = 37083 5, v1(6), 226, DO (9), 4R, w6, P01 (6), D°wi (6))) g 67

HJ k(IS (6, 11.(6), v2(6), DPvi (6)), +Ri (6, vi (6), IPv; (), DPv; (6))
—3i+itis; (1, v, (1), v, (1), D%v; (1)), +R; (6, v (1), IPv;(1), DOvy (1))
+1(5, + DO — 31748;(6, v1 (), 2 (6), D2 (6)), +Ri (5, vi (6), Pi 6), DP; (6)))

u1 k(s) _ 1
X<f0 TGorrn) 95 r(ui+ui+1>>

L

+ M Ek(s) ds — E1(1— [ k(s) ds) ¢ + &

Theorem 9: Assume that conditions (G,) and (G3) hold, and let © = 1, +
T, + T3 + 174 If O < 1, then the system of equations (1)-(2) has a unique solution
(uq,uy) over [0,1].

As F isaBanach spaceand T:F X F = F X F, stability is trivial.

Let x € [0,1], we have . according to the Lipschitz conditions (G;), for

i = 2,3, we obtain
_ KK Km+1 K+ DT PG +D) )
T3 (01, v2) = Ty Qg )l < (BeEEElnls  FTC | PG
y (Liy + 2hyDllvr = wille + Lizllvz — Wil
+(h12 + 113)”D6U1 - D6W1||Do

Thus, we get

73 0, 02) = T own, W)l <

|K+IK | Kml+1 | 1%|T(+DT IF(g,+1) )
[(bq+,+,+1) T(q+;+1) (C(1+8,+1))2

(Ly + H)llvy — WlllF]
+Lyi|lv, — wyllp

||T1(V1(C): Uz(C)) - Tl(W1(C),W2(§))”m < 1yl (w1(6), v2(6)) = Wy (6D, w2 ()l
(12)

By applying the Caputo derivative, we arrive at
DT, (v1(), v2(5))
= Nb1+h1+h1_551 (C: v1 (), v2(5), D6U1 (C))' +R1 (6, v1, IPv4(5), Da”l (9))]
+(‘91 - 371+h151(§3 v1(6), v2(¢), stl (C))» +R1 (5, v1, [Pvy, D6U1))
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rg,+1) (g, +b,+1 -
( 1 178 = )gn1+n1 S5
T(4,+5,+1) [(5,+h,+1-6)

+U0u1 k(s)31Hths, (C' vy (6), v,(¢), D%wy (C))' +R, (5, v1(5), 1P, (6), DO, (5))
_3?1+t1+h151(1; v1(1), v, (1), D‘Svl(l)), +R1 (5, v1(1), IPv; (1), D4y (1))
+0(, + D(0 = 4418, (6, v1(6), v,(6), DO (6)) + Ry (5, v4 (6), P01 (6), D%, (5)))

M1 k(s) 1
X ds — )
(fO [(g,+,+1) L +5,+1)
1 1)

+ o Eak(s) ds = &](1— " k() ds) 5
applying the same reasoning as in (3.1), and Due to the Lipschitz conditions (G;),
for i = 2,3, we have

||®6T1 (v, v2) — ®6T1 (wy, W) ”00

D R S LS
T T+, +h+1-8) 2-§ T(b1+h,+i,+1)
I(h,+1) L(g,+i,+1) |3(|F(u1+1)l“r‘ r(2) )

(1, +5,+1) T(3+5,+1-6) | TO1+5,+1) T[(2-8)
X [(ly1 + 2hiDlvy = wille + Lizllv, — Wl
+(h12 + 113)||D6171 - D6W1||Oo].

hence
||®8T1(V1’172) - D8711(W1'W2)||00
<( 1 2 |KIEm+IX]
T Thq+h,+,+1-8)  2—-6 T(1+i,+5,+1)
L5+ TGyt +D) IKIPG,+ DIV T(2) )
(i, +6,+1) T(i+5,#1-8) = T(1+i,+1) T(2-6)
X [(Ly + H{)Pvy — w, Py + L Pv, — w,Pg].

Consequently, we get
||®6T1(V1'172) - ®6T1(W1’W2)||00 < Tz”(vl(C)'Vz(C)) - (Wl(C):Wz(C))”FXF-
(13)
Because of (12) and (13) we have
”:DSTl (v1,v2) — :D‘ST1(W1'W2)”F = [Ty (v1, v2) = Ti(W1, W) lloo
+||:D‘ST1(V1' v,) — DOT, (wy, Wz)”o0
< (1 + t)I(W1(6), v2(6)) — (W1 (6, w2 () ll -
The following estimations on T, are also available.

1T, (w1, v2) — To(Wy, wo)lleo <

(I?C|+|7C||Kml+1 |% | (r,+ )T IT(h,+1) )
T(ba+h,+0,+1) Tz +0,+1) (T(bz+1,+1))?2
(Ly + H)llvy — wylf
+Lo vy — wy
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1T, (v1(5), v2()) = oW1 (6), wa ()Mo < T3ll(v1(5), v2(5)) — (W1 (5), w2 ()l -

(14)
And
”:DSTZ(UD vy) — :DSTZ(WD Wz)”Oo
<( 1 42 KK
T2+, +0,4#1-8) | 2-8 T(g+i,+i,+1)
P(i,+1)  T(H,+i,+1) IKITG,+ DI T(2)

[(h,+h,+1) T(5,+5,+1-6) C(b2+h,+1) F(Z—S))
X [(LZ + Hz)Pvz - WZPF + szvl - W1PF]'

”:Dst(Usz) - D(st(Wth)”m < (13 + ) (Wi (6), v2(§)) = W1 (6), w2 () llpx-

(15)
Thus
[T (v, v2) - T(W1:W2)||Fxp < (1 + 1+ 15+ T @(9), v2(9)) = (Wi (6), w2 ()llpx
(16)

3.2 Stability of solutions to system (1)-(2)

We first recall the concept of Ulam-Hyers stability, which is essential to the
study's analytical framework.

Definition 10: The coupled system (1)-(2) is said to be Ulam-Hyers stable if there
exists a real constant N > 0 such that the following holds:

For every 13,1, > 0 and for every functions (u;,u,) in the space F? that
satisfies the inequalities:

|D#1®#1®#1”1 (©) - cS‘1(9 1(6), v2(5), D6”1(§)) - Rl(C' v1(9), Ipvl(C)'Davl (C))| <y,
17)
| %202 D20, (¢) = §,(, v1(6), v2(), D°v,(6)) + Ro (6, 12(6), IPv2(6), D°v, ()| < 1z,
(under the same boundary conditions as given in (2)), there exists a genuine
solution (v;,v;) in F? to the original system (1)-(2) for which
l(vy — vi,v2 = VD) llpxr < N(y + 12).

Let us prove the following theorem concerning the Ulam-Hyers stability of
our problem.

Theorem 11: [f the conditions of Theorem (9) are satisfied, then the system
(1)-(2) is Ulam -Hyers stable.

Proof: Let (vy,v,) €EF XF be a solution of equation (28), and denote by
(v1,v3) € F X F the unique solution to equation (1). From (17), it follows that

|1 (x) — 371+h1+h151 (Q'v v1(6), v2(5), stl (C))v +R1 (5, v1(6), IPv1(5), D6V1 )
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+(8) = 3118, (6, 1), 2(6), D01 6)), +Ra 5,4 6), P01 6), DOy 6))) 7 ¥

+,41)

+y ™ k($)F S, (6,v1(6), v (6), DOvr (), +Ry (5, v (6), 1Py (c), D%, (5))
—31*a¥S, (1, v, (1), v, (1), DOy (1)), + Ry (6, v; (1), IPv;(1), Dov, (1))
+I(, + DO = 31748, (6, v1.(6), v2(6), D%, (6)), +Ry (6, v (), IP w1 (), DO vy (6))

+J5 flk(s) ds = &](1 —f’“ k(s)ds) g +&l.<
and
uz () = 1448, (6, v1.(6), 12 (§), DPvi (§)), + R (5, vi (§), IPv:(6), Dy (5))
+(8; = 31448 (6,11 (6), v2(5), D2y (), +Ry (5, i (), P v 6), D“vl(c)))—”c‘f”f

+4;+1)
+H[Ji k()8 (6, 11 (6), v2(9), D2y (6)), +Ri (6, vi (), IPv; (), Do (6))
=3P atS; (1, v,(1), v2(1), D%v; (1)), +R; (5, v; (1), IPv;(1), DPv; (1))

+I(t, + D9 — 48 (6, v1(6), v2(6), DOvi(6)), +Ri (6, vi (6), IPvi(6), D8vi()))

X( mo_ k) ge_ 1 )

0 T(h++1) T+ +1)

+ [ &k (s)ds — &1(1— [ k(s) ds) e+gl <
By (17) and (18), we obtain the following three inequalities

(18)

r(71+n1+u +1)

F(72+h +1)°

(v = villo = I=Thvy + vy + Tyvy — YVi04]lo
<y =Tyl + ITyvy = T1v 7|l

L .
St rg gD T ) = Dl

9% (vy) — D¢

o -
= T(bq+5,+5,+1-8) + 72 ([[(v1) = (WD)

So
g% L1 l1
vy = ville < T(b1+, i, +1) + T(y+h,+0,+1-8) (20)
+71 + 7 ([I(v1(6)) — Wi () lF).
On the other hand, we have
v, = v3llee = I=Tov, + v, + Tov, — Tov3le
< vy = Tovslle + IT2v; — Tov5 e

[2 .
<10, 7%, +5, 4 T 0D~ @I,
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D8 (v,) — DE(w3)
< f2
_F(b2+h2+h2+1—5)

(oo}

+ 74 ([l (u2) = (W3)llF)

Hence,

* L2 L2
- <
”(UZ (UZ)”F —= F(b2+:2+h2+1) + F(b2+ﬁ2+h2+1_5) (21)
+(73 + ) (l(v2) — W)l
Combining equations (20) and (21) yields the final result
* * 31 L1
— — <
(o1 = vi, vz = v2)llexr < T8, 45,71 | TO1+3,45,41-0)
] L2
T(p+iy+,+1)  [(p+h,+i,+1-8)

+(t1 + 12 + 73 + 74) X (|(v1, v2) — (01, V) | pxr)-

Thus,
l(vs = vi,v2 = V) lpxr < (4 + 1) X A + 0| (vy, v2) — 1, V)l pxr),
where,
1 1
C(j+o+0;+1)  Ti++0+1-8)

A = Ziz=1
Consequently,
(1-0) X [[(vy = v, v, = V) lpxr < (1 + 1) X A.
Consequently, we find that
* * A
l(v1 = v1,v2 = V) llpxr < o)~ (4 + ).

Finally,
l(vy = vi,v2 = VD) lpxr < N X (4 + 1).
Consequently, the system defined by equations (1) and (2) is stable in the
sense of Ulam-Hyers.

3.3 Example
Let consider the problem

DIDIDH (5) = 8,6, v1(6), 12 (6), DPu1 () + Ry, w1 (), 1P (6), DOy (<)),
2 1 1
DID2D3v,(5) = 856, v1(), v2(6), D25 (6)) + Ry (5, v2(5), IPv,(5), Do, (5)),

under the conditions:
( v:(0) =2,v,(0) =1,

1 1
' Divy(0) = 0, D5v,(0) = 0,
{ 031 04 1
5 (D) = [ 2 ©d. v, (1) = [y 2us)ds
1
\ Divy (1) = 0.1, Divy(1) = 0.2,

where,
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and

1 D9
$1(6,v1(8), v2(), DOvy (§)) = oo (LD 2@ Dm®),

400 eSS (1+|v2 (o))

14 .no
Ru (6, v1(6), P01 (6), DOvy () = oo (Pt 4 @O )

500 estt eS+2(1+[v4(¢)-DOv1 (6))
5 _ 1 v1(5) sin(vy(5)) 0]
56,716 1261 0°0:(6)) = sox (G T e+ s )
P _ 1 (tanh(IPvy(5)) v2(6)-D5v(5)
Ral5, 06 IPva(6), D wa()) = 705 (2 + e<+3(32+|v2(c)~12)5vz(c)|))'

The functions §;, S,, R;, and R, satisfy the Lipschitz conditions with
constants:

H; = 0.000677,H, = 0.0000711.
After detailed calculations, we obtain the following bounds:
7, = 0.002214, 7, = 0.003039, 73 = 0.000284, 7, = 0.000353,
®=1+1,+173+714, =0.005890 < 1.

Since ® = 0.005890 < 1, all conditions of our existence and uniqueness
theorem are satisfied. Therefore, the coupled system of fractional differential
equations admits a unique solution.

3.4 Example
Consider the following coupled fractional differential system:

590'4590'781'3171@') _ 1 x (e_cvl(c) n arctan (v, (¢)) n D98v,(¢) )

180 \1+[v1(¢)| 3+¢2 4+D%8v1(9)[2
0.3740.8741.5 _ 1 (ln(1+lv1(c)+vz(c)l) _ Sin(CDO‘sz(C)))
DHEDTD () = 555 % 5+¢3 6+|D08v,(¢)|

v1(0) = v, (1) = 2,v4,(0) =v,(1) =0
v2(0) = v5(1) = 4,v5,(0) = v5,(1) =0
where
b, = 0.4, 5, =07, g =13
b, =0.3, 7,=08, §,=156=08

The nonlinear functions are defined as:

1 e~ Svy  arctan(vy)
S U,V 5‘!7 =—X (— 7)
1(6, V1, V2, Dv1) 180~ \1+|vy] 342
5
5 _ 1 D%vy
Ri(¢,vq, 1PV, D%V)) = — X

Z
180 * 44| Dy, |
1 In(1+|v1+v3|)

S vy, vy, DO,) = —
2(6, V1, V3, 2) 200 5+c3

1 _ sin(®%vy,)

R, (5, v, IPv,, DOv,) = — X
2(6,v2, 1705, 2) 200~ 6+[D8vy|

All functions are satisfy Lipschitz conditions with constants:
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7, =0.0028,7, = 0.0019,
7, = 0.0035,7, = 0.0024

So
®:T1+T2+T3 +T4 :0.0106< 1
And :
A = 2.1258
N =2 =228 _)1486

1-@  1-0.0106
Finally, for any ¢;,t, > 0 and any approximate solution (v;,v,) satisfying
the perturbation inequalities, there exists an exact solution (v, v;) such that:
l(vy —vi,v2 = V) llpxr < 2.1486 X (11 + 13).
We conclude that the system is Ulam-Hyers stable, characterized by the
stability constant N = 2.1486.

4. Traveling wave solutions

In this section, we apply the well known Tanh method [23], in the case of
Khalil derivative, see [12] to obtain eventual travelling wave solutions for the
following system:

T2u(,x) + Tyt (6, %) + Gy (uh, u?, Ty (uh, u) (6,20, T (uh, u?) (6, x) = 0,
T2u?(,x) + Ty u? (6, ) + Gy (ul, u?, Ty (uh, u?) (6, %), T (u, u?) (5, %) = 0.
where G;,G,, are two continuous functions and 0 <b,§ <1, chT,E are the

conformable fractional derivatives in the sense of Khalil [20], and u is the
solution.
We recall now some definitions related the Khalil derivative [20].

(22)

Definition 12: The conformable fractional derivative in the sense of Khalil is
defined as follows:

b 1-b 4y
T,Eu(g,x) = Juen) lim(w),g >0,0<b<1

dxt £50 £

We define Tc#u(g, x) the same way as in the definition above.

Remark: If we take b = = 1, the derivative of Khalil coincides with the normal
derivative and the system (22) takes the following form see [18].

{uég F Uk + Gy (02, (0w, (uu%)) = 0,
u?c + qucxxx + G, (ul’uz’ (ull uz)x: (ul: uz)xx) =0.

Now, We present the overview of tanh method for fractional Khalil
derivatives, see [12].

Step 1: We begin by considering the following nonlinear evolutionary system
1, (w2, Tt Tt T, T, 2 9 (Tt ), 12t 1202, 77 () T, . ) = 0,
(w2, Tt Tt T, T, T2 T2 (Tt ), T, T2, 77 (T2 T2, ) =

(23)
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Step 2: We use the following change of variable to transform the fractional
derivatives to the ordinary sell

Y =§g’+th. (24)

Step 3: Now, we introduce a second change of variable
Z = tanh(Y). (25)
According to (25) we obtain the following changes in the derivatives:

4 _ 174
dY_(l z )dZ'

at_ _ 7 4 242

e 2Z(1—-2Z )dZ+(1 Z%) dZZ'

a3 2 2 252 233
e =2(1-2%)(3Z 1)dz 6Z(1—Z%)%, +(1 Z%) dZ3

Step 4: Finally, we look for solutions in the following polynomlal form:
{ul(x, O =U'() =L2) =3, aZ',
d .
u?(x,6) = U*(Y) = P(2) = ¥;2, e:Z".
One can obtain the degrees of these polynomials by balancing between the
maximum order nonlinear term and the derivative of the maximum order. After

that, the solutions can be obtained by solving the resulting system of algebraic
equations.

(26)

4.1 Application
We consider the problem:

TZbu1 + TA’t 1 nTXZt(uluz) - szh(ul)2 - szh(ul) =0
TZbu2 + TA’t 2 mezh(uluz) - szh(uz)2 — szh(uz) =0

We consider m = n = 1 to simplify the writing of the solutions.
By the change of first variable which is found in (24), the system (27)
becomes

PUgy +v*Upyyy — Y2(UU)yy = ¥?(UN)§y —¥*(Uyy) = 0

27

(28)
PUSy + v Uyyy — Y2 (UUP)yy — v (UDFy — v*(Uéy) = 0,
thanks to integral the system (29), becomes:
AU +y Uy =y (U0 —y*(UD?* —y*(UT) = 0 29)

RU? 4y U3, - AU — YUY —y2(U?) = 0
by using (25) and (26), the system (29) becomes:
2L+ y* 221 - 2) %+ (1 - 222 2L - p2(LP) - 2 (L)% — y2(1),
(30)
and
2P 4y [-22(1 - 2L+ (1 - 222 2] - y2(PL) — Y2 (PY? — (PO,
€1y
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The degree of (30) is given in the form
dy +2 =max(2d,,d, + dy),
and The degree of the (31) is
d, + 2 =max(2d,,d; + d,),
Hence, d; = d, = 2, so the polynomial L and P is degree 2.
On the other hand, we have
A2(co + 1 Z + c,Z2) +y*(—2Z(1 — Z?)(c; + 2¢,7) + 2¢,(1 — Z%)?)
—vi(eg+ e1Z + e,Z%)(co + c1Z + ¢, Z%) —y?(co + 1 Z + c,Z2)?  (32)
—¥%(co + ¢1Z + ¢,Z?) =0
and
ey + e Z+e,Z%) +y*(=2Z(1 — Z?)(ey + 2e,7) + 2e,(1 — Z%)?)
Y% (ep + e1Z + e,Z%)(ey + e1Z + €,Z2) —y2(co + 1 Z + c,Z2%3)?  (33)
—y2(eq + €1 Z + e,Z%) = 0.
Therefore,
(Z°:6c,* — c3y? — ey000% = 0,
7207 = 20167 — cie¥? = 67 = 0,
7% —y2ct — eyt + A% — cpy? — 8oyt — 200072 — cpeyy — Crev? =0, (34)
230 0% — 01y = 2¢07% = 2c07* = 2¢o017% — cery? — eyt = 0,
7% 200" — oy + coA? — c2y? = coeg¥? =0
and
7% —y2c? — e,y?c, + 6e,y* = 0,
(Zli 2e,7* = 2¢16,7% — cre,¥” — o677 = 0,
Z%:—y2c? —e;y2cy + 4% — ey — 8eyyt — 2¢c4y? — cpe¥? =0, (3%)
Z3:e. 2% —e;y® — 2ey* — 2¢oc1y? — coev® — creq¥? = 0,
Z%: —y2c2 —egy?cy + egd? — egy? + 2e,7* = 0.
Thanks to Matlab to solve (34), (35), we found the following solutions:

Y =%
1=y,
a, = —3y?,
a, =0,
a, = 3y (36)
bO = y2,
b, =0,
b, = 3y2.
Finally we obtain the travelling wave solution of (27):
ul(x,¢) = —3y% + 3y2tanh2(_Ty ¢+ fx:), 37)

u?(x,¢) =y + 3y2tanh2(_Ty ¢+ Ex:). (38)
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The plots of the travelling wave solutions we obtained are shown in Figure 1
bellow.

Plot of (37) Plot of (37)

Figure 1
Plot of (37), (38), with 0 < x < 20,0 < ¢ < 20,y =

b= p=

s
10 10

N

5. Conclusion

This study investigates a nonlinear coupled system for beam deflection
using Caputo derivatives with novel parameters, and general nonlinearities. We
demonstrate that under specific constraints, the system simplifies to a
fourth-order ordinary coupled system analogous to classical beam dynamics.
Utilizing the Banach contraction principle, we establish the uniqueness of the
solution and, under the same assumptions, prove its Ulam-Hyers stability. To
validate our findings, we provided an illustrative example for the first main result
. An new particular solution of type travelling wave is obtained for the above
evolution system involving Khalil derivatives. The graph of the travelling wave is
then plotted.

In next research, it would be interesting to investigate the following questions:
1. Analyzing the problem with the incorporation of a ®-Laplacian operator.
2. Examining the problem posed on an unbounded domain.

3. This problem can be analyzed within the framework of the convex fractional
derivative (see [10]).
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