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Abstract

This paper introduces a novel class of operators in semi-Hilbertian spaces, termed
class A? operators, which generalizes the well-studied A-hyponormal operators and extends
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recent developments in operator theory. We define an operator I to belong to the class A} if
there exists a positive integer k such that
“r* >, (rr#)k

Central to this work is the exploration of fundamental properties of this class , its
relationship to other operator families. We provide concrete examples to demonstrate the
non-triviality and applicability of this class, alongside an in-depth analysis of its stability
under tensor product operations. Specifically, we establish sufficient conditions under which
the tensor product of two class A} operators preserves the class property. These contributions
not unify and extend prior results on operator classes but also offer new insights into their
structural and functional.

Subject Classification (2020): Primary 46C50, Secondary 47B02, 47A80.

Keywords: Semi-hilbertian space, A-positive operators, A-hyponormal operators.

1. Introduction

Over the past several decades, the study of operator classes on Hilbert
spaces has evolved considerably. Among these, normal operators and
hyponormal operators have been thoroughly investigated, forming a central focus
of modern operator theory. These classes have been examined in depth by various
researchers (see [6],[12], [14])

In very recent years, these classes of operators have been generalized in
semi-Hilbertian spaces in this papers and other papers(see [2],[3],[4], [5], [10]).

In this framework, we aim to introduce a novel class of operators in
semi-Hilbertian spaces, termed Class A% operators. We begin by defining key
terminology. Let H denote a complex Hilbert space equipped with the inner
product {.;.) and norm ||.||. The Banach algebra of all bounded linear operators
on H is denoted by B(H) and B(H)'is the all bounded linear positive
operators , i.e.,

B(H)* ={T € B(H);{Tv;v) = 0,Vv € I}

For any positive operator A € B(H)*, a semi-inner product on H is

defined as a semi-definite sesquilinear form, i,e:

(G IaHXH ->C

(v;v) B (v V), = (Av; V)
the semi-norm induced by {.;.),, which is denoted by P - P, .this makes
(#€;(.;.)4) into a semi-Hilbertian space.

Furthermore, ||.||, defines a norm if and only if the operator A is injective.
Similarly, the semi-normed space (H, ||. || 4) is complete precisely when the range
of A is closed. Moreover, the subset B4(#) is all A-bounded linear operators
e

BA(H) ={T € B(H);3c > 0;||ITv|l4 < c||v]l4 Vv € H}
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For every I' € B(H) its range is denoted by R(I"), its null space by N (I")
and its adjoint by I'*. If M € H is a closed subspace, P), is the orthogonal

projection onto M. the closure of R(I") will be denoted by R(T).

Definition 1.1: (see[2]) Let I' € B(H), an operator T € B(H) is called an
A-adjoint of T if for every v,v € H

(Tv;v) g = (V; TV)4
ie, AT =T"A.
It is observed that an operator I' may lack an A-adjoint. However, if T is
an A-adjoint of T, there can exist multiple A-adjoints for I'. Specifically, for any
operator R € B(H) satisfying AR = 0, the operators T + R also qualifies as

an A-adjoint of T'. The set of all A-bounded operators which admit an A-adjoint
is denoted by B, (H). By Douglas Theory we have that

Ba(H) ={T € B(H); R(T'*A) c R(A)}

For any operator I' € B,(H) , A-adjoint operator of I' exists. This
operator, denoted as I'¥ | corresponds to the reduced solution of the equation
AX =T*A, specifically I'* = ATT*A (AT is the Moore-Penrose inverse of A).
Thus, I'* is uniquely defined by this relation.It yields the following results:

R(T*) € R(A) and N (T*) = N(T*A).

Proposition 1.2: (see [1]) Let ' € B4 (H). The following properties hold:
1) T*e B, ().

(2) If T € B,(H), then I'T € B,(H) and (I'T)* = T#r*

(3) (F#)# = Pmrpm and [(F#)#]# = F#.

(4) If F[N(A)] [ N(A), then Pmr = FP@ and Pmr# = F#Pm.

Definition 1.3: (see [9]) An operator I is termed A-positive if it satisfies the
following:

(Tv;v), =0, VveEH
i.e, AT € B(H)*.
Wenote I' >4 0.

Definition 1.4: Let I' € B, (H).An operator I' is termed A-selfadjoint when for
every v,,v, €EH
(Tvg;v2)a = (V1;TV)4
equivalent
AT =T"A

We have this result an operators I'*I" and I'T* are A-selfadjoint.
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Definition 1.5: (see [2]) An operator T' € B,(H) is called an A-unitary if
HP _ (THEVETH
[T = M)*T* = Prggs
equivalent

IT*vlly = ITvll4 = llvlla Vv € H

Definition 1.6: (see [15], [11] ) Let I' € B,(H). an operator I' is called an
A-normal operator if

IT# =r#r
equivalent

R(IT*) € R(A) and ||IT*v||4, = |ITv|l4 ,Vv EH

Definition 1.7: (see [7]) An operator I' € B, (H) is called an A-hyponormal if
(T*T = IT#*) € By(H)
ie,
Mr—Ir*>,0
equivalent
ITvll, > IT*vll, Vv € 3

The contents of the paper are as follows.In Section 2, we introduce the
notion of class Af operators within the framework of semi-Hilbertian
(#,(.;.)4) and establish fundamental properties of this operator class. Section 3
explores tensor product constructions involving Class A¥ operators, revisiting
their structural and functional characteristics.

2. Properties of class AY operators

In this section, we introduce Class A¥ operators within the framework of
semi-Hilbertian spaces and establish key properties of these operators.

Definition 2.1: An operator I' € B,(H) is termed a Class A} if there is a
positive integers number k such that
(T*RTeY >, (TTH*)k
equivalent
A[T#T* — (TT*)¥]1 > 0

Example 2.2: Let ' = <(1) 1 ; p) ;Vp ER

11

andAz(1 1

) € B(C)* , then AT =

[N TN
B R R
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101
This implies that T'* = f i Therefore
2 2
11 K 11
rHkpk = (2 2 1 1-p _[2 =2
1 1)\ p¥ 11
2 2 2 2
and
27p  zpt2
#k — [ 2 2
or-(F )
2 2
Hence

Atk - arh = (1 7)

N[ RN~
NIR N

Then T is Class A¥ operator for all k € N*.

Remark 2.3: Let I € B, (H). Here are some of the following results:

1. When A =I,Class I} coincide with Class A} operator [14].

2. If T isClass A¥, then I' is A-hyponormal [7].

3. If TIWA)ESN(A) and T is Class A% operator, then T# is
A-hyponormal.

4. If T isan A-normal operator, then I' belongs to the Class A% operator.
If A is injective, then every Class A¥ is A-normal operator.

6. If the range of I'T# content the range of A, then Class A% is A-normal
operator .

Theorem 2.4: Let T € By (H).then,
I is Class A% operator for some positive integer k if and only if I the

k
kv, = ||(F'T%)zv if k even number

A

following conditions )
Irkvll, = ||1"#(1"1"#)Tv|| if k odd number
A

Proof: Assume that T is a Class Af

If k even number

ktime
(TTHkv; vy, = <(rr#) e (TT*) v; v>
A
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ktime
<(FF#) - (ITH v; Av

= (T'*...TT*v; T*Av)
(r'#...TT*v; AT*v)
(AT* ...TT*v; T*v)
(T*ATT* ... TT#v; T#)
— (ATT* .- TT#v; TT#v)

k., . k., .
Etlme Etlme

(TT#) - (TT#) v; (TT#) - (TT*) v

<(rr#)§v; (rr#)§v>A

k 2
= ||(FF#)E
A
other hand that
(THTr v v), = (ATHT*v;v)
= ([ AT*v; v)
= (AT*v;Tkp)
= |Ir*v|13
hance

(MHFTE — ITH ;) = 0 & (TH*TRY; v), = (TTH*v; v),

k
o Irkvll, = [|arse

,
If k odd number

ktime
((TTHkv; vy, <(FF#) o (ITH) v; v>
A

ktime
<(FF#) - (IT#) v;Av>

= (I'*...TT*y;T*Av)
(T* ... TT*v; AT*v)
(AT* ... TT*v; T*v)
(T*ATT* ... TT#v; T*v)
—  (ATT*...TT*v; TT*v)
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utl]’l’le unme

T#(T#) - (TT*) v; T# (IT#) - TT*) v

A
_ PPN S P
= (["(AT") 2z »;I"(IT") 2z v

A

2

k-1
||F#(FF#) z v
A

hance
(CHkTk — ITH* v v), 2 0 &  (TH*T*v; v), = (TTHFv;v),

k-1
o |IMvl, = | C#(CT*Y 7 v
A

this achieves the proof.

Theorem 2.5: Let I3; I; € By(H),such that I (N (A)) € N(A) then
LI = LT ifand only if I = ',

Proof: Let I'j; T, € By(H),such that T , (W (4)) € NV (A) then we have

— . # _ 1# —
me‘l = Fle ; PR(A)I"1 I PR(A) ; Apm =A

and

— —T#
Pml—‘z—rzpm, Pm[‘z FZPR(A)

therefore
Lo =0, o (LMH*r;v), = (T v v), Vo,veEH
e (TH v, v), = TF TH v, v, Yr,veH
& (Prar: PR(A)I"1 v;v), = (FfPR(A)FZPR(A)v )y YV, VEH
S (APR(A)I‘ZI‘1 VU, = (APR(A)I‘1 Ly, v), VZwveH
& (AT} v, v) = (AT{Tv;v); Vv,vEeH
& (LIfv;v), = (v v, Vo,veEH
e LI =TT,
The desired result is attained.
In the next lemma, there is a lot of use in this class.

Lemma 2.6: Let [, I, € B(H) satisfy IF 24 I, , and let T € By(H).The
following properties hold.:

1. T#(Fl - Fz)T ZA 0
2. T, -L)T*>,0.
3. IfT is A-selfadjoint, then T(I; — I)T =4 0.



8 M. MAADANI, A. BENALI AND A. N. BAKIR

Proposition 2.7: Let I' € B,(H) satisfy F[N(A)] c N (A), Tkr#k = r#krk
and (TT#)k = (I*T)*. then, T is a Class A¥ if and only if T'* is a Class A}
operator.

Proof: Under the assumption that T[N (A)] € NV (4).
it follows that

— — ¥
Preal = TPresy and PR(A) =TI"Preay

Suppose T is a Class A¥ operator. We then prove that I'¥ belongs to the
Class Af
we have
T#erk >, (TTH)k
and then
(THy#er#k = (PrcT R(A))kr#k

= PR(A)F"P@F#"

= Prpl T Prp

= Prpl ™ T Prp
R(A)(FF#)"P
= R(A)(F#F)kPR(A)
= (MPrPr)”
= (THIHHk

R(4A)

hence I'* is a Class A} operator.

Assume that T'# is a Class A% operator and prove that T is a Class Af
we have

(F#)#kr#k ZA (F# (F#)#)k

and then

(CHT*e >, (CHTD = Pl PrepT™ 24 (T PrpTPre)”
= PrpU T Prg 24 Prp(T* D) Prps
= PmF#"F"PR(A) >4 PR(A)(FF#)"PR(A)

= T#rk >, (TTHk
Hence T is a Class A} operator.
Proposition 2.8: Let T' € B, (H) is a Class A operator.
(T#krk — (IrT")*)v € ' (4) if and only if
k
ol = |[rhyzy

, if k even number
A

k-1
IT*v||, = ||F#(FF#)T1J|| if k odd number
A
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Proof:
(1) if k is even number.
(=) Suppose that

k
Irkoll, = | artyiv

A
Then

k
Irkvll, = ety

| & vk, = (@ i),
A
&  (T*Tky; vy, = (TTH*v; v),
& ((T*rk — (v v), =0
Since (T'*kT* — (I'T*)*) is A -positive by the A-Cauchy Schwarz
inequality we have
[((T#T* = (T )v;v')4]% <
(PHTE = (TT#)*); 0), ((TH4TF = (TT#)*)'; 07), = 0
Hence
((T* Tk — (TTH*Yv;v" ), =0 ,Vv;v' €H
implies that
(T#krk — (TTHH*Yv € NV (4)
(&) Conversely if
A(T*<TE — (TT*)k)p = 0
this implies that
((T#T* — (TT*)F)v; v, = 0
hence

k
Irkoll, = [[rrtie

A
(2) if k is even number. we prove this case in the same way.
Proof is complete.

Proposition 2.9: Let T € B, (H), such that [T#k+1 = [#k+1
if T is a Class A¥ operator, then T' is a Class A%, operator

Proof: Let T € B,(3) suppose that T is class Af then
r#krk — (rr"H* >, 0
and we have
IT#(T#rk — (IrT#$)*) >, 0 = I'T#r#krk — rr*(r H* >, 0
= [T#+TK — (TT#)k+1 > 0
= F#k“[‘k“ _ (FF#)k+1 ZA 0

hence T is a Class A%, operator.
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Proposition 2.10: Let ' € B, (H) , such that TT#%*" = [#kK+1T for all positive
integers number n .then,

ClassA¥ c ClassA%,, €...€ ClassA%,,

Proof: Let T € B,(3) suppose that T is class A% then
F#krk ZA (FF#)k
we have
(ITH?#TE — (IT*)*) 2, 0 = ITH"THT* — (TTH*(ITH* =, 0

= (FF#)n—lrr#k+1Fk _ (FF#)k+n ZA 0
= (FF#)n—lr#k+1Fk+1 _ (FF#)k+n ZA 0
= (FF#)n—ZFF#k+2Fk+1 _ (FF#)k+n ZA 0
= (FF#)n_ZF#k+2Fk+2 _ (FF#)k+n >A 0

= F#k+nl—~k+n _ (FF#)k+n ZA 0

hence T is a Class A%, operator for all positive integers number n.

Theorem 2.11: Let I' € B4(H) such that T'[N (A)] € N (A) and (I'T*)* =
r'kr#¢ _the following statements :

1. T, T# areClass A} ifand only if ||[T*v||, = |IT#*v|| ,.
2. If A is injective then:
' and T# are Class A% operators if and only if T#¥T'k = rkr#k

Proof: Assume T and T'* are Class A¥ operators that
F#k[‘k ZA (FF#)k and (F#)#kr#k ZA [F#(F#)#]k
since T[N (4)] € V' (A) we have
TPy = Preal s PrepA = APry = 4 5 (r“H# = PrnTPra
therefore for all v € H
([rHer# — @ rHH v v), 2 0
= ((Paes ™ Paes ™™ — (T Prs TP | vi via = 0

< 7l TF T — (TP v; v>A >0

= (AP TH T — (P1)¥ 15w v) 2 0
= (Arr*res - TPy,

= ([Tkr#* — (T* D)*v; vy, = 0
= rkr#k >, (T* )k
= Fkr#k ZA F#krk

>20
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On other hand
r#rk >, (Irr*)* o r#krk >, rertk
and hence
[#krk >, pkp#k > p#kpk
therefore

IT*v]l, = IT* v, Vv e
Conversely, assume that ||T*v||, = ||I**v||,Vv € H . From which it is
clear that
((r#krk — T*Fr#Yp, vy, =0 Vv EH
then
((r#erk — (T v;v), =0 Vv € H
therefore T' is a Class Al
On other hand
0 =[IT*vll4 - IT*v||,
= {((T**T# — (PFY<T*); )
= (AT — (*T)*)v; v)

<Apm(([‘#)#kr#k (F#F)R)Pﬂ(ﬂ) >

_ <((F#)#kr#k 7e(ﬂ)(l‘# )kPR(cﬂ)) v, U>A

= <((F#)#kr#k (™ PrcPrc)*) v ”>A
= ((EH¥r* — (¥ TN v, v),
thus, T'* isa Class A¥.

2. If we assume that ' and I'# are a Class A}, from statement (1) it
follows that

[IT*v|| 4 = IT**v||; Vv € X o (TH*T*v; v), = (TFT#*v; v),; Vv EH
o ((T*T* —TFr*Yp,v), = 0; VYV EH
& A(T#T* — TkT#0) = 0
& I#krk — Tkr#k = 0 (A is injective).

Theorem 2.12: Let T' € B,(H). then, T is Class A¥ if and only if a?I'**T* +
2a(TT#)* + T#Tk >, 0,va € R

Proof: If k is even number.
forall v € H and a € R we have
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4 4
— Ir*vliZ
A

k
s 0= ||(FF#)517

A

k 2
o |2 + 2a ||(rr#)zu kw2 = 0
A

k k
e a? <Thy; TRy >+ 2a < (ITH)2w; (ITH)2v >,
+< T*y; Tky >,> 0

< (a?T* Tk + 2a(TTH* + T* Ty v >,> 0

(=4
& T Tk 4+ 2a(ITH)* 4+ T#Tk >, 0

If k is odd number.
forall v € H and a € R we have

54
=

Proposition 2.13:

k-1 |14
Ikl > [t ety

A

k=1
0= ||F#(FF#) z v

4
—Ir*vli}
A

k-1 |2
a?||T*v||3 + 2a ||r#(r1"#)7v +|IT*v|12 =0
A

a? <Tky;Tky >4 2a < (F#(FF#)%U; F#(FF#)%U >,
+<T*y;T*y >,> 0

< (@T*T* 4+ 2q (T + T XY p; v >, > 0

a’T*erk + 2a(TT*)* + T#*T* >, 0

Let TIy;T, € By(H) are Class A% operator such that

[, (V(A) € NV(A) and TFT, = TXTy, = TFTY = TXT¥ =0, for all k € N*
then T} + T, is Class A% operator.

Proof: According to the hypotheses, we have
Ik — ()% = 0 and IF*ry — (,rHk =0

Therefore

Iy + 0)* (I + )" _'((F1 + L) + T)H)k
_ l . 1
= (rfe ez (o) rrah )

Ik 4+ 1k 4+ 3kt

i . s
(k ~ 1) [} () l) — (LT} + I T + LT + TIHE

= (OF*TF + OFFTY + TP + TT))

_ i . A
—(@mrhs + @+ 2 (G ) mrHirH<)
= YT — (O M)* + 1Ty — (Lrf)*

>, 0.

Then T + T, is Class Af operator.
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Proposition 2.14: Let I} € B,(H) and I, € B4(H) such that [T, = LI
I#T, = ILIf and T is Class A% then the following statements hold

1. If T, belongs to A-self adjoint,then T, is Class A} operator
2. If T, belongs to A-normal operator and T ,[V'(A)] € NV (A),then [T} is
Class A} operator

Proof:
1. LetT, isaClass A% then

MM 2, ()" = TFTPTITS 2, T (0TS

= [T 2, T (NI T

(LI (M) 2, (LOTFTL)*
CTH )" 2, (LIOTTH
(L) (RI)* 2,4 (LI (HT)H*

1 U U

then I,I} isa Class A%.

2. Let I, is A-normal operator that is I,I'y = I'¥T, and T} is a Class A} we
get the following relations

<[(F1F2)#R(F1F2)k - ((Fle)#(Fle))k]v; V)4
= ([IF*Tf Ty — (BTN RL) v; v)4
= ([Fz#krfknkrzk - ka([‘f[‘l)k[‘zk]v; V)a
= (ATf*[I{*T{ Ty — (LT Ty v v)
= (G;FA[f*TTS — (T 1) T v v)
= (A[T{*Tf — (L T)*ITF v; Ty v)
= ([If*rf — (T I v; T v), 2 0
Then T, Class Af

PrOpOSiﬁon 2.15: Let Fl; FZ € BA (}[) SuCh that F1F2 = F2F1, FI#FZ = Fzrl# and
OO =LOFOf. If T, and T, are a Class A} operators and
[1,(V(A)) € N(A) ,then ITT;, is Class A# operator.

Proof: Let T, and T, are Class A¥ operators.
If k is even number then

I vll, = [|rkrkol,
k
> (I, 12T,

k
¥z

A

k k
> ||z

A
k
= |tz

A
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k
(MILI{T)zw
A

k
(ML (0 )H)2v .,

then YT, is a Class A¥.
If k is odd number then

||(F1F2)kv||A

Tl

k-1
Of (0,2 v

v

A

k-1
= ety z v

= Fz(rzrz#) F1 (Fll"f) 7

A

k-1
= e arinr) z v

A

k-1
= [[((M* (LT 2 v

A

k-1
= ([ (M (M) ") 2 U”A

then YT, is a Class A%.

We say that I'; is A-unitary equivalent to I, if there exists an A-unitary U
such that T, = U*T,U

Proposition 2.16: Let T, T; € B,(H). If T, is Class A% operator and T is
A-unitary equivalent to T, then T} is Class A% operator.

Proof: Let T, is aclass A% operator then
LTy =, (LTH* & WwH*rvturfvt z, unu*wH*rivhk

#k #
e PraUPrmlt Prep iU
>, (UTU* P UPR T UM)*
#krk # #kyr#
& PrUPray (T TIOU* 24 PropUPrs(TH*U

e WUHaHrHU* =, UH*@rH ot
e ¥ =2, (LrHk

then I} is class A¥ operator.

3. Tensor Product of Class A¥ Operators in Semi-Hilbertian Spaces

The tensor product of operators is a mathematical operation that combines
two operators into a single operator acting on a tensor product space. If you have
two operators I[; and I, acting on spaces H and X respectively, the tensor
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product operator I} @ I, acts on the tensor product space H @ K (see [13]
[8]). It is defined as

1 @ L) (w @ uy) = (Nuy) Q@ (louy)
These are some of the properties we need in the following theorem
L QL)L) =0T ®LIT)
2. pupply @ Iy = uyly @ p, I for any real numbers py
3. (L) ® L)) =[P Q (I3T)” vp € RT
Lemma 3.1: Let I,5, 1", T, € B(H) and Let A,B € B(H)", such that
L24G240and Iy =5 ', =5 0, then

ML ®T') 2495 (T2 @) 245 0

Proposition 3.2: Let I, [, T, ', € B(H) and A, B € B(H)™" such that T} is

A -positive and T'; is B -positive for i =1,2. If T; # 0 and T'; # 0 ,the
following conditions are equivalent:

1. F2®F’2 2A®B F1®F’1.
2. There exists u > 0 such that ul, >4 T} and u™ ", =5 I';.
Theorem 3.3: Let A,B € B(H)™. If T} € B4(H),I, € Bg(H) .then,
I is a Class A% and T, is a Class B} if and only if I, ® I, is a Class
(A® B .

Proof: Assume that T, is Class Af operators and T, is a Class B} operators,
then

([ @ I ®L)* = [If* @ 1T @ I7)
= If*Tf @ 0Ty
>,05 (" @ (LT)*
= (F1F1# X I‘2[‘2#)’(
= [(I; @ I)(If ® I
=[ @) ® I‘2)#]116-
therefore I; ® I, is Class (A ® B)§ operators.
Conversely, assume that I} ® T, is Class (A ® B)# operators. we obtain
([} @ L) (T ® T)* 24gs (I @ )T @ T)*]*
e I QL)L @) 249 (ILIT ® [LIF)H*
e I @ T 2,05 (ITH* @ (LIT)H*
e ITF @ TS 240p n(TiTH* @ u ' (L,THH*
By proposition 3.2 there exists u > 0 such that
uIRTE =, (T Tk
and
[Tl P VPR TR (VA P
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a simple computation then
LT 2,4 (OI)* and TFFTy 25 (T,I7)"

Therefore, T is Class A% operators and T, is Class B} operators.

Proposition 3.4: Let I},T, € B4(H), T} and T, are Class A% such that
Fl,Z(N(A)) c N(A) and Flrz == Fzrl al’ld Fl#FZ == Fzrl# thel’l F1F2 ® F1 and
I T, €Byga(H @ H) are Class (A ® A)f .

Proof:
1.  Suppose that T; and T, are Class A¥,we have
LT =, (LTH* and 0Ty =, (L,I7)*
and we have that
CFFTYFTITy 2, IR (L) Ty
= Ty (T )~
>, (LI)* (T IH*
= (LIFTL )"
= (F2F1(F2F1)#)k
hence
LTIy 24 (M (0)")* 2, 0
and
LT 2, (OIH* 2,4 0
on other hand
O ® F1)#16([‘1F2 X F1)k = ((F1F2)#k ® Ff")((Fle)" ® F1k)
= (I I{Ty @ If*TY)
Lemma 3.1 implies that
@Frfriry @ i rl) 2, LIR)H* ® (MIfH*
Then
(O @ T @ I* 2, (M @ D)L, ® T)HX
Hence ([T, ®I;) is Class (A ® A)¥.

2. In the same way, we may deduce the Class (A ® A)¥ operators of
LEL QT
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