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1. Introduction 
The Lambert W function has its roots in the equation x ex = y as in work 

from the 18th century. Johann Heinrich Lambert first studied the equation 
       in the year 1758 for its solution [1]. Later, in 1783, Leonhard Euler 
transformed the equation into       (   )      and solved w using a 
convergent series expansion [2]. Once Euler had solved the equation, he then by 
putting        and taking limits, derived the equation      (  )  Euler 
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obtained a convergent series solution to this equation in terms of    After taking 
the derivative with respect to   and with some manipulations, he solved the 
equation 
            (1.1) 

Written as 
    ( )      (1.2)  
it was given the nomenclature of the Lambert W Function in  . In general, the 
function written       holds, if and only if,     ( ) for some integer    In 
the real domain, for the function (1.2): (i) when      its branch is denoted by 
  , and (ii) when           the branch is denoted by      In the complex 
domain a branch    pertains to imaginary-part values   in the domain     to 
(    )  and to the corresponding real-part values       pertains to value of 
imaginary part   in domain  (    )  to      and also corresponding value 
of real part   [33]. The quadratic approximation method was first introduced for 
the real domain in Numerical Approximation of Lambert W Function for Real 
Values by Unique Method of Quadratic Approximation [36]. In the present 
work, I extend this approach to the complex domain, where branch behaviour 
and convergence properties reveal new and distinct features. 

Application of this function finds use in viscous flow [3], time dependent 
flow in simple branch hydraulic systems [4], neuro-imaging [5], chemical 
engineering [6] [7], crystal growth [8], material science [9], porous media [10], 
Bernoulli’s number and Todd genus [11], statistics [12] [13], pooling of tests for 
infectious diseases [14] [15] [16], exact solution of Schrodinger equation [17], 
exact solution of QCD coupling constant [18], exact solution of the Einsteins’s 
vacuum equations, Resonances of the delta shell potential [19], thermodynamic 
equilibrium, phase separation of polymer mixtures [20], Wein’s displacement 
law in D dimensional universe [21], AdS/CFT correspondence [22] [23], 
epidemiology [24], determination of the time of flight of the projectiles, 
electromagnetic surface wave propagation [25], general relativity and quantum 
mechanics [26].  

Function   (  )    has infinitely many values of   that solve this 
equation in the complex plane. Euler also made mention of complex roots of 
    , when                                                          
explained how all values of   ( ) could be calculated [28] [29]. For complex  , 
Hayes calculated all values of   ( ) [30]. Thereafter, Wright also calculated all 
the values of   ( ) and gave an algorithm to compute these [31] [32]. R. M. 
Corless et al. provided a method of error analysis for approximating values 
of  ( ) [33]. Despite extensive research, there remain opportunities to explore 
new methods for solving and approximating the Lambert W function.  

The objectives of this paper are as follows: 
a) To solve for z by method of quadratic equation approximation the function 

         or  (    )     where         are given real quantities 
and       , 
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b) To prove existence of infinite solutions to the said function and to 
determine their precise values by the method of quadratic equation 
approximation.  
 
This work aims to contribute to the understanding and computation of the 

Lambert W function, offering a unique approach to solving problems in various 
scientific and mathematical domains. 

2. Numerical approximation By Method of Quadratic Equation 
Approximation  

Equation          can be written  
   (    ) (    )         (2.1) 
which, on simplification and equating the real and imaginary parts on the left-
hand side with the corresponding parts on the right-hand side, yields,     
     *     ( )      ( )+     (2.2) 
and 
    *     ( )       ( )+     (2.3)  

Let        (     )    and        (     )     Then dividing 
Equation (2.3) by Equation (2.2) and simplifying results in 

 (                       )    (                       ) 
or 
          (   )    (2.4)  

Putting the value of   given by Equation (2.4) into Equation (2.2) and 
simplifying further yields 
            (   )             (   )    (2.5) 

Substituting      with   (     )    in Equation (2.5), results in 
            (   )   (     )        (   )   (2.6) 

The general principles of the quadratic approximation method follow those 
developed in Numerical Approximation of Lambert W Function for Real Values 
by Unique Method of Quadratic Approximation [36]. For completeness, the 
essential steps are briefly recalled here, while the modifications necessary for 
handling complex arguments are derived in detail below. 

2.1. Quadratic Approximation for  (     )        when value of real 
quantity   is given,   is zero,   and   are real quantities 
When    ,  (     )       takes the form  (  )       and 

Equation (2.1) transforms to 
   (    ) (    )       (2.7) 

Equation (2.4) to 
             (2.8) 
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and Equation (2.5) to  
                        (2.9) 

Taking natural logarithm of both sides and rearranging, Equation (2.9) 
takes the form 
     ( )          (    )     ( )   (2.10) 

Now assuming          where    is very small quantity less than one 
and also       , the Equation (2.10) transforms to 
      (      )  (     )    (     )     *   (     )+        

On expansion,  

          (       )  (     )
            
             

 

     (                           )          (2.11) 
It is submitted, value of   (       )  approximates     (      )  

when       [34] and according to series expansion, since    is a small 
quantity,  

                         
                          
                           

Therefore, on neglecting     and its higher power, being small, Equation 
(2.11) takes the form 

     
      

 (     )
       (   )
   (   )   

     

     
     

    (   )    
    ( ) 

     (      )    (  )   (2.12)  
On multiplying both sides by (      )*   (  )   +(     )*    (  ) 

   +  yields 
   (        )(     ) (          )  (     )(         ) (      )(  
       )(           )     (        )(           )(      ) 
       (        )(      )(     ) 
   (         ) (          )(      )(     )(             
       )    (2.13) 

On neglecting     and its higher power and simplifying, a quadratic 
equation  
                   (2.14)  
is obtained, where 

     
2  (           )         (     )   . 

      
  

/ (      )(          )3

2            (                  )   .
      

  
/ (                       )3

    (2.15) 
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         {           (

      
  

) }

{            (                  )   (
      

  
) (                       )}

   (2.16) 

Out of the two roots          (   )(       )    of the quadratic 
equation (2.14), the root that has magnitude less than    and is the smaller in 
magnitude is chosen to approximate the real positive value of           For 
a better approximation, I now assume          and obtain a quadratic 
equation, 
                   (2.17) 
where 

    
{  (           )         (     )   ( 

      
  

) (      )(          )}

{            (                  )   (
      

  
) (                       )}

    (2.18) 

    
         {           (

      
  

) }

{            (                  )   (
      

  
) (                       )}

   (2.19) 

To have precise approximation, this process is iterated   times and that 
yields  
                                  (2.20) 
and  
                       

Kindly refer to section 3, titled ‘Convergence,’ to see why         
           On iterating   times, the final quadratic equation obtained is, 
                  (2.21) 
where 

    
{  (           )         (     )   ( 

      
  

) (      )(          )}

{            (                  )   (
      

  
) (                       )}

    (2.22) 

    
         {           (        

) }

{            (                  )   (
      

  
) (                       )}

  (2.23) 

In this paper, it is observed     yields results precise to ten decimal 
points. Once the values of   are known using Equation (2.20), the value of   can 
be determined using Equation (2.8). The value   will not be determined directly 
in this paper, as it can be calculated after approximating the value of   as 
explained. The values of    in subsequent cycles can be assumed as is described 
in section 2.1.1.3, where the quadratic equation approximation is iterated for 
subsequent solutions. 
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2.1.1. Assumption of Value of     When  (  )        
2.1.1.1. Assumption from Points of Intersection of the Curves and Ghost 
Solutions:  

To assume the value of     when  (  )        I refer to Equation 
(2.9), which has left-hand side            and right-hand side          
Obviously, the points of intersection of the curve  ( )             with 
 ( )        will be the solutions of Equation (2.9) for values of     

 

 
Figure 1 

Plot of curves  ( )             and  ( )           when   is positive 
 
Figure 1 shows the plot of both curves when   is assumed to be a positive 

value. Figure 2 shows the plot of both curves, when   is assumed a negative 
value. It is submitted, assumptions and solutions of the equation here are given 
for   with positive values. For   with negative value, same solution is 
applicable, but the result will have a negative sign. Please note that values 
of  ( ) are plotted on the x-axis and the corresponding values of  ( ) and  ( ) 
on the y-axis. In Figure 1, curve  ( )             rises from value zero 
exponentially to infinity, when   varies from value zero and tends to approach 
value π. Once   reaches value   and tends to cross past it, the curve immediately 
drops from infinity to zero and thereafter, it again rises exponentially from zero, 
when   increases from value π. Now when   increases from   to   , this curve 
repeats its course, when   varies from value zero to π. The curve thus goes on 
repeating its form from    ot       to       and so on, as displayed in Figure 1.  
Curve  ( )        plots a sinusoidal shape that swings from   to       to 
    to    and    to   as   varies from   to         to     to      and      
to   . This shape repeats as   varies from    to     so on. Obviously, points of 
intersections of these two curves are the values of   that satisfy Equations (2.9) 
and (2.1). At             so on, two curves also intersect indicating value of 
  as   at all these points. However, at      Equation (2.7) transforms to 
       and this equation relates to solution of Lambert W Function in real 



 NUMERICAL APPROXIMATION OF LAMBERT W IN COMPLEX DOMAIN� 7

domain, and it is not the subject matter of this paper. At    , Equations (2.2) 
and (2.3) transform to   (     )    or       and        That means   
must be equal to zero in all cases but   can be assigned any real value. 
Therefore, it t leads to absurdity, and thus Equation (2.7) is not defined at      
Similarly, it can be proved that this equation is also not defined at   
        , and so on. That leads to the fact,                are ghost 
intersecting points of the two curves and are not the solutions of the equation.  

 

 
Figure 2 

Plot of curves  ( )             and  ( )           when   is negative 
 
When   is very small,         tends to   and            and equation 

                   takes the form         . That means, when        
equation does not have solution for   in the domain of   to      However, it is 
solvable in the domain        Kindly refer to row 1 of Table 1, where 
       and    is assigned value   which is more than   . Except the points 
            , other intersecting points are the solutions of the equation. 
Value of   (between   to  ) from intersecting point is assumed as   . To have 
precise values of  , it is necessary to refine these by repeated approximations. 

Figure 2 displays the curves when value of   is less than    Same 
phenomenon occurs, except the fact points of intersection of two curves have 
negative values. Here intersecting points at                     are 
ghost solutions of the equation.  

2.1.1.2. Assumption of value of    from shape of curve of ( )            :  
Variation of  ( )             with changes in value of   are given in 

Table 1. Since                    therefore,              and maximum 
value of           is  . From Table 1, maximum value of y corresponding to 
maximum value of            can also be known.  

 



8� N. K. WADHAWAN

Table 1 
Displaying variation of           with change in   

   ( )                ( )                ( )             
0 0 π/2 π/2 2.8 7370.1195 

0.3        1.8 2.7394 2.9 374719.7211 
0.6 0.2496 2.1 7.1715 3.05 (        )     
0.9 0.4406 2.4 32.9673 3.10 (         )     
1.2 0.7526 2.6 195.8491 3.137 (          )      

 
Noting the characteristics of curves                     it is observed, 

value of            rises as   increases meaning thereby larger value   will call 
for bigger value of    It is further observed at      ,   equals      therefore, 
when          ,   varies from   to      For          will also be 
bigger than its value at         

I assume           where   is a small quantity; then, using Equation 
(2.9) and simplifying, approximates (   )   (    )  That leads to the fact that 
an assumption of    can be made as       when   is small. Substituting value 
of    it can be written      
          (   )   (    )   (2.24) 

It is practically observed that the above said assumption holds good, when 
      When       I assume         where   a small quantity is, then 
using Equation (2.9) and simplifying,   approximates   *  (   )+  That means, 
assumption of y can be made as follow  
          *  (   )+    (2.25) 

It is practically observed that the above assumption holds good when 
      For   between    and    , the value of    can be assumed      When 
         Equation (2.9) does not have a solution between   and   but it has 
solutions between    and       and    and so on. 

For finding solution between    and     Equation (2.24) changes to  
            (    )   (     )   (2.26) 

Accordingly, value of    can be assumed. 

2.1.1.3. Subsequent Assumptions in domain    to        to        to     so 
on:  

When a precise approximation of the value of  , say    is achieved 
between   and   by the method of iteration, then a rough value of    in the 
domain    to    is approximated by the relation 

          
in the domain    to    by relation 
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where    is approximated value of   in domain    to    after iteration, Finally, 
value of    in the domain     to (    )  is approximated by relation  

          
Since initial assumption is rough, therefore, assumption of    between 

(    ) and (    )  can also be made by relation 
       (   )       (2.27) 
where    is precise approximation in domain   to   after iteration. Out of the 
two methods explained above, the method for assuming the value of    from 
points of intersection of two curves is preferred, as this method gives a better 
initial approximation. 

2.1.1.4. Infinite Values of     Satisfying Function  (  )       :  
It is clear from Figures 1 and 2 that Equation (2.9) has solutions for   

between   and    between    and   , and so on. Similarly, it has solutions for   
between   and        and         and      so on. The equation does not 
have solution for   between 0 and    when         but it has solutions for 
  in the domain     and above. Also, the equation does not have solution 
between between   and       and       and    so on. Similarly, it does not 
have solution for   between    and          and          and      so on. 
Also, it does not have solution for   between 0 and     when          
but it has solutions for    in the domain     and          and     so on.  

2.1.1.5. Veracity and Truthfulness of Formulae Derived:  
To prove veracity of formulae derived, assumption of value    and 

subsequent approximation of                 for given value of    I have 
calculated these values with the help of Desmos scientific calculator. These 
values are mentioned in Table 2. Function  (     )        does not have a 
solution for   between   and   as already explained, therefore, assumption in 
domain of    and    is made using Equation (2.26). After iteration, precise 
approximation              accurate to ten places of decimal is obtained. In 
domain,    to    rough approximation of    is made as       which roughly 
equals                  

This proves Lemma 2.1. 
Table 2 

Displaying Veracity of Precise Approximation of                    
        

Give
n   

Assum
ed 
   

Approxi
mated 
   
      

Approxi
mated
    
      

Approxi
mated 
   
      

Approxima
ted   
      

Approxima
ted   
      

Approximate
d  
     
      

Actual val. 
of   

     7 6.919547
782 

6.919669
654 

6.919669
6588 

Not needed Not needed 6.919669658
8 

6.9196696
588 

     13.18 13.52213
763 

13.51466
673 

13.51360
867 

13.513625
27 

13.513625
2809 

13.51362528
09 

13.513625
2809 
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    1.375372
977 

1.337207
001 

1.337235
7014 

Not needed Not needed 1.337235701
4 

             

  7.5 7.588754
939 

7.588630
98 

7.588631
179 

7.5886311
78473 

Not needed 7.588631178
473 

7.5886311
78473 

    2 2.656611
53 

2.664198
051 

2.664198
143 

2.6641981
4329 

Not needed 2.664198143
29 

2.6641981
4329 

Lemma 2.1: Numerical value of   in Lambert W Function  (  )       
can be approximated using equation                         
where     is a root smaller in magnitude out of two roots        
 (       )   ,   ,    are given by equations (2.22), (2.23),   is given real 
quantity,    is an assumed quantity,            and   is the number of 
times    is iterated to obtain precise value of    Thereafter, value of   is 
calculated using equation (2.8).  

2.1.1.6. Solution of  (  )        between (    )  and (    )   when 
integer   is very large (tending to infInity):  

Let               where    ,         and   can not be 
equal to     as that will result in   (    )  which can not be a solution of 
the equation. Putting this value of             in Equations (2.9) and 
simplifying yield       ( )    on account of the fact, when   tends to infinity, 
value of    tends to    where        ( ) (         )  Consequently, 
  tends to    However, if   is replaced by     then              which implies 
     Therefore, function  (  )        has always solutions at   
            when integer     and      

2.2. Quadratic Approximation for  (    )        when value of real 
quantity   is given,    ,   and   are also real quantities 
When    ,  (    )       takes the form  ( )       and 

Equation (2.1) transforms to 

   (    ) (    )      (2.28) 
Equation (2.4) to 

             (2.29) 
and Equation (2.5) to  
                         (2.30) 

Equations (2.28) and (2.30) are identical to equations (2.7) and (2.9), 
except that the values of a have opposite signs. That means, method, formulae, 
equations explained and derived in sections 2.1 are applicable here by replacing 
  with      
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2.2.1. Assumption of Value of     When  ( )       
2.2.1.1. Assumption from Points of Intersection of the Curves:  

In this case, the shape of the curves correspond to Figures 3 and 4, the 
points of intersection of curves  ( )             with  ( )         are the 
solutions except points at                    which are ghost points as 
already explained in section 2.1.1.1.  

 

 
Figure 3 

Plot of curves  ( )             and   ( )            when   is positive 
 

 
Figure 4 

Plot of curves  ( )             and   ( )            when   is negative 
 

From the Figures 3 and 4, it is evident that the solutions for   lie between 
  to     3  to       to     … , so on and also between    to          to 
        to      …, so on. The method adopted for approximating the value 
of    is the same as described in Section 2.1.1.2, except that the values are larger 
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by π. When   is very small (tending to zero), let (   ) be the value of   that 
satisfies the Equation (2.30). In that case,       (   )  (   ) 
  (   )     (   )  or (     ) (   )    (   )        This reveals that as   
tends to zero, δ must tend to zero, hence   can take values as small as zero, 
unlike the case discussed in section 2.1.1.1.  

2.2.1.2. Subsequent Assumption in domain    to       to        to     so on: 
Subsequent assumptions are made in the same manner as explained in 

section 2.1.1.4.  

2.2.1.3. Infinite Values of     Satisfying Function  ( )       :  
As explained in section 2.1.1.4, there are also infinite solutions to the 

above said equation.  

2.2.1.4. Veracity and Truthfulness of Formulae Derived:  
To prove veracity of formulae derived, assumption of value    and 

subsequent approximations of                 for given value of    I have 
calculated these values with the help of Desmos scientific calculator. These 
values are mentioned in Table 3.  (  )        has a solution for   between 
  and    calculated as                and between    and    calculated as 
                 Similarly, solution for   for function  (   )        
was approximated between   and    and was found               No error 
was found, when approximation was made up to twelve decimal points. Kindly 
peruse Table 3.  

 
Table 3 

Precise Approximation of   for equation                     
Give
n   

Assum
ed 
   

Approxi
mated 
   
      

Approxi
mated
    
      

Approxi
mated 
   
      

Approxima
ted 
   
      

Approxima
ted 
   
      

Approximate
d   
     
      

Actual val. 
of   

    4.2 4.949974
553 

4.857376
837 

4.857795
753 

4.8577983
47 

4.8577983
56177 

4.857798356
177 

4.8577983
56177 

    11 10.98703
33 

10.98700
3940068 

Not 
needed 

Not needed Not needed 10.98700394
0068 

10.987003
940068 

     5.2 5.606938
209 

5.608738
73 

5.608738
67511 

Not needed Not needed 5.608738675
11 

5.6087386
7511 

2.2.1.5. nth Solution of  ( )         When   is Very Large Tending to 
Infinity:  

From explanation already given, there is a solution between (    )  to 
(    )   where   is an integer positive or negative. Let that nth solution be  

  (    )         



 NUMERICAL APPROXIMATION OF LAMBERT W IN COMPLEX DOMAIN� 13

where    ,         and   can not be equal to     as that will result in 
  (    )  which can not be the solution of the equation. Putting  
  (    )        in Equation (2.30) and simplifying yield           
  on account of the fact, limit   tending to infinity, value of    tends to    
where        ( ) (         )  Consequently,   tends to   as value of 
  is nonzero. However, if   is replaced by     then              which implies 
     Therefore, nth solution of  ( )        is always   (    )   
       when integer     and    . Derivations made in sections 2.1.1.6 
and 2.2.1.5 prove Lemmas 2.2 and 2.3.  

Lemma 2.2: Imaginary part   of solution to Lambert W Function  (  )  
      in complex plane always equals to (      ) added to     , when   is 
a real positive quantity neither equal to zero nor infinity, positive integer   
tends to infinity and   tends to zero.  

Lemma 2.3: Imaginary part   of solution to Lambert W Function  ( )    
    in complex plane always equals to (      ) added to (    ) , when   
is a real quantity neither equal to zero nor infinity, positive integer   tends to 
infinity and   tends to zero.  

2.2.2. Branch Classification  
Approximation of   for Lambert W Function is generally found in domain 

0 to 2π. However, when approximation of   has been made as (say)  , 
approximation for kth branch in domain     to (    ) , for that initial 
approximation is made,     (   )  where   is obtained by formula  

              
        are integers and         

2.3. Quadratic Approximation for  (    )         when value of real 
nonzero quantities   and   are given and   and   are also real quantities 
Taking natural logarithm of both sides and rearranging, Equation (2.5) 

takes the form 
     ( )      (   )    *    (   )+     (        ).  (2.31) 

Now assuming          where    is very small quantity, the Equation 
(2.31) transforms to 

   (      )  (     )    (       )
    *   (       )+     (        )  

On expansion,  

         .  
  
  
/  (     )

     (    )      
    (    )       

   *   (    )      + 

       (    )          .
  
     /  (2.32) 



14� N. K. WADHAWAN

It is submitted, value of             approximates               
when       [34]. On series expansion neglecting     and its higher power and 
following the procedure as detailed in section 2.1, Equation (2.32) transforms to 
a quadratic equation 
                    (2.33) 
where                   and 

    [  {               }                     ] 
     [  {                  

}            {              }],  (2.34) 

                    [              {                    
}],   (2.35) 

                   {                    } 
       {                   

} {                            }.  (2.36) 

Equation (2.33) has two roots i.e.                           and 
one root which has magnitude less than    and is also a root with smaller 
magnitude out of two roots, is chosen for approximation. Value of    then 
equals        Thereafter,    is assumed equal to        where         
                 ,                   and 

    [  {               }                     ] 
     [  {                  

}            {              }],  (2.37) 

                    [              {                    
}],   (2.38) 

                   {                    } 
       {                   

} {                            }   (2.39) 

Proceeding in this manner,             where         
                 ,                   and 

    [  {               }                     ] 
     [  {                  

}            {              }],  (2.40) 

                    [              {                    
}],   (2.41) 

                   {                    } 
       {                    

} {                            }.  (2.42) 

To have precise approximation, this process is iterated   times and that 
yields  
                                .  

It is proved by practical examples in Table 5 followed by its theory under 
the section 3 relating to convergence that  
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2.3.1. Assumption of Value of     
2.3.1.1. Assumption of value of    from shape of curve  

Referring to Equation (2.6), I will plot a curve   ( )           (   ) by 
taking the value of   on X axis and the value of          (   ) on Y axis and 
another curve   ( )   (     )        (   ) also by taking the value of   
on X axis and the value of  (     )       (   )  on Y axis. Functions 
 (     )         (      )         (     )        have 
values of   equal to      (   ) , *       (   )+  *      (   )+  *  
     (   )+ respectively and their respective graphs are displayed in Figures 5, 
6, 7 and 8.  

 

 
Figure 5 

Plot of curves   ( )             ) and    ( )   (     )
 
      (   ) for 

function  (     )       
 

 
Figure 6 

Plot of curves   ( )           (   ) and    ( )   (     )       (   ) for 
function  (      )       
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Figure 7 

Plot of curves   ( )          (    )  and    ( )   (     )       (   ) for 
function  (     )        

 

 
Figure 8 

Plot of curves   ( )          (    ) and    ( )   (     )       (   ) for 
function  (      )        

 
For solving  (     )       , it is observed from Figure 5 that at 

       ( )  (     )      ( ) , where        (   )  At the value of 
       ( )  reaches   sinusoidally and goes into a negative cycle until 
       thereafter it goes into a positive cycle until         It then 
repeats these cycles. Curve   ( )           (   )  rises from zero at     to 
infinity exponentially as   tends to   with left-hand limit. It again rises from 
zero exponentially as   tends to   from right-hand side, reaching infinity at 
  tending to     with left-handed limit. The curve again rises exponentially 
from zero as   tends to     from the right-hand side reaching infinity as 
  tends to      with a left-hand limit. For intersection of these two curves, 
variation of   from   to        to           to      so on are 
needed. In this paper, initial assumption of value of   is made in half cycle of 
sine wave from     to       It is further observed at   (      )  the 
curve reaches maximum value of (     )     Let            where   is a 
small quantity, then  
   (     )       (      )  (        )  (        )   (      )  

On simplification, it leads to  
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(     )    (        )  (      )  
since    ( )                , when   has a very small value. On further 
simplification, 

     .  
      /   {

(     )   

      }. 
Therefore, 

                      .  
      /   {

(     )   

      }   (2.43) 

For  (     )       (      )  to be in positive half cycle so as to 
equal (        )  (        )   (      )  it is essential  

       .  
      /   {

(     )   

      }     .  

Although   is a small quantity, its limit is considered between      and 

      When value of   .  
      /   {

(     )   

      }  is appreciable and in the 

vicinity of   
     is assumed to be slightly more than (   ) (say)(    

  )  When value of .  
      /   {

(     )   

      }  is appreciably large and is in the 
vicinity of         is assumed a value slightly less than (    ) say (   
    )  

For solving  (     )       ,  (      )         and  (   
   )         Equation (2.43) will still be applicable but   will equal 
      (   ) *       (   )+   *       (   )+ respectively. Method of 
assumption of value for    will be same as in the said case of  (     )    
       

2.3.1.2. Assumption from Points of Intersection of the Curves:  
Another way to assume values of    is from the points of intersection of 

two curves   ( )           (   )  and   ( )   (     )        (   ) . 
These curves are plotted in Figures 5 to 8. X coordinates of their points of 
intersections are noted. Accordingly, value of X coordinate will be initial 
assumption of value of     Care will have to be exercised not to consider ghost 
intersection points for the purpose of assumption of value of     

2.3.1.3. Subsequent Assumptions:  
Subsequent assumptions for the solution in the next cycle can be made as 

already explained in section 2.1.1.3. 

2.3.1.4. Infinite Values of     Satisfying Function  (     )         
The function  (     )        also has infinite solutions. Kindly refer 

to section 2.1.1.4. 
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2.3.2. Veracity and Truthfulness of Formulae Derived 
To prove veracity of formulae derived, assumption of value    and 

subsequent approximations of                 for given value of       I 
have calculated the values of   using Desmos scientific calculator. I have taken 
an example considering     and      These values are mentioned in Table 
4.  

 
Table 4 

Displaying Veracity of Precise Approximation of                    
        for  (    )        

Given 
      

     
       

  
       

           
       

  
       

    
       

Actual   

                                                                                             
      13 12.236846

05 
12.297443

85 
12.29730118 12.2973016

1 
12.2973016

0988 
No need 12.2973016

0988 
       5.9 6.4908163

73 
6.4441532

54 
6.4441624963 

 
No need No need No need 6.44416249

63 

      2.7 3.6389907
08 

3.4500848
87 

3.449981974 
 

3.44998197
469 

No need No need 3.44998197
469 

       8.7 9.2621277
2 

9.1631981
78 

9.1632780646
8 

No need No need No need 9.16327806
468 

 
Taking the case of the first row of Table 4 and applying Equation (2.43), 

the initial assumption calculates to 6.05672068, which is close to the precise 
approximation of 6.057299331. However, even the initial assumption 5.5 used 
in Table yielded the precise approximation of 6.057299331. This pertains to the 
branch corresponding to 2π(1) to 2π(2) i.e.     For    branch, the initial 
assumption is the precise approximation    plus 2π. However, in Row 2 of the 
table, it is taken as the whole number 13 instead of 12.34048464 to demonstrate 
flexibility in the initial assumption, which still leads to the precise 
approximation of 12.29730160988. 

In Row 3, applying Equation (2.43), the initial assumption calculates to 
6.443583894, which is close to the precise approximation of 6.441624963. 
However, the initial assumption 5.9 used in Table, instead of 6.443583894, was 
employed to prove the flexibility in the initial assumption, ultimately leading to 
the precise approximation of 6.441624963. 

In Row 4, applying Equation (2.43), the initial assumption calculates to 
3.465787235, which is close to the precise approximation of 3.44998197469. 
However, the initial assumption used in the table was taken as 2.7 instead of 
3.465787235 to again demonstrate flexibility in the initial assumption, which 
still leads to the precise approximation of 3.44998197469. 

In Row 5, applying Equation (2.43), the initial assumption calculates to 
9.163103376, which is close to the precise approximation of 9.16327806468. 
However, the initial assumption used in the table was taken as 8.7 instead of 
9.163103376, again demonstrating flexibility in the initial assumption while still 
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leading to the precise approximation of 9.16327806468. Precise approximations 
— 6.057299331, 6.441624963, 3.44998197469, 9.16327806468 — for y of 
Lambert W functions,                                       
                              , satisfy the Equation (2.6), 
demonstrating the validity of the method used. This also proves Lemma 2.4.  

Lemma 2.4: Numerical value of   in Lambert W Function             
   is approximated                         where     is a root 
with smaller magnitude out of two roots                     ,    
               and          are given by equations (2.40), (2.41), (2.42),  
is given real quantity,    is an initially assumed quantity,               
           , and   is the number of times    is iterated to obtain precise 
value of    Value of   is calculated using equation (2.4).  

2.3.3. Branch Classification  
Branch classification has already been explained in section 2.2.2 and same 

is applicable to these cases. 

3. Convergence  
I will prove convergence of the function                 when the 

real quantity   is given, value of   is zero, and when   and   are also real 
quantities; that transforms the function to            which can be 
written                   As explained in section 2.1, I obtained Equations 
(2.10), reproduced below 

                             
Considering          and simplifying the resultant equation, and 

assuming        I obtain quadratic equation                 where    
and    are given by Equations (2.22) and (2.23) respectively. The root    
having magnitude less than    out of two roots                      of the 
said quadratic equation will be used to approximate real positive value of 
       For precise approximation, it is further iterated and value of        
                               are found. The quadratic 
approximation is based on formula                             and 
series expansion of                      where        Thereafter, value of    
obtained as        will approximate more precisely equation       
                      as compared to       Similarly,    will 
approximate more precisely the said equation than      and finally      
      will approximate the best when integer   is a large number. That means  

      (        
)         (        

)         (        
)        

  (        
)      (3.1)  

Also, a root of equation                 approximates         since 
the quantity    is small, therefore,  
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                                        (3.2) or 
                             (3.3)  
or                       converges and thus value of   converges to 
      where 
                           
value of    is arbitrarily assigned, value of    (   )(    √       ) and 
value of    and    are given by Equations (2.22) and (2.23). Similarly, 
convergence in other cases can also be proved and is not explained here to avoid 
repetition. It is also important to state that assumption of value of    must be 
made so that value of    so found is small otherwise the sum          
        may diverge. How assumption of    should be made, has already 
been explained in relevant subsections of section 2.  

  
Figure 9 

Displaying appr. values of 
            for function  (  )  

     

Figure 10 
Displaying appr. values of 

                  for function  (  )  
     

 

  
Figure 11 

Displaying appr. values of 
                     for function 

 (     )       

Figure 12 
Displaying appr values of 

               function  (     )  
   y 

 
For the function  (  )      , approximated values of are entered in 

row against      of Table 2. On the basis of these approximated values, bar 
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chart is plotted in Figure 9 to show graphically convergence of        
                to               Similarly, functions  (  )    
  ,  (     )        and  (     )       are plotted in Figures 10, 
11, 12, 13 taking data from Tables 3 and 4 to display graphically convergence of 
                        It is evident from the figures that as 
number of iterations increases,   approximates more precisely with its actual 
value. In examples taken up in this paper, maximum six iterations yielded 
precise result.  

4. Computation of x 
Referring to Equation (2.4)         (   )  which is an exact 

equation and value of x can be calculated straightway by inserting the value of y 
in it. There is thus no need to approximate the value of x when y has been finely 
and precisely approximated.  

Care needs to be exercised, because a slight error in the approximation of   
may be amplified in   on computation due to the behaviour of the cotangent of 
an angle when the angle is in the vicinity of zero. As far as the equation is 
concerned, it is exact and true. However, there may be cases where    (   ) 
reaches zero or infinity values. These are special cases explained in the 
preceding sections.  

4.1. When    (   ) Reaches Zero Value 
When    (   )  then        (   )    and (    )      If 

   , then either     or    (   )     If   is assumed zero, then 
          and, since   is a real quantity, it cannot have a solution in the 
complex domain. That means   must be zero and, in that case, it becomes a 
solution of the Lambert W function in the real domain, which is not the subject 
of this paper. 

Therefore,    (   )  should be zero. Or     (    )     
Therefore,  
      (    )       (4.1) 
where 

       (   )  when  (    )      
         (   )  when  (     )      
         (   )  when  (     )      
        (   )  when  (    )      

and             Since      the function takes the form 
          . This can be written as  *(    )     +  *(    )     + or 

 * (    )     +    * (    )     +  * (    )   
  +    * (    )     +       

Comparing real and imaginary parts and simplifying, 
  * (    )     +    * (    )     +     (4.2) 
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   * (    )     +    * (    )     +      (4.3) 
  * (    )     +         (4.4) 

This proves Lemma 4.1. 

Lemma 4.1: If for a given Lambert W Function  (     )       , the 
equation * (    )     +         where            and 
       (   )  is satisfied, then its exact solution is        (   
 )      . 

Corollary 1: If  (   )       and * (   ) +      where              
then its exact solution is     and   (   )   

4.1. When    (   ) Reaches Infinite Value 
When    (   )  reaches infinite value, then (   )    and Equation 

(2.4) by transposition can be written          (   ) yielding        
and these are ghost solutions in complex plain as explained in section 2.2.1.1.  

4.2. When   (    )     and           or   (    )    and 
         

4.2.1. For solving  (     )        when   (    )    and   
         

Equations (2.2) and (2.3) take the form,     (    )      , 
       From these equations,       (    )  and      (    )    
and that yields  
  (    )         (    )      (4.5) 

4.2.1. For solving  (    )        when   (    )    and   
        

Following the same procedure as given above, I get  

  (    )      
 

  (    )      (4.5) 
The following two corollaries are obtained from the above derivations. 

Corollary 2: If for Lambert W Function  (     )         where a and b 
are positive real quantities and equation (    )         (    )   , is 
satisfied for specific  , where            then   (    )    for 
corresponding m and    (   )(    )   ,(    )    *  
     (   )+- (referring to Equation 2.4) or   (     )(    )  

Corollary 3: If for Lambert W Function  (    )        where a and b 
are positive real quantities and equation (    )        (    )   , is 
satisfied for specific  , where          then   (    )    for 
corresponding m and    (     )(    )  
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5. Algorithm For Solving  (    )         When Value of Real 
Nonzero Quantities   and   are Given and   and   are also Real 
Quantities 

1. Let  (    )         and real values of   and   be given. Check the 
polarity of   and b. If these have sign    and sign    go to 4. If these 
have sign   and sign    go to 6. If these have sign    and sign    go to 
8. 

2. Compute             and   .  
      /   {

(     )   

      }  If       or 
        then go to 9. 

3. Go to 11.  

4. Compute               and   .  
      /   {

(     )   

      }  If       
or         then go to 9. 

5. Go to 11. 

6. Compute               and   .  
      /   {

(     )   

      }  If       
or         then go to 9. 

7. Go to 11.  

8. Compute              and   .  
      /   {

(     )   

      }  If       or 
        

9. If value of   is appreciable or is in the vicinity of       then let    (  
   ) where      (say). Compute    (      ) and go to 13.. 

10. If value of   is appreciably large and is in the vicinity of       then 
let   (      )  where      (say). Compute    (       ) 
and go to 13.  

11. Compute             and go to 13. 
12. Define  

    ,  *         (    )+   (     )     (    )- 
     0  2      (    )      

3      (    )*        (    )+1,  

              (    ) 0      (    )   2      (    )        
31,    

            (    ) *            (    )   + 
       2      (    )       

3 *         (    )        (    )+,  
              

         
    is smaller of         (       )     

 (   )        
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13. Let          
14. Compute                and     
15. Compute           
16. Compute                and     
17. Compute           
18. Compute                and     
19. Compute           
20. Compute                and     
21. Compute           
22. Compute                and     
23. Compute           
24. Compute                and     
25. Compute    (     )             where         are integers 

and      . If      then go to 28. 
26. Check polarity of  , if it is of the form   , then compute      

  (   ) and go to 13.  
27. Since   is of the form   , compute        (     ) and go to 

13. 
28. Compute             (    )  
29. Print      and       
30. End.  

6. Comparison of Methods for Numerical Approximation of Lambert W 
Function 

6.1 Newton’s Method of Approximation  
For approximation of a root of a function  ( ), Newton‘s Method uses the 

equation  
            (  )   (  )    (4.1) 
where  (  ) and   (  ) are values of function and its derivative at       It 
suffers certain drawbacks. The method fails in cases of non differentiability and 
also when derivatives are zero or undefined. It converges slowly and breaks 
down at zero derivatives. It is vulnerable at critical points and breaks down at 
zero derivatives [35].  

6.2 Halley’s Method 
The iterative formula for Halley‘s method is 

             (  )  (  )
 *  (  )+   (  )   (  )   (4.2) 

where  (  ) is the value of the function at      (  ) is the first derivative of the 
function at    and    (  )  is the second derivative of the function at     
Although this method is a third-order convergence (cubic) method, meaning it 
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converges faster than Newton‘s method in theory. However, it has its own set of 
drawbacks. It has computational complexity that requires first and second 
derivatives, making it difficult for higher-dimensional problems. It further 
suffers singularity issues and diverges when the second derivative is zero or near 
zero. It is inefficient for simple functions and adds computational overhead 
without additional benefits. Its implementation is difficult and creates challenges 
for systems with fluctuating derivatives. It suffers numerical instability and is 
susceptible to rounding errors in finite-precision computations. 

6.3 Quadratic Equation Approximation 
Its iterative formula is based on quadratic equation derived from a 

transformed Lambert W function approximation. It has certain advantages over 
the said methods. It yields precise results within 3-4 iterations. It does not have 
differentiability requirement thus eliminating the need for derivatives. It handles 
critical points efficiently and is unaffected by zero or undefined derivatives. It 
has broader applicability and solves a wider range of problems. It has the salient 
feature of fast convergence and achieves high accuracy in fewer iterations. It is 
easy to apply as finding roots of a quadratic equations falls in basic school 
education.  

7. Results And Conclusions  
While the original real-domain formulation of the method [36] established 

its efficiency, the present analysis demonstrates that its extension to the complex 
domain uncovers new structural properties of the Lambert W branches, 
including convergence of the imaginary part to specific multiples of π. The 
Lambert W Functioning in complex domain  (     )        written 
(     )              can be split into equations          (   )  
 (     )        (   )  and         (   )  where        (   )  
      and   are real quantities. Admittedly, former is a transcendental equation 
involving variable only    Taking natural logarithm and rearranging transforms 
the equation to   ( )      (   )    *    (   )+     (        )  
Considering          where       and    is initial assumption of value to 
    (       )  approximates     (      )  and that yields            
     (      )  [34]. In the same way, quantity   *    (   )+  can be 
approximated. Also substituting   with        in the term     (   )  and 
replacing                      with their corresponding series expansion as    is 
a small quantity, an algebraic equation in variable    is obtained. In this way, 
equation   ( )      (   )    *    (   )+     (        )  is 
transformed to a quadratic equation in variable    after ignoring terms 
containing power of    higher than two.  

For precise result, approximation is iterated   times using equation 
            where   stands for number of times the approximation is 
iterated. Once value of   which is a root smaller in magnitude of two roots of 
the quadratic equation is determined, value of    is then determined by said 
equation           Following the procedure, value of      is determined 
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and that equals precise approximation of    Equation            can also 
be written                        Based upon approximation of 
  (       )  with     (      )  and convergence of series expansion of 
                    , where value of    is small on account of my assumption of 
value of   , it is proved              . Once value of   stands 
approximated with desired precision, solution in next cycle is approximated by 
considering the initial assumption equal to sum of    and approximated value in 
preceding cycle. In this way, infinite solutions are approximated by repeating 
the process. To corroborate the truthfulness of the method and the formulae 
derived, exhaustive examples are mentioned in tabular form. It is also observed 
that imaginary part   of solution of Lambert W Function  (  )        in 
complex plane always equals to (      )  added to     , when   is a real 
positive quantity neither equal to zero nor infinity, positive integer   tends to 
infinity and   tends to zero. Similarly, imaginary part   of solution to Lambert 
W Function  ( )        in complex plane always equals to (      ) 
added to (    ) , when   is a real quantity neither equal to zero nor infinity, 
positive integer   tends to infinity and   tends to zero.  

Statements and Declarations 
Competing Interests, Conflict of Interest, Funding and 

Acknowledgement: There are no competing interests, financial or non-
financial, involved in this research work. Further, there is no conflict of interest 
of any kind. No funding whatsoever, in cash or in kind, has been received for 
this work. 

Author’s Contribution  
The entire research paper is the sole contribution of the corresponding 

author.  

Data Availability Statement  
There is no data-availability statement.  

Ethical Approval 
Not applicable.  
 
References  
[1  J. H. Lambert, ―Observationes variae in mathesin puram,‖ Acta 

Helveticae Physico-Mathematico-Anatomico-Botanico-Medica, vol. III, pp. 
128–168, 1758. 

[2  L. Euler, ―De Lambertina plurimisque eius insignibus proprietatibus,‖ 
Acta Acad. Sci. Petropol., vol. 2, pp. 29–51, 1783; reprinted in Opera Omnia, 
Ser. I, vol. 6, Leipzig, Germany: Teubner, 1921, pp. 350–369. 

[3  A. A. More, ―Analytical solutions for the Colebrook and White 
equation and for pressure drop in ideal gas flow in pipes,‖ Chem. Eng. Sci., vol. 
61, no. 16, pp. 5515–5519, 2006, doi:10.1016/j.ces.2006.04.003. 

References 

	 [1]	 J. H. Lambert, “Observationes variae in mathesin puram,” Acta Hel-
veticae Physico-Mathematico-Anatomico-Botanico-Medica, vol. III, pp. 
128–168 (1758).

	 [2]	 L. Euler, “De Lambertina plurimisque eius insignibus proprieta-
tibus,” Acta Acad. Sci. Petropol., vol. 2, pp. 29–51, 1783; reprinted in 



 NUMERICAL APPROXIMATION OF LAMBERT W IN COMPLEX DOMAIN� 27

Opera Omnia, Ser. I, vol. 6, Leipzig, Germany: Teubner, pp. 350–369 
(1921).

	 [3]	 A. A. More, “Analytical solutions for the Colebrook and White equa-
tion and for pressure drop in ideal gas flow in pipes,” Chem. Eng. Sci., 
vol. 61, no. 16, pp. 5515–5519 (2006), doi:10.1016/j.ces.2006.04.003.

	 [4]	 C. C. Pellegrini, G. A. Zappi, and G. Vilalta-Alonso, “An analytical 
solution for the time-dependent flow in simple branch hydraulic sys-
tem with centrifugal pumps,” Arab. J. Sci. Eng., vol. 47, no. 12, pp. 
16273–16287 (2022), doi:10.1007/s13369-022-06864-9.

	 [5]	 R. C. Sotero and Y. Iturria-Medina, “From blood oxygenation level 
dependent (BOLD) signal to brain temperature maps,” Bull. Math. 
Biol., vol. 73, no. 11, pp. 2731–2747 (2011), doi:10.1007/s11538-011-
9645-5.

	 [6]	 A. Braun, A. Wokaun, and H.-G. Heinz, “Analytical solution to a 
growth problem with two moving boundaries,” Appl. Math. Model., 
vol. 27, no. 1, pp. 47–52 (2003), doi:10.1016/S0307-904X(02)00085-9.

	 [7]	 A. Braun, M. Baertsch, B. Schnyder, and R. Koetz, “A model for the 
film growth in samples with two moving boundaries—An applica-
tion and extension of the unreacted-core model,” Chem. Eng. Sci., vol. 
55, no. 22, pp. 5273–5282 (2000), doi:10.1016/S0009-2509(00)00143-3.

	 [8]	 M. Asadian, H. Saeedi, M. Yadegari, and M. Shojaee, “Determination 
of equilibrium segregation, effective segregation and diffusion coef-
ficients for Nd³⁺ doped in molten YAG,” J. Cryst. Growth, vol. 396, pp. 
61–65 (2014), doi:10.1016/j.jcrysgro.2014.03.028.

	 [9]	 A. Braun, K. M. Briggs, and P. Boeni, “Analytical solution to Mat-
thews’ and Blakeslee’s critical dislocation formation thickness of 
epitaxially grown thin films,” J. Cryst. Growth, vol. 241, no. 1–2, pp. 
231–234 (2004), doi:10.1016/S0022-0248(02)00941-7.

[10]	 P. Colla, “A new analytical method for the motion of a two-phase 
interface in a tilted porous medium,” in Proc. 38th Workshop Geo-
thermal Reservoir Engineering, Stanford Univ., SGP-TR-202 (2014).

[11]	 D. J. Jeffrey and J. E. Jankowski, “Branch differences and Lambert 
W,” in Proc. 16th Int. Symp. Symbolic and Numeric Algorithms for 
Scientific Computing (2014), doi:10.1109/SYNASC.2014.16.

[12]	 F. Mitroi-Symeonidis, I. Anghel, and S. Furuichi, “Encodings for the 
calculation of the permutation hypoentropy and their applications 



28� N. K. WADHAWAN

on full-scale compartment fire data,” Acta Tech. Napocensis, vol. 62, no. 
IV, pp. 607–616 (2019).

[13]	 F. Nielsen, “Jeffreys centroids: A closed-form expression for posi-
tive histograms and a guaranteed tight approximation for fre-
quency histograms,” IEEE Signal Process. Lett. (2013), doi:10.1109/
LSP.2013.2260538.

[14]	 J. Batson, N. Bottman, Y. Cooper, and F. Janda, “A comparison of 
group testing architectures for COVID-19 testing,” arXiv:2005.03051.

[15]	 A. Z. Broder and R. Kumar, “A note on double pooling test,” arX-
iv:2004.01684.

[16]	 R. Hanel and S. Thurner, “Boosting test-efficiency by pooled testing 
for SARS-CoV-2—Formula for optimal pool size,” PLoS One, vol. 15, 
no. 11 (2020), doi:10.1371/journal.pone.0240652.

[17]	 A. Ishkhanyan, “The Lambert-W step-potential: An exactly solvable 
confluent hypergeometric potential,” arXiv:1509.00846.

[18]	 A. Deur, S. J. Brodsky, and G. F. de Téramond, “The QCD running 
coupling,” Prog. Part. Nucl. Phys., vol. 90, pp. 1–7 (2016), doi:10.1016/j.
ppnp.2016.04.003.

[19]	 R. de la Madrid, “Numerical calculation of the decay widths, the 
decay constants, and the decay energy spectra of the resonances of 
the delta-shell potential,” Nucl. Phys. A, vol. 962, pp. 24–45 (2017), 
doi:10.1016/j.nuclphysa.2017.03.006.

[20]	 A. Bot, B. P. C. Dewi, and P. Venema, “Phase-separating binary poly-
mer mixtures: The degeneracy of the virial coefficients and their ex-
traction from phase diagrams,” ACS Omega, vol. 6, no. 11, pp. 7862–
7878 (2021), doi:10.1021/acsomega.1c00450.

[21]	 T. R. Cardoso and A. S. de Castro, “Blackbody radiation in a D-di-
mensional universe,” Rev. Bras. Ens. Fís., vol. 27, no. 4, pp. 559–563 
(2005), doi:10.1590/S1806-11172005000400007.

[22]	 F. Emmanuel, G. Georgios, and G. George, “Large-spin expansions of 
GKP strings,” JHEP, vol. 2014, no. 3, Art. no. 018 (2014), doi:10.1007/
JHEP03(2014)018.

[23]	 F. Emmanuel and G. Georgios, “Large-spin and large-winding ex-
pansions of giant magnons and single spikes,” Nucl. Phys. B, vol. 897, 
pp. 229–275 (2015), doi:10.1016/j.nuclphysb.2015.05.021.

[24]	 Wolfram Research, Inc., Mathematica, Version 12.1. Champaign, IL, 
USA (2020).



 NUMERICAL APPROXIMATION OF LAMBERT W IN COMPLEX DOMAIN� 29

[25]	 J. R. G. Mendonça, “Electromagnetic surface wave propagation in a 
metallic wire and the Lambert W function,” Am. J. Phys., vol. 87, no. 
6, pp. 476–484 (2019), doi:10.1119/1.5100943.

[26]	 T. C. Scott, R. B. Mann, and R. E. Martinez, “General relativity and 
quantum mechanics: Towards a generalization of the Lambert W 
function,” Appl. Algebra Eng. Commun. Comput., vol. 17, no. 1, pp. 
41–47 (2006), doi:10.1007/s00200-006-0196-1.

[27]	 L. Euler, “De formulis exponentialibus replicatis,” in Opera Omnia, 
Ser. I, vol. 15, pp. 268–297 (1927) (orig. 1777).

[28]	 E. M. Léméray, “Sur les racines de l’équation x = ax,” Nouv. Ann. 
Math., vol. 15, no. 3, pp. 548–556 (1896).

[29]	 E. M. Léméray, “Sur les racines de l’équation x = ax: Racines imagi-
naires,” Nouv. Ann. Math., vol. 16, no. 3, pp. 54–61 (1897).

[30]	 N. D. Hayes, “Roots of the transcendental equation associated with a 
certain difference-differential equation,” J. London Math. Soc., vol. 25, 
pp. 226–232 (1950).

[31]	 E. M. Wright, “A non-linear difference-differential equation,” J. Reine 
Angew. Math., vol. 194, pp. 66–87 (1955).

[32]	 E. M. Wright, “Solution of the equation z e^z = a,” Proc. Roy. Soc. 
Edinburgh A, vol. 65, pp. 193–203 (1959).

[33]	 R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, and D. E. 
Knuth, “On the Lambert W function,” Adv. Comput. Math., vol. 5, pp. 
329–359 (1996).

[34]	 N. K. Wadhawan and P. Wadhawan, “Approximation of logarithm, 
factorial and Euler–Mascheroni constant using odd harmonic series,” 
Math. Forum, vol. 28, no. 2, pp. 125–144 (2020).

[35]	 J. Stoer and R. Bulirsch, Introduction to Numerical Analysis, 3rd ed. 
New York, NY, USA: Springer (2002).

[36]	 N. K. Wadhawan, “Numerical approximation of Lambert W function 
for real values by unique method of quadratic approximation,” Jordan 
J. Math. Stat., vol. 18, no. 2, pp. 285–315 (2024).

		  Received September, 2025


