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Abstract
In this paper, we investigate the dynamic behavior of a lubricated mechanism in the 

incompressible case. The goal is to develop a mathematical model that describes the motion 
of the upper surface, based on the quasi-stationary Reynolds equation and Newton’s second 
law. We also analyze the existence and uniqueness of solutions to the resulting differential 
equations, as well as the conditions under which global nonexistence of solutions may 
arise. Furthermore, we conduct a thorough numerical analysis of the parameters a and p, 
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examining their influence on the system’s behavior. The results provide valuable insights 
into the dynamics of lubrication, enhancing the understanding of these mechanisms in 
practical applications.
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1. Introduction 
Lubricated contacts are commonly used in mechanical systems composed 

of closely spaced solids in relative motion. Introducing a lubricating fluid into 
the space between these solids prevents direct solid-to-solid contact, which 
could otherwise damage the surfaces. This process reduces friction and passive 
resistance, thereby lowering stress and forces on the system. Furthermore, 
lubrication improves machine efficiency, conserves energy, and protects 
components from corrosion and wear, significantly extending their longevity. 
The lubricant employed can take the form of a nearly incompressible liquid like 
oil or water, commonly used in hydrodynamic bearings and thrust bearings. 
Alternatively, it may involve air, which necessitates accounting for 
compressibility effects in applications such as read heads, magnetic tapes, or 
aerodynamic bearings [1]. 

The Reynolds equation describes the behavior of thin fluid films, 
particularly in the context of lubrication theory [2, 3, 4]. This equation is 
fundamental for understanding fluid flow in narrow gaps or thin layers where 
viscous forces dominate. Its versatility extends across various fields, providing 
critical insights into engineering, manufacturing, and biological systems. Below 
are key applications: Hydrodynamic Bearings: The equation is extensively used 
to design and analyse hydrodynamic journal and thrust bearings that support 
rotating machinery. By calculating the pressure distribution within the fluid film, 
engineers can determine the load-carrying capacity of these bearings, ensuring 
smooth operation and longevity of mechanical systems [5, 6]. Microfluidics and 
Lab-on-a-Chip Devices: In microfluidics, where liquids flow through extremely 
narrow channels, the Reynolds equation guides the design of devices for 
applications such as DNA sequencing, chemical synthesis, and medical 
diagnostics. It provides insights into flow dynamics crucial for optimizing 
performance in these cutting-edge technologies [7]. Coating Processes: The 
manufacturing industry relies on the Reynolds equation to model the flow and 
distribution of coating fluids. This is essential in processes such as painting, 
printing, and the production of thin polymer films, ensuring uniform application 
and precise control over film thickness [8, 9]. Tribology and Contact Mechanics: 
Tribology, the study of friction, lubrication, and wear, leverages this equation to 
investigate lubrication performance in moving mechanical components like 
gears and seals. The pressure field derived from the Reynolds equation predicts 
film thickness and pressure buildup at contact points, reducing wear and 
enhancing efficiency [10]. In addition to its use in industrial applications, the 
Reynolds equation is also employed in biological systems to model fluid flow 
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within thin biological films, such as mucus in the lungs or synovial fluid in 
joints [11]. This application aids researchers in understanding and predicting the 
dynamics of these vital biological processes [12]. 

Various studies have contributed to the advancement of mathematical 
modelling techniques for the Reynolds equation in hydrodynamic lubrication, 
integrating modern computational methods and addressing complex phenomena 
such as cavitation. In [13], the authors present a deep learning computational 
framework, named HL-nets, which utilizes physics-informed neural networks 
(PINNs) to solve the Reynolds equation. This framework incorporates cavitation 
effects through classical conditions such as the Swift-Stieber and Jakobsson-
Floberg-Olsson models. The study demonstrates that HL-nets can effectively 
and accurately simulate hydrodynamic lubrication phenomena, including 
cavitation. 

The system in [14], associated with the equilibrium solution for the 
unknowns           

        , is described by the following set of 
equations:  

  

{
 
 
 
   [             ]  

   
   

      
        
∫          
∫                  

 (1) 

where        represents a given function that describes the shape of the 
slider's surface. 

In all these applications, the terms      and       account for temporal 
and spatial variations in film thickness or surface topology, while the pressure 
field   provides insight into the mechanical effects of the fluid on the 
surrounding surfaces. The lubricated system examined in this work involves two 
nonparallel surfaces in hydrodynamic contact, a configuration that, to the best of 
our knowledge, has not been previously studied. The lower surface is assumed 
to be flat, horizontal, and in constant horizontal motion. Specific conditions are 
imposed on    to ensure that ∫        increases significantly as the gap between 
the surfaces narrows. 

It is worth noting that, in a different context, the authors in [14] 
investigated the asymptotic behavior of solutions to equation (1) as the 
minimum value of   approaches zero. In [15], the dynamic problem described 
by (1), with a single degree of freedom, specifically the vertical displacement   
was analyzed. The study established the existence and local uniqueness of   
within the space    [        , while also providing conditions that ensure 
either global existence or its failure. These findings significantly advanced the 
understanding of dynamic systems, utilizing both classical analytical and 
numerical techniques. 

Building on these theoretical insights, we propose a numerical analysis of 
the Reynolds equation using a finite volume scheme. The finite volume method 
is particularly well-suited for solving partial differential equations in complex 
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geometries, such as those encountered in hydrodynamic lubrication problems, as 
it ensures the conservation of fluxes and is robust in handling discontinuities or 
sharp gradients, which are common in lubrication flows. To discretize the 
Reynolds equation, we first partition the computational domain   into a finite 
number of control volumes. Each control volume corresponds to a cell in the 
discretized grid. The solution for the pressure field   is approximated at the 
center of each control volume, and the fluxes across the boundaries of each 
control volume are computed based on the numerical scheme. 

The governing equation is then integrated over each control volume. For 
instance, for a 2D problem in a rectangular domain, the Reynolds equation can 
be expressed in integral form over each control volume    as: 

  ∫    
  [             ]    ∫    

(      
  )      

In 2D problems,    corresponds to an infinitesimal area in the plane. If the 
domain   is a region in the   -   plane, then    is the area element, typically 
written as         in Cartesian coordinates. It represents the area of the control 
volume over which the integration is performed. Using the divergence theorem, 
this equation can be rewritten as a sum of fluxes across the control volume 
boundaries. The fluxes are approximated using a suitable numerical flux 
function, ensuring that the solution respects the physical properties of the 
system, such as conservation of mass and energy. The pressure field   is 
updated iteratively at each time step, while the other unknowns, such as   and  , 
are treated as parameters or solved using appropriate numerical methods, 
depending on the system's dynamics. To handle the boundary conditions, a 
combination of Dirichlet and integral constraints (as specified in the problem) is 
applied at the appropriate boundaries of the computational domain. 

The finite volume scheme can also be coupled with techniques such as 
adaptive meshing, where the resolution of the grid is refined in regions with 
steep gradients or high variations in pressure [16, 17]. This ensures greater 
accuracy in capturing the fluid dynamics, especially in the proximity of the 
narrow gap between the surfaces, where significant changes in the pressure field 
are expected [18]. The numerical solution provides detailed insight into the 
behavior of the fluid film, allowing for the prediction of lubrication 
performance, the study of cavitation effects, and the optimization of surface 
design in practical engineering applications. 

The main paper is organized as follows. Section 2 presents the proposed 
model, along with an analysis of the asymptotic behavior of the Reynolds 
equation, including results on global existence and stability of the solution. 
Section 3 provides insights into the behavior of the variational equation. Section 
4 focuses on the discretization approach and presents numerical results, 
including both one-dimensional and two-dimensional cases, as well as the 
evolutionary Reynolds equation. Finally, Section 5 is devoted to real-world 
applications, and the paper concludes with a summary in the final section. 



DYNAMIC BEHAVIOR IN LUBRICATED MECHANISMS� 5

 
Figure 1 

An illustrative example of a lubricated system consisting of a flat lower surface. 

2. Asymptotic behavior of the Reynolds equation 
For general shapes of the upper surface, there is limited literature on 

articulated sliders, with the exception of the one-dimensional planar case and a 
few scattered numerical results for specific instances. In [5], the authors aim to 
investigate the existence of equilibria for articulated sliders with arbitrary shapes 
described by                 . The normalized fluid pressure is 
independent of the surface normal and satisfies the Reynolds equation [19]:  

  {  [          ]                                   
                            (2) 

where      is the projection of the domain containing the lubricant onto one 
of the surfaces.     [    [    represents the normalized thickness of the 
lubricating film, and   is the mass volumetric and          represents the 
fluid pressure. In this part, we consider the case of a lubricated system 
consisting of a flat lower surface (located in the horizontal plane) in uniform 
shear motion relative to an upper surface whose height is defined by        (see 
Figure 1). The fluid is assumed to be incompressible. 

 The upper surface is mobile and subjected to a constant vertical force 
   . The lower surface, assumed to be flat and horizontal, is moving with a 
constant horizontal translation speed, as described in [20, 21]. Due to its motion, 
the lower surface drags the lubricant, which generates a pressure field opposing 
the applied force  . The upper surface is constrained to a single degree of 
freedom, namely its vertical displacement       . The pressure          in 
the fluid satisfies the quasistationary Reynolds equation, which is typically 
expressed as:  

  {  [               ]           
   

     
       

 (3) 
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The motion of the upper surface is modelled by Newton's second law:  

  {
    ∫        
       

 

        
 

 (4) 

We assume that                      , and    verifies the 
following hypothesis:  

{
          
   
   

        

We are therefore seeking a solution where        and        satisfy the 
system of equations given by problem (3)-(4). By linearity, the problem (3) can 
be reformulated as an ordinary differential equation of second order, which takes 
the form of a Lienard equation:  
                                    (5) 
with conditions at time     :  

{       
 

        
  

Where the functions    are defined for all     by :  
        ∫                     
where    is the solution of:  

  {  [             ]     
   

   
        

 (6) 

and    is the solution of:  

  {  [             ]        
         (7) 

The Lienard equation is commonly used in systems exhibiting nonlinear 
damping and restoring forces, making it suitable for modeling the behavior of 
lubricated contact surfaces. Using the classical notation            and 
           , the second-order differential equation (5) can be rewritten as a 
first-order system. This system is described by the following set of equations: 

  {          
                           (8) 

where             
   , with   

  indicating that       is strictly positive 
(since       ) and        . In this system:              represents the 
relationship between the displacement and its rate of change. The second 
equation describes the evolution of      , which involves the terms       , 
      , and the external force  . The functions        and        are derived 
from the specific form of the problem, potentially corresponding to nonlinear 
damping and restoring forces that govern the displacement. This system now 
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describes the dynamics of      and its rate of change in terms of two first-order 
differential equations. The verified initial conditions are given by:  

  {        
 

        
  (9) 

2.1 Some preliminaries and a local existence result 
Let's start by studying the properties of    and    in order to extract the 

maximum amount of information about the system (8)-(9). 

Proposition 1: The functions    and    are of class   , strictly positive, and 
satisfy the following conditions:  
     

   
                  (10) 

with the convergence order:  

  |     |   
                                 (11) 

Proof: The positivity of    and    follows from the maximum principle. The 
regularity    is proven as in Proposition 3.2.1 of [15], and their convergence to 
0 is established in Proposition 3.2.2 of [5].  

 
Proposition 1 provides the classical result as in [14] with hte following 

Theorem:   

Theorem 1: For any    
    

    , there exists a solution of the system (8) - (9) 
with local uniqueness in time, and the solution belongs to      .   

2.2 Global existence in time 
In this section, we will provide conditions for the existence or global non-

existence of the solution to the problem (8) - (9). Let      denote the maximal 
existence time of the solution to this problem. We will demonstrate that the 
global existence or non-existence of a solution depends on the behavior of the 
functions        and        as    tends to  .  

2.3 Sufficient conditions of global existence 
Let's introduce the functional:  

  
                                  
               

   
            

 

with:        ∫    
         We have the following result:   

Proposition 2: If               is a solution of (8), then the function:   
               is decreasing.   

Proof: We have:  
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 [         ]     [                  ]
    

       
 

Since         , we obtain the result.  

Proposition 3: let us suppose       . Then, there exists an increasing 
sequence         with      such that:  

          

Proof: Let    be an increasing sequence that tends to      (for example, 
       (   

 ) if     and     ). Then, from Proposition 2, the sequence 
                 is decreasing. Hence, we have the inequality:  

    [      ]           
    

       
       

                    (12) 

On the other hand, from Proposition 1, we know that:  
        ∫   

                      
This implies, from equation (10), that the sequences        and        are 

bounded. Thus, there exists a subsequence of   , again denoted   , and constants 
 ̂    and  ̂    such that:  
          ̂                    ̂                (13) 

It is well known (see [1]) that   ̂   ̂   necessarily belongs to the boundary 
of the domain ]   [  , which implies that  ̂   . This concludes the proof.  

 
We can state the following global existence result:   

Proposition 4: If      
    ∫    

 

       
   , then           

Proof: Suppose that       . Let    be the sequence defined in Proposition 3. 
Then we have the following inequality:  

   
 
[      ]                      

 
   

       
       

    (9) 

Taking the limit as    , we obtain:  

     
    

    [     
        ]     

   (14) 

where       can either be a finite value or equal to  . By assumption, this leads 
to a contradiction. Hence, the result follows.  

Corollary 2.1: If ∫   
           , then we have global existence in time for all 

  
   ,   

   , and    . 
If ∫   

           , then global existence in time is guaranteed provided 
that the initial data is "small" in the following sense: 
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  ∫    

 

           
We now provide conditions on    to ensure global existence in time for 

both the case of line contact and point contact. 
Line Contact: For the case of line contact, the gap function       typically 

depends on the horizontal coordinate  , but remains constant along the contact 
width. In this case, the function       must satisfy the following condition to 
ensure global existence in time:  

  ∫       
                                                     

This condition ensures that the integral of       does not cause the 
solution to blow up in finite time, and it guarantees that the evolution of the 
pressure and displacement remains stable. 

Point Contact: In the case of point contact,       is typically a constant 
(representing a point contact between two surfaces). The global existence in 
time for point contact requires that the function    is such that:  

                 ∫    
                                                 

This ensures that the lubricant film does not collapse or cause unbounded 
pressure under the applied force  , thus leading to a globally stable system. 

In both cases, the key factor for global existence is the appropriate choice 
of    such that the conditions on the functions       hold, ensuring that the 
system behaves well over time without the solution blowing up.   

Theorem 2: Suppose that besides     ,    verifies the hypothesis:  

  {                    ̅                    
                                                           

 

If    , then there is global existence in time of a solution of (8) - (9) in 
              for all   

   ,   
   , and    .   

Proof: It is evident that ∫   
             when     (Theorem 2.3.2 in 

[15]). Consequently, as a result of Corollary 2.1, we obtain the desired 
conclusion.  

 
Following the same reasoning as in the previous proposition, we 

demonstrate:   

Theorem 3: Suppose that besides     ,    verifies the hypothesis:  

  {                    ̅                    
      | |                                                   

   

If    , then there is global existence in time of a solution of (8) - (9) in 
              for all   

   ,   
   , and    .   
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2.4 Sufficient conditions of global non-existence 
In the following, we study the conditions under which       , that is, 

the possibility for the distance between the two rigid surfaces to become equal to 
zero in finite time (Proposition 3). We start with the following technical result: 

Lemma 1: Let   be a time interval of the form ]   [ with     such that 
             . Then      and     , we have:  

   
         *   

        
  ∫    

 

     *  
   

              +        + (15) 

Proof: Since   
            , the function   [   [        [        

 ] 
is bijective. This allows us to express    as a function of   , and we can write 
the following differential equation:  

     
   

                   
  

 (16) 

which simplifies to:  

    
   
   

                    (17) 

Next, we apply the following inequality, which holds for all    :  

                
   

   
      (18) 

This inequality helps us obtain a bound on the derivative of  

   
   

[  
 ]     

   
   

       [        ] (19) 

Now, we consider the function   
      , and differentiate it with respect to 

  . Using the chain rule, we obtain:  

   
   

[  
      ]        

   
[  

 ]     
       (20) 

By applying the inequality (19) into this, we get the following bound:  

   
   

[  
      ]       [ 

   
       [        ]]       (21) 

To complete the proof, we integrate both sides of the inequality between    
and   

 . The left-hand side is the to     . By substituting it into the equation for 
 

   
[  

 ], we get the following estimate:  

Proof: The derivative of   
      , and the right-hand side is an integral of terms 

that are bounded by the functions        and       , along with the constant 
force  . After performing the integration, we can establish bounds on the 
solution       as a function of time.  

Proposition 5: Let   
    and suppose that the following condition holds: there 

exists      such that  
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          ∫    

 

 *  
  

                   +                  [    
 ]  

(22) 
Then, we have       .   

Proof: Assume that       , i.e., the solution exists for all time. We will 
derive a contradiction by analyzing the behavior of the system. Let   be defined 
as:  

      
  [    

 ]
,   

         
  ∫    

 

 *  
  

                   +         - (23) 

By assumption,    . Since   
   , there exists a time interval    

[    ] such that for all     , we have        , and consequently, for all 
    ,  
          

   (24) 
Assume that     . If    were finite, then we would have         , 

which contradicts the assumptions and the positivity of  . Since     , we 
now know that for all    ,  
         √   (25) 

Thus, the displacement       satisfies:  

          
  ∫               

  √            (26) 
For sufficiently large  ,       will become negative, contradicting the 

condition that        . This contradiction implies that our assumption that 
       must be false. Hence, we conclude that       .  

Remark 1:  
•  The hypothesis of Proposition   is verified in at least the following two 

situations:  
•  If    and    are such that:  

  ∫   
   

                    ∫   
             

 then for all   
    and    , there exists   

    with |  
 | sufficiently 

large such that (22) is satisfied.  
• If    and    are bounded on ]   [, then a sufficient condition to have (22) 

is:  
     

  [    
 ]
       

 because by taking    large enough, the right-hand side of (22) becomes 
negative.  
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Theorem 4: Suppose that    satisfies the hypothesis      and the hypothesis 
     with   ]   [. Then for all   

    and   
   , and for all   

     ]    
 ]     , we have:  

           (27) 

Proof: Since    verifies      with      , Theorem       [15] implies that 
   is bounded on [   ]. The application:  

      
         

   ∫     
  
   

      

is linear and continuous because:  

  ∫   |  | |
  
   

|  *∫   
     

  
    +

   
*∫     

   
   

   +
   

 

Since    , we have ∫   
     

  
      . We can then, as in Theorem       

[15], deduce that    remains bounded on ]    [ for      . By applying 
Remark 1 and Proposition 5, we find the sought result. 

 
Following the same reasoning as in the previous proposition, we show:   

Theorem 5: Suppose that    satisfies the hypothesis      and the hypothesis 
   

   with   ]    [. Then for all   
    and   

   , and for all   
     [    

 ]     , we have  
        

2.5 Balance points and stability 
It is obvious that       

    
   is a stationary point of problem (8) if and 

only if:  

{  
   

     
     

We have the following result: 

Proposition 6: Under the assumption:  
   
   

         
there exists at least one stationary point of (8). Moreover, if    is differentiable 
and   

       for all    , then this point is unique and asymptotically stable.   

Proof: The existence is an immediate consequence of Proposition   and the 
uniqueness is elementary. For stability, we compute the eigenvalues of the 
Jacobian matrix at    of the right-hand side of (8):  

    (  
  

    
        

  ) (28) 

The eigenvalues are the roots of the equation:  
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     (29) 

Since       
     and      

    , it is evident that the real parts of the 
eigenvalues are strictly negative, which, according to classical theory, leads us 
to the desired conclusion. 

Now, suppose that    satisfies the conditions      and     . The results in 
[15] guarantee that a stationary solution exists for all     if    , or for   
not exceeding ∫         if    , where    is the solution of      . Furthermore, 
if     and    is constant, it follows that the stationary solution is unique and 
asymptotically stable.  

Remark 2: In one dimension, we have uniqueness and asymptotic stability 
under the assumptions     and    constant.   

3. Asymptotic behavior in the Variational equation  
In this section, for simplicity, we assume that                  , 

and that    is non-increasing. We now turn our attention to studying the 
asymptotic behavior of the solution   of the problem defined by equation (30). 
To formulate the limit problem, we first define the set    , which is the closure 
of        

          with respect to the norm of   
      

      
  . It is 

important to note that     is a closed convex set in   
      

      
  . 

We now introduce the limit problem:  

  {
                    
    ∫           (30) 

This leads us to the following equation:  

  {
∫                    ∫      

  
   

                   
    ∫          

 (31) 

We proceed by deriving existence, uniqueness, and convergence results for 
this problem. By exploiting linearity, we can express the problem (31) as a 
second-order ordinary differential equation (ODE) of the form of a Lienard 
equation:  

  {
                                
       

         
        

 
 (32) 

In this formulation, the functions       for       are defined as:  
        ∫                              (33) 
where    and    are solutions to the following boundary value problems: For   :  

  {  [             ]              
           (34) 

and for   :  
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  {  [             ]              
           (35) 

Next, using the classical notation            and            , 
equation (32) can be reformulated as a first-order differential system:  

  

{
 

   
        

  
                        

        
  

        
 

 (36) 

In this form, we are looking for a solution         in the set     
    

that satisfies the system of equations described above. 
The next steps in the analysis involve examining the properties of the 

solutions to this system, including existence, uniqueness, and asymptotic 
behavior, which can be derived using standard techniques in the theory of 
ordinary differential equations, specifically focusing on the stability and the 
behavior of the solution as    . 

4. Discretization and results 
In this section, we present the numerical simulation of the Reynolds 

equation (3) introduced in this work. The objective of the simulation is to solve 
both the one-dimensional and two-dimensional PDEs that involve nonlinear 
behavior. Additionally, we discuss the choices made in discretization, time-
stepping methods, boundary conditions, and provide a detailed analysis of the 
computational results. The model we aim to solve is given by the following 
PDE:  

  ∫                ∫     
  
   

                (37) 

and the equation for     is:  
      ∫           (38) 

Here,   is the variable in the domain  ,    and   are constants,   
represents the solution to the PDE, and    and   are additional parameters,     
is the Sobolev space       

    . The goal is to solve for  , which models 
some physical or geometrical property in the system. To derive the full 
discretization of the given equations using the Finite Volume Method (FVM) 
[22, 23, 24]. We first need to understand the structure of the equations and how 
they can be discretized in space. Below, we walk through each step, explaining 
the finite volume discretization and how it applies to the given system of 
equations. The first equation is a weak form of a PDE, which involves the 
unknown field   and pressure  . We aim to solve it over a domain  .  

  ∫                   ∫     
  
   

    ∫                     (39) 

The second equation provides the relationship for    :  
      ∫           (40) 
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The Finite Volume Method is commonly used for conservation laws and 
involves discretizing the domain into control volumes and integrating the 
governing equations over each volume. Let us discretize each part of the system, 
assuming that the domain   is divided into   control volumes indexed by  . 
Each control volume corresponds to a grid cell in the spatial mesh. We start with 
the weak form:  

  ∫                   ∫     
  
   

    ∫           (41) 

The left-hand side involves a term with gradients of   and  . In the finite 
volume method, we discretize the gradient of the fields using their values at cell 
centers or boundaries. 

We approximate the gradient terms    and    using finite differences 
between neighboring control volumes. Let    and    represent the values of 
pressure and the field   at the  -th control volume. For the gradient of  , the 
finite volume approximation is given by:  
            

    (42) 

where    is the size of the control volume. We can similarly approximate    
as:  

            
    

Therefore, the term       can be approximated as:  

                          
       

The term         is evaluated at the cell center, so the integral for each 
control volume becomes:  

  ∫    
                        

                  
       

 
The right-hand side consists of two terms:   
•  The first term involves   

  
   

. Using a central difference scheme, this 
becomes:  

    
  
   

   
       

    
•  The second term is    , which is evaluated at the cell center:  
  ∫    

               

Now, we can combine all terms to get the finite volume discretization of 
the first equation:  

          
                  

        
       

            (43) 

This equation relates the pressure   and the field   at neighboring control 
volumes. The equation for     is given as:  
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      ∫           
In finite volume, we approximate the integral of   over the control 

volumes:  
  ∫    

           
Thus, the equation for     in discrete form is:  

       ∑   
          

where    is the pressure at the  -th control volume, and   is some constant or 
known value. Summarizing the discretized system, we have two key equations: 

  {       
                   

        
       

           
     ∑         

   
 

The discretization assumes periodic or Dirichlet boundary conditions for 
the fields   and  . For Dirichlet boundary conditions, we set the values of   and 
  at the boundaries to known values (e.g.,     or    ). The finite volume 
method naturally ensures conservation of the quantities being solved for, as the 
fluxes across control volumes are balanced. The system is nonlinear due to the 
        term, which require an iterative solution technique using Newton's 
method to solve for   and  . Finally, the main resolution procedure of the 
studied problem is summarized in Algorithm 1.   
 
Algorithm 1 Finite Volume Method for Steady-State Reaction-Diffusion 
Equation with Pressure Correction    

Input: Parameters  ,   , function     , true solution         . Define 
control volumes    for           and cell spacing        . Define 
the reaction term                  . Define derivatives:       
 
      . Set initial guess for     and    .         ,          , under-
relaxation factor   , under-relaxation factor for pressure     
for        to          do  

Store old values:       ,          
Compute Fluxes  
for each control volume     to   do  

Compute flux at interfaces       and       :  

                    
                         

   

end for 
Assemble Coefficients for phi  
for each control volume     to   do  

Compute coefficients:   
•     

 
  ,    

 
  ,           

end for 
Discretized phi Equation   
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Assemble the sparse matrix    representing the discretized spatial 
operator  
Solve Linear System for phi  

           
Calculate Gradient of Pressure  
for each control volume     to   do  

Calculate the gradient of pressure at each face:  
              

       
                   

       
   

end for 
Solve Linear System for pressure correction  

          
Update Pressure  

         
Apply under-relaxation to phi  

                 
end for 
Output: Steady-state solution  , pressure  , and relative error.    

4.1 One dimensional Equation 
For the numerical realization, we start by a one-dimentional test. The 

domain [   ] is divided into    control volumes of size        . Fluxes are 
approximated using a central difference scheme. A SIMPLE-like algorithm is 
implemented for pressure correction [24, 25]. Under-relaxation factors        
(for  ) and        (for  ) are used for stable convergence. The discrete 
spatial operator is encoded as a sparse matrix for efficient solution. The linear 
system is solved using direct matrix inversion. We consider a one-dimensional 
reaction-diffusion equation of the form:  
                            (45) 
where   is the field variable,   is the pressure, and      is a spatially varying 
coefficient. The term      represents a reaction term, which could be nonlinear. 
For simplicity, we choose a linear reaction term of the form: 

                   
with  

                               
which is a Gaussian function centered at      , where   is the domain size. 

The pressure term involves the gradient of the pressure     , and    
represents the derivative of pressure with respect to space. The spatially varying 
coefficient      is chosen as: 
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The goal is to numerically solve this equation using a finite difference method 
and update both the field variable   and pressure   at each time step.   
•  Domain Length:       
•  Control Volumes:         
•  Cell Size:          
•  Under-relaxation:       ,         
•  Convergence Tolerance:       
•  True Solution: Gaussian distribution                                
•  Boundary conditions: Homogeneous Dirichlet Boundary Conditions.  

 

 
Figure 2 

The computed   compared to the true one       and also the final pressure  . 
 

 
Figure 3 

The evolution of the absolute and relative errors. 
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The numerical method provides a steady-state solution for      in Figure 
2, and the pressure     . Solution profiles are plotted for analysis, and the 
relative error is computed by using the true solution in Figure 3. This example 
successfully simulates a steady-state reaction-diffusion equation with spatial 
variation using FVM. The method demonstrates good stability, and allows a 
robust steady-state solution to be obtained for the problem. 

4.2 Two dimensional Equation 
The computational domain is a two-dimensional square grid with 

dimensions        , discretized into       and       grid points in 
the    and    directions. The grid spacing in each direction is calculated as:  

       
    

          
    

  

This results in a uniform grid over the domain, and the computational points are 
generated using the `meshgrid` function in MATLAB. For this simulation, the 
following parameter values were chosen:   
•      , which is a constant that governs the strength of the diffusion 

process.  
•       , which is another constant that affects the nonlinear diffusion 

term.  
•      , which is a constant that appears in the reaction term of the 

equation.  
•       , a constant that represents an external forcing term.  
•    is taken as a uniform grid of ones for simplicity.  

 
These values are typical for numerical testing and are chosen to represent a 

general scenario where the diffusion and reaction processes are nontrivial but 
not excessively large, ensuring that the simulation runs efficiently. The initial 
guess for the solution   is chosen as a sinusoidal function: 

                           
This choice is made to provide a smooth initial solution that can be easily 

compared with analytical solutions. The true solution for comparison is also 
based on this form, as it simplifies the error calculation and provides a clear test 
case. We apply Dirichlet boundary conditions to all four edges of the domain, 
i.e., we set     on the boundaries of the computational domain. This is a 
common choice for such problems and is appropriate when the solution is 
expected to decay to zero at the edges of the domain or when there is no flux 
across the boundaries. The recovered solution   is depicted in Figure 4, where 
comparison with the original solution is done and also the relative error. This 
study successfully simulates a steady-state reaction-diffusion equation with 
spatial variation using FVM when   is constant. The method demonstrates good 
stability, and allows a robust steady-state solution to be obtained for the 
problem. 
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(a) Restored   and the true one 

 

 
(b) The evolution of the absolute error 

Figure 4 
The evolution of the restored function   and the associated absolute error. 

 
 
After solving the PDE, the computed solution is compared with the true 

solution,                       . The error is calculated as the absolute 
difference between the computed solution and the true solution:  

             |                             |  
This provides a quantitative measure of how well the numerical solution 

matches the true solution.  

4.3 The evolution equation 
We are solving the following reaction-diffusion equation with pressure 

correction:  

    
                    (  

  
   

       )  (46) 

where        is the field we are solving for,    is a constant, and     ,      , 
and        are spatially varying coefficients. The equation governs the evolution 
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of       , with pressure correction terms involved. Additionally, we also solve 
for the pressure        via the equation:  
         ∫              
where   is a constant (source term), and        is updated based on the 
evolution of       . For spatial discretization, we use a uniform grid with 
spacing    over the domain   [   ]. Let        for           , where 
   is the total number of grid points. The Laplacian operator     is 
approximated using the second-order central finite difference scheme as:  

                      
       (47) 

This discretization approximates the spatial derivatives of   at each grid 
point. To approximate the gradient of     , we use the central difference 
method:  

    
      

         
     (48) 

This provides a discrete approximation of the gradient at each point in the 
domain. 

The time evolution is handled using a simple explicit Euler method, which 
updates        and        at each time step        as follows:  

            *                  (  
   

   
        )+  (49) 

where    is the field at time    and    is the time step. The pressure field 
       is updated using the equation:  
            [               ]  (50) 
where    is the pressure at time step   . The pressure correction term is 
incorporated by solving the following pressure update equation at each time 
step:  
                  [                  ]  (51) 

Here, the pressure correction term depends on the field        and its 
derivatives. This update ensures that the pressure is adjusted based on the 
current state of the field. The domain   is assumed to have Dirichlet boundary 
conditions for both        and       :  
                                      (52) 

These boundary conditions ensure that both fields        and        
remain fixed at the ends of the domain. 
 
Algorithm 2 Numerical Solution of Reaction-Diffusion Equation with Pressure 
Correction    

Input: Parameters  ,   ,   ,  , initial conditions for       ,         
Initialize:   

• Set the initial condition for        and         
• Compute the discrete Laplacian    and other necessary operators  
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for each time step    from 1 to    do  
Compute the Laplacian of  :           
Compute the gradient of pressure:          
Compute the reaction term:          
Update         using the discretized equation:  

    
          *    

     
      

 

        
    
      

 

     

                 
      

 

      
   

   
          + 

Update pressure         using the pressure correction formula:  
            [                  ] 

Apply boundary conditions:  
                                    

end for 
Termination:   

• The algorithm terminates after    time steps, or when a stopping 
criterion (e.g., steady-state solution) is met.  

 Output: Final solution for   and     
 
We discretize the spatial derivatives using finite differences. The domain is 

discretized into a grid with    and    grid points in the  - and  -directions. 
The spatial step sizes are denoted by       and      , where: 

     
 

            
 

      
The grid points are stored in arrays   and  , which represent the spatial 

coordinates. The PDE involves computing the gradient of  , as well as the first 
and second derivatives of the function       . For this, we use central 
differences to approximate the spatial derivatives:  

    
   

                 
   

      
  
    

                         
   

  
Choice of Functions 
For the spatially-varying function       , we choose the following: 

          (      )  
The derivative of this function is: 

            (      )  
The second derivative of this function is: 

               (      )  
We choose the constant     , which simplifies the equation and 

provides a baseline for comparison with more complex choices. For the function 
      , we choose a simple constant function: 
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The constant   is chosen as    , which simplifies the second equation 
for    . The results of the simulation are shown in Figure 5, where the evolution 
of        is plotted at different time steps. The relative error between the 
computed and true solutions is visualized in Figure 6. For different time steps, 
we observe that the computed solution closely matches the true solution after a 
sufficient number of iterations. The error decreases as the time step decreases, 
with the backward Euler method ensuring stability for larger time steps.   
 

 
Figure 5 

The computed and true       . 
 

 
Figure 6 

The evolution of the relative error. 
 
We change now the function        to  

          (       )  
The numerical solution at final time step is plotted in Figure 7, showing the 

evolution of   over time. We also show the final computed solution and 
compare it to the true solution. The error between the computed and true 
solutions is displayed as a surface plot, the L2 relative norm error and the L2 
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error norm are calculated to provide a measure of the overall accuracy. The 
results demonstrate that the computed solution converges to the true solution as 
the time progresses, although some discrepancies remain due to numerical errors 
inherent in the finite volume method. The absolute L2 error norm is around 
    , indicating that the solution is improving with each time step. 

 

 
Figure 7 

The numerical realization and the absolute and the relative error for the case when 
                     

5. Real Applications 
5.1 Contaminant transport and biodegradation 

This application presents a time-dependent simulation of contaminant 
transport and biodegradation in a one-dimensional soil column. We model the 
transport of a contaminant (e.g., a volatile organic compound like benzene) 
through a porous medium, where it diffuses, is advected by pressure-driven 
groundwater flow, and undergoes first-order biodegradation. The governing 
equation for the contaminant concentration,       , is given by: 

    
                                     

where:   
•         is the concentration of the contaminant (mg/L).  
•          is the effective diffusion coefficient in the soil (mÂ²/s).  
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•        is the groundwater velocity (m/s), influenced by the pressure 
gradient using the term:            .  

•          is the first-order biodegradation rate (1/s).  
•                  is a spatially varying coefficient that influences both 

the diffusion and the velocity.  
 
The pressure within the soil,       , is coupled to the fluid flow and 

updated using a simplistic equation: 

    
                    

We employ a finite difference method to discretize the spatial domain and an 
implicit scheme for the time discretization, see [21] for such derivation. The key 
aspects of the method are:   
•  Spatial discretization: The domain [   ] is divided into    equal segments 

with grid spacing            .  
•  Implicit Time Discretization: An implicit scheme is used to update the 

value of   at each time step.  
•  Laplacian operator: A finite difference discretization is used to form the 

Laplacian matrix.  
•  Pressure coupling: The gradient of pressure is computed with finite 

differences and used to updated the concentration.  
•  The pressure is updated using a simplified equation.  
 
The simulation parameters are as follows:   
•  Soil Column Length:     m  
•  Number of Grid Points:         
•  Time Step:         s  
•  Total Simulation Time:     s  
•  Porosity:        
•  Tortuosity:        
•  Molecular Diffusivity of benzene in water:           mÂ²/s  
•  Maximum Biodegradation Rate:                 1/s  
•  Effective diffusion coefficient:      

   
   

•  Initial Condition:         , except for a constant value at the inlet. 
Initial pressure is set to zero.  

•  Boundary Conditions: Dirichlet boundary conditions are applied for both 
concentration and pressure:         ,         ,         , 
        .  
 
The time-dependent behavior of the contaminant concentration,       , 

and the pressure,       , are presented in Figure 8, showing the transport, 
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diffusion, and biodegradation of the contaminant.  This work has provided a 
framework for time-dependent simulations of contaminant transport in porous 
media, including the effect of pressure and biodegradation using an implicit 
method. 

 
Figure 8 

The concentration        and pressure within the solid material over time. 
 

    
                    (  

  
   

       ) 

models the heat diffusion and advection in materials with spatially varying 
thermal properties. Here,          represents the temperature distribution, and 
     is a spatially varying property of the material, such as thermal conductivity 
or diffusivity. The term            represents the effect of the material's non-
uniform thermal conductivity, which can vary due to composition, 
microstructure, or temperature. 

5.2 Thermal Management in Heterogeneous Materials 
This equation is particularly relevant for simulating heat transfer in 

heterogeneous materials or composite structures, where the material properties 
change spatially due to varying compositions or external conditions. For 
instance, in engine components or thermal insulation materials, the thermal 
conductivity often varies with location due to the presence of different materials, 
temperature gradients, or microstructural inhomogeneities. The diffusion term 
                 models the heat conduction, while the advection term 
  

  
   

        accounts for any advective heat transport, which could arise 
from fluid motion in porous media or convective effects in materials. The 
equation we are dealing with is a two-dimensional parabolic PDE that models 
the evolution of a scalar field         , which could represent a physical 
property such as temperature or concentration. The PDE is given by: 

    
                      (  

  
           )  
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where:   
•           is the scalar field representing the physical quantity: the 

temperature.  
•  For realistic simulations, material properties such as thermal conductivity 

may depend on temperature  . You can use an empirical formula to model 
this dependence, such as:  

                             
 where   is a material-dependent coefficient,        is the temperature at 

position      , and    is a reference temperature.  
•     is a constant that scales the advection term.  
 We consider the following initial and boundary conditions for the problem:   
•  The initial distribution of          is given by:  

              (    )    (
  
  
)  

 This represents a temperature distribution that varies sinusoidally along 
both the   and   directions.  

•  Dirichlet boundary conditions are assumed, i.e.,   is fixed at the 
boundaries:  

                                               
This model is adapted for temperature-dependent conductivity, allowing 

for simulations where the thermal properties change as the material heats up, 
such as in high-performance heat exchangers, electronic cooling systems, or 
material testing under varying thermal loads. Figure 9 presents the evolution of 
the temperature in time  . As observed, the temperature distribution undergoes 
significant changes during the initial iterations, reflecting the transient nature of 
the heat transfer process. In the early stages, the system adjusts to the initial 
conditions and boundary effects, with temperature variations occurring rapidly 
across the domain. This is typical of systems where heat is being conducted and 
advected through materials with spatially varying properties. However, after a 
certain period, the temperature field stabilizes, and the rate of change 
diminishes. This stabilization is a result of the system reaching a dynamic 
equilibrium, where heat transfer has equilibrated across the domain, and the 
material's thermal properties, including the spatial variations in conductivity or 
diffusivity, have been fully incorporated into the solution. At this point, the 
temperature distribution becomes steady, and the thermal exchanges within the 
material become more realistic, resembling actual physical behavior. Figure 10 
illustrates the steady-state temperature distribution within the microstructure 
after the system has stabilized. The left plot displays the temperature field as a 
smooth surface, with the jet colormap representing temperature variations (blue 
indicating lower temperatures and red indicating higher temperatures). The right 
plot provides a contour representation, highlighting temperature gradients across 
the domain. This visualization helps in understanding the thermal behavior and 
heat transfer within heterogeneous materials.   
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Figure 9 

Temperature Distribution and Contour Plot at different time. The color bar on both 
plots indicates the corresponding temperature scale in  . 

 

 
Figure 10 

Final Temperature Distribution in the microstructure at time      . The left plot 
shows the temperature distribution as a smooth surface, with the jet colormap 

indicating temperature variations (blue for cooler regions, red for hotter regions). 
The right plot presents the temperature contours, illustrating the spatial 

temperature gradients more clearly. The color bar on both plots indicates the 
corresponding temperature scale in  . 



DYNAMIC BEHAVIOR IN LUBRICATED MECHANISMS� 29

Conclusion 
The study offers a comprehensive framework for modeling the dynamics 

of lubricated systems in the incompressible regime, emphasizing the interplay 
between the quasi-stationary Reynolds equation and Newton's second law. 
Through rigorous analysis of existence, uniqueness, and the conditions for the 
nonexistence of solutions, the paper establishes a solid theoretical foundation for 
further investigation into lubrication mechanisms. By proving the local 
uniqueness and existence of the solution     , the work sets the stage for 
analyzing the system's temporal evolution. Moreover, the paper identifies 
specific conditions under which global solutions exist and outlines scenarios 
where global nonexistence occurs. Specifically, it demonstrates that for line 
contact (   ), global existence is assured for all initial data and forces, 
whereas for certain ranges of   (particularly   ]   [), global nonexistence may 
arise when the applied force exceeds a critical threshold. 

The results contribute significantly to the theoretical understanding of 
lubrication dynamics, offering valuable insights for practical applications. In 
particular, the numerical analysis underscores the crucial influence of 
parameters   and   on the system's behavior, providing essential guidance for 
optimizing lubrication designs in engineering contexts. Ultimately, this work 
advances the knowledge of lubrication dynamics, contributing to the 
development of more efficient and reliable lubrication systems across various 
industries, and paving the way for future advancements in lubrication 
technology. 
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