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Abstract

Using concentration estimates along with the Fountain Theorem and its dual form,
we establish the existence of two infinite and disjoint sets of solutions for the following
Neumann elliptic system involving critical Sobolev exponents, a Hardy potential, and a
concave-convex nonlinearity:
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where () ¢ R" is a smooth bounded domain containing the origin, with N > 7, o, + 3, = 2/,
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1. Introduction

This paper investigates the existence of infinitely many solutions to the
following elliptic problem subject to Neumann boundary conditions:

—dwy = B = |wy R fwp | P
‘*‘ﬁ|w1|mz_zw1|wz|ﬁ2 in Q,
| —Aw, — :_lzz = afle lwy | |wy P12 w, ()
ajTﬁzBZ|W1|a2|W2|‘BZ_2W2 in (),
d,w; =0d,w, =0 on 01,

Here, 1 < a, + B, <2, , and the parameters a;,; > 1 are such that
a, + f, = 2%, where 2% = % represents the critical Sobolev exponent for

N = 3. The vector v denotes the outward normal to the boundary 0.
Throughout this paper, we consider ) to be a smooth and bounded open domain
in RV that contains the origin.

The corresponding energy functional to (1) is

1 (w1 |*+|wy|?
1w we) =3 Jy (IDwal? + 1Dw,|? = pEel) "

2 2
Joy Iwq |2 lw, |P2dx.

T B az+pz
However, we still have the following inequalitie : for every &€ > 0, there

exists a constant C (&) > 0 such that for all w € H*(Q),

w? 1+
J, de < 7fﬂ |Dw|*dx + C(¢) [, Iw|*dx.

Under the assumptions f =0, a, = 2, §, = 0, and w; = w,, problem (1)
simplifies to the following scalar semilinear elliptic equation:
{—Aw = |wl¥ 2w+ puw, inQ, 3)

d,w=20 on dQ.
In the celebrated paper [7] Cao and Yan showed that under certain

Jo, lwq | lw, |Prdx —

assumptions on N and 0 the problem (3) has infinitely many solutions. Comte
and Knaap in [10] proved that if N = 3, there exists a nontrivial solution of (3)
for every u € R*\o(—A), where g(—A) is the set of eigenvalues of —A in

{W € Hl(Q)|Z—:|aQ = 0}. In recent years the nonlinear Neumann problem

involving critical Sobolev exponent has been widely studied in [8, 9, 11, 14].
Subsequently, for the Dirichlet problem of (3), Devillanova and Solimini [12]
established the existence of infinitely many solutions to problem (3) when
N = 7. Their key idea was to prove the strong convergence of approximating
solutions. The main tool in their analysis is the derivation of suitable estimates for
these approximating solutions in a carefully defined "safe region," followed by
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the application of a local Pohozaev identity. Building on similar techniques, Han

[13] proved that if N > zijll), then problem (3) admits infinitely many solutions
with positive energy. Further affirmative results related to the above open
problem can be found in [3, 6]. However, to the best of our knowledge, no
straightforward answer exists for the corresponding question concerning problem

(1). The main result of this paper is stated below.

Theorem 1.1: If we assume that N >7, B € [0, —4) and 2" — /1 —%<

a, + B, < 2 then

(1) There exists a sequence of solutions (Wi, Waox)x of (1) such that
T(Wy g, Wa i) <0 and I(Wy g, wyy) = 0 as k - +oo.

(ii) There exists a sequence of solutions (Wyy, Wox)x of (1) such that

I(Wl,k' WZ,R) >0 and I(Wl,k! WZ,k) — 400 as k — 400,

When a, = 2, f, =0, and w; = w,, the method introduced in [12] was
also employed by Daomin Cao and Shusen Yan in [5] to show that if N > 7,
a > 0,and u € [0, Z — 4), then problem (1) admits infinitely many solutions. For
additional related results, we refer the reader to [2, 4, 17]. Our main approach
follows the same general strategy as that used in [5]. However, a significant
difficulty arises when applying the Moser iteration technique, due to the lack of a
reverse Holder inequality in the case 1 < a, + f, < 2. To overcome this issue,
we introduce a new argument that works for the subcritical term |u|*2*F2 with
1<a,+ P, <2" (see the proof of Proposition 2.5 below). This paper is
organized as follows. In Section 2, we establish the strong convergence of
approximating solutions of (1) in H'(). In Section 3, using the Fountain
Theorem and its dual form [1, 19], we prove Theorem 1.1.

To conclude this introduction, we clarify some notations used throughout
the paper. We denote the norms in the spaces H1(Q) and LP(Q) (for 1 <p <

1 1
@) by Wiy = ([, IDwl?dx + [w|*dx)® , [wlly:= ([, lwlPdx)? ,
respectively. Throughout the paper, C, C;, C,, ... will denote generic positive
constants, which may vary from line to line. In addition, for convenience, we
define the norm on the product space H(Q) x H1(Q) by |[[(wy,wy)|:=

[lwy ”12.11(9) + [lw, ”12.11(_0_)-
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2. Strong convergence of approximating solutions in H(Q).

The study focuses on the following perturbed problem:

“hw =PRSS e Ml g
ajifzz lwy|%27 2w, wy [P inQ,

T el e U1 R U “)
w2 w2 2w, in 0,

d,w; =0d,w, =0 on d(.

Here, € > 0 is a small constant satisfying 0 < ¢ < min{a; — 1,5; — 1}. A
pair of functions (w;,w,) € H1(Q) x H*(Q) is referred to as a weak solution of
problem (4) if the following condition holds for all test functions ¢ = (@4, ;) €
HY(Q) x HL(Q)

fQ (DW1D(P1 + Dw, Do, = B

_ 2(aq1—-¢)

ay+f1-2¢

__2(B1—9)

ay+pf1-2¢

_ 2a;

az+p;

2B

az+pfz

We define the energy functional related to problem (4) over H(Q) X

H'(Q) by
1 [wy [ +|wa |
15wy, wp) = 5 [, (1Dw? + [Dw,|? — p 22120 g

|x|2+¢&

w11 B W2<P2)
|x|2+€ |x|2+e

fﬂ lwi| %7275 wy [w, |14, dx

fﬂ w1 |27 W, | P12~y 0 dx

o (w1l 7%|w, 2wy dx

fQ |wy %2 |w, |2 2w, p,dx = 0.

(&)

2
a1 +p1-2¢

Jo w5172 wy |Pr=2dx — Jo w1192 |w, |P2dx.

az+pa

We begin by introducing some notations and terminology that will be used
throughout the remainder of the work. Let (w;,w,) be a solution to problem (4),
and define Ww,: = |w;|, W, = |w,|, extended by zero outside (. It follows that
Wy, W, € HY(RN). Then, for any ¢ € H*(R") such that ¢ > 0, we have:

f]RN DWlD(p = fn D|W1|D(pdx

_ dlw1|
= oo 9, ds Jo

Wq1+Wy 2(a1—¢€) ,~ ~ \2*—1-2¢
< (3 A L Ay Y (W + W
RN |x|%+e 2*—2¢ (W1 2)

|—1

|wy |~ wydiv(Dwy)pdx

2a;
az+p2
which holds in the distributional sense

+

(W, + W,)%2271) g,
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ATy W1+W» 2((11 E) ~ ~ \2*—1-2¢
Aw, :8|X|2+S = 2* 2e (W, + w,)
+a o fl (W, + W,)@2tha1,
Similarly,
Ay pWitWy Z(ﬁl &) e~ ~ \2*-1-2¢
AWZ ‘8 |x|2+s 2* 2¢& ( +W2)
It follows that
—A(W, +W,) — B "l’xl;fj 3(Wy + W,)2 1+ Ain Q, (6)

where d,(iW; +W,) = 0ond(, and A is a positive constant. Therefore, in the
next section, we restrict our attention to estimating solutions of (6) in the space
H(RM).

Definition 2.1: Let us consider a sequence {(Wl_n, Wz_n)} as given.

(i) We say that the sequence {(Wl_n, Wz_n)} is controlled if the sum wy, +
W, is a solution to problem (6).
(i) We refer to the sequence {(Wl‘n, Wz‘n)} as balanced if each pair

{(Wl’n,wz,n)} solves problem (4) with € =¢, >0 where ¢, > 0 as
n-—o .

Remark 1: Every balanced sequence (wy,, w,,) is also a controlled sequence.
Moreover, we may assume without loss of generality that any controlled sequence
(W1, W2 5) is nonnegative in (), i.e., Wy ,, W, = 0 in , since each function
can be replaced by its absolute value.

From the appendix in [16], we have the following decomposition of
approximating solutions.

Proposition 2.2: Let 0 € Q, and let {(Wy,, wy,)} € HY(Q) X H'(Q) be a
Palais--Smale sequence for the functional I (as defined in (2)). Then, possibly
after passing to a subsequence, the following decomposition holds:

kytky i \N2 i i
Win _Wloo+z (J) 2 Wli(on(x_xn))
ki+ky+k
+Zi:1k1-|2—k231 ( ) 2 Wll(onx) + Win,

Wan = Wow + S50 (1) 7 Wa (0 — x1)

kq+k3 iy 2 i
+Zi:k1+k2+1 (an) 2 Wz,i(anx) + Woy,

(7

where (Wy,a,, Wy,00) is @ solution to problem (1) and ||w|l1) = 0 as n - oo
fori=1,2.
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For the profile indices:

e For i=1,..,ky, if dist(x},dQ) > 0 and o} dist(x}, Q) - oo, then
(W1, Wy;) € DY*(R) x DV?(R") solves the limit problem (Qg’).

« Fori=ky+1,..k +k,, if dist(x},0Q) > 0 and o} dist (x},09) —
oo, then (Wy;,W,;) € DV*(R+Y) x D¥?(R+") solves the limit problem
(P5°).

e Fori=ky+k,+1,.., ki +ky+ ks, the pair (Wy;, W,;) € D¥*(RV) x
DY2(R") solves:

- (@) forsome B € (0,B) if 0 € Q,

- (Pg) forsome B € (0,B) if 0 € 00,

where the problems at infinity are given by:

1 le =2 lwi | %272y |w, |1,
(Qoo) [x] a1+By in RN
Pl —aw, — gz = 21y, |71 |w, |P1 2w '
2T agepy TR >

with the decay condition w; (x), w,(x) = 0 as |x| = co.

2 _
—Aw; — ﬁw_lz = L |wy |1 2w, |wy, |1,
) x| a1+ N
(PB ) Wy ZBI a ﬁ -2 n R""
—Aw, — =5 = ——|w; [T W, |P1 7w,

[xI2 ay+By

with the Neumann boundary condition d,w; = d,w, = 0 on dRY.

Here, RIX = {(xl, ...,XN) € RN:XN > 0}, and al,ﬂl > 1 with aq + Bl =
2",

The sequence {(wl_n, Wzrn)} is said to be concentrating if the limit in () is
attained strongly in the H' topology. Among the various bubbles arising in (),
we select the one with the lowest concentration speed, denoted by o, which
concentrates at the point x,, = x;,. One can always choose a constant € > 0 such

that the region AL:=|B 1(x)\B _1(x,) |NQ, contains no
(C+5)0,,2 Co,?

concentration point of the sequence (u,,v,) for any n € N. This region is
referred to as a safe region, as it lies sufficiently far from all concentration points.
We now introduce two thinner subsets, defined as follows:

Jl%;: B _l(xn)\B _1(xn) N Q,
(C+4)a,? (C+1)a, 2
and
Uq%:z B _l(xn)\B _1(xn) N Q.
2

(C+3)a,, 2 (C+2)a,



PROXIMITES CONSTRUCTED ON ROUGH SETS AND IDEALS 7

Given p, < 2" <p;, together with parameters a« >0 and o > 0, we
consider the relation below:

willy, < a,
W @®)

lwzll,, < ag?™ Pe.
We define |[wl[p, p, as the infimum of all @ > 0 for which there exist
functions w; and w, such that condition (8) is satisfied and |w| < w; + w,.

Based on (8), we have the following two results pertaining to controlled
concentrating sequences.

Proposition 2.3: Let {(w;,, Wy,)}lnen be a controlled sequence. For any
2*JB 2*JB . . .
exponents pq,p, € T T5V5 ) with p, < 2* < p,;, there exists a

constant C > 0, depending only on p,, p,, N, and t, such that
w + |w <,
” | 1,n| | 2,n| ||p1,p2,Un
where ¢,, denotes the smallest concentration rate among all bubbles appearing in
the sequence (W ,, Wy ).

Lemma 2.4: Assume that 0 is convex and that 0 € (2. Let {Wy, Wan)lnen be

2*JB 2*JB )
¢ T i 5
with 0 < t < t, there exists a constant C > 0, independent of n, such that for
sufficiently large n and any radius

a controlled concentrating sequence. Then, for any p; € (

1 1
reE [fanz, €+ S)an],
the following estimate holds:
1

rN-1 fﬂnaBr(xn)
where wy, (x) = w1, (X)] + [Wo5 (X)].

We set @, (x): = Wn(o‘,fl/zx),x € Q,, where Q,:= {x: ogl/zx € q}.

Using inequality (6), it is straightforward to verify that &, extended by
zero outside (), satisfies the following relation:

—AD, < g7 (i @, + 3021+ A) in RV, 9)

|

N
w, dS < C 0.7,

From (9) we have

Jun DPDdx < 07 [ (L5 @, + 303 + 4) pdx,

||
Vo € CP(RY), ¢ = 0.
We have the following estimate:

(10)

Proposition 2.5: Let Q be a convex domain with 0 € Q, and let {win,wan)}
be a controlled concentrating sequence. Then, for any
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zJ— zf . >

there exists a constant C > O, 1ndependent of n, such that
N Nt?

Lo wa? dx < CA,° =y
n

*

2
where t: = 5

Proof: Fix y€ A2 and let 0 <r <R<1. Set z,:=0."*y, and let y €
Co°(B(z4, R)) be a cut-off function satisfying 0 < y <1, y =1 on B(z,,71),
and |Dy| < ﬁ. Forany t > 1 and M > 0, we define the test function

o= 0, B,
where @,: = min{®,, M}. In what follows, the symbol C denotes various
positive constants that are independent of n, r, R, B, and M. Note that

D®,DP, = |DD,|? and DO, DD, D,V = pF, |22V,
Jow D®rDpdx = [ Dy [2xDx @, B + chb,i“ Ypo,
+2(t — )20, 32 V' DP, |dx
= [on X2ID @, P2 Vdx + 2(t — 1) fon 221D, 22 Vdx
+2 [on x P, ®A 1)D)(D(I> dx
<o;l (|ﬁ|2 , + 3021 + 4) @, 35 Vdx,

By the Young s inequality, we have
1
|(xD®,) - (PnDY)| < [Dx|?®7F + L x* DDy .
Thus,
Jon 22D @282 Vadx + 2t — 1) [ 2% IDP, [2B2 Vdx
<oyt (| 5O + 3021 + 4) 20, &5 D
+2 fon d>i“ D [1Dx12®3 + 2 22 |D b, 2] dx,
and it follows that
Jon 221D®, PB2 Vddx + 4t — 1) [ 22 IDP, 1282 Vax
<2071 [, (| 5Dy 4307 +4) 0, &5 Vax (11)
+4 [on B2V Dy 202 dx.
Now, we take t = 2? > 1. Consider Wy: = y®, P51, we have
D¥, =Dyx®, 3" + xD®, 3"V + (t - Dy, 3¢ D,
= D@,V + (t - 1))d" VDD, + Dyd, L
since t > 1,
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|DLPM|2 <C[X DO, | 2(t 1)+(t 1)2)(252(t_1)|D€5n|2
+&2 | Dy2d,?] < Ct[)( DD, |22 (12)
+4(t — D22V IDE, 2 + &5V Dy 20,2,

Formula (11) and (12) yields that

Jgn |DWy|?dx

< ct|oq f, (| = Py + 397 4 4) 20,35 Vdx

+ fon B2V Dy 202 dx]

<Ct [a,;l L2282 Vax + o7 [ 03 1?2 Vadx

RN 2 (13)
+A0 ! fon 22 Vdx + [ 1 1)ID)(I ®2dx].
By the Hardy and Sobolev embedding theorem, formula (13) yields that
2
* 2 - ~2(t—1
(fow (Pa)? dx)7 < [ IDPyl?dx < 077C(e) [ @2x°®2 Vax
to7 [ @2 1202 Vdx + Aoyt [ 2@, 82 Vax (14)
~2(t—1
+ [ B2V Dy |02 dx.
By the Holder inequality,
fRN P2 qu)Z(t Ddx = f]RN q)z —2X2q)2~2(t D dx
2'-2 2
< [ory @5 x| ™ [fw #3002 dx]?
Since @, < ®,,, we have fRN 5i(t_1)|Dx|2(D%dx < f]RN @2 |Dy|%dx,
~2(t—1 « .
f]RN qu)Tzlq)n( )dx < f]RN qu)% dx < fB(Zn,R) q)rzl dx,
and

=2(t-1 s .
Jow 120, B0V dx < oy 2 OFMdx < [, ®F M,

2 2 2
So (f]RN (LPM)Z dx)z* < CO',;l [fB(Zn,R) q)% dx]N (f]RN ([pM)Z dx)z*
+CO‘T;1 RN XZQDTZL*dx + CO',;l RN qu)%*_ldx +C f]RN cDTzl.*lD)(lzdx

Since B (y, -t/ 2) C AL, and the region A} contains no concentration
point of ®,,, we can conclude that

2 2
* N * N
! [IB(zn,R) o7 dx]N = [fB(y,a;I/z) [wy|? dx] -0

as n — +oo, This implies that
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2
(Jov W)¥dx)” < C [on x*®5 dx + C [y x*®3 tdx
+C fun @7 1DXI*.
By taking the limit M — oo, we deduce that

2

b2 PR . .
(fB(z ) de) <C I]RN qu)yzl dx + Cf]RN XZCDer ldx
+C fon @3 IDx[*dx.
Combining (15) with Young's inequality, we obtain that

1
2%t 3..\t2" 2*
(IB(Zn'r) ®n dx) s¢ - T)§+ 1] [fB(z » Pn dx ] (16)

+C < oo,
Applying interpolation and Young's inequalities yields

1

(fB(zn,r) q’le*tdx)ﬁ

1
=¢ [(R )t * 1] I®nliacogrnmy X N0l 27 (@enry T C (17
=T

(15)

1 1
S S 1Pl 2 epi, my) + € [(R_—r)% + 1] 1Pl 128z RY) T C

where the constant k is defined by the relation

—*_k+ o
2 t2

To apply an iteration argument, we define a sequence {r;};ey by
rng—E, fori € N.
i+1

Using this construction, we obtain
1

2%t 3, \2°t 1
(fB(zn,ro) P d") < 5ill®nll 2 gz

— 1 41

(TJ‘T] 1)t

A direct computation shows that

. (18)

+CZ ”(D ”Ll(B(znr])) + CZ] 151"

]12]1

to 1 1
i=1 2i—1 1 + 1
L (ri-1;-1)T

Passing to the limit { — oo in (18), it follows that

<oand Y75 < oo

211

1
(Joamry @5 )™ < ClOwlL1 o000 + C. (19)
Letting r — % in (19), we infer that
”q)n”LZtZ(B(zn%)) =< C”q)n“Ll(B(zn,l)) +C. (20)
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Moreover, from B(y,a,, "/?) € AL and Lemma 2.4, it follows that

v N
fB(zn,l) Ppdx =0, fB(y,ggl/Z) wpdx < Ca.Pt.

This, together with (20) and the definition of &,, leads to the desired
conclusion.

Building on the previous lemma, we derive the following estimates, which
are key to the proof of Proposition 2.8.

Lemma 2.6: Consider a controlled sequence (ern, Wzr")neN' For every s < 2%,

there exists a constant C > 0 such that the following holds for all n
N Ns

. ; SEAETH
(i) fﬂ% |wy|*dx < Co,, :
2N N
.. 2
(i) fﬂ% |Dwy|%dx < Co,* P

Proof:
i)  Applying Holder's inequality together with Proposition 2.5, we deduce that

pplying quality tog P

for any s < 2%,
Nz M-S N, N5

quz |Wn|SdX < C(fcﬂz |Wn|2t )Zt O_nz 2t2 < Ca_nz 2171.
(ii) For each n € N, let ¢, € CZ(A2) be a function satisfying ¢, = 1 on
A3, 0< ¢, <1,and |Dd,| < Co/*. We have

Jo DwaD(@2w,) < C [ (L twal + (w7 + 4) G2lwl. 21

|x|2

Alternatively, statement (i) implies that

2 1—2%
PZ|wn|* * 2 $%
J‘A% "|x|;1 dx < (IA;’[ ¢727.|W‘n.|2 dx) <IA% %dx

x| -2 (22)
2—N i
z 'p
<Co, 1
. -N 2N _2-N , N -N |, N _2-N , N
Sinse p; > 2", we see — + <—+4+—and —+—<—+—.
2 2p1 2 P1 2 2p1 2 P1

Thus, from (i) and (21), we obtain that

2-N_N -N 2'N -N, N 2-N_N
2 2 'p1 2 2pg 2 '2pg z "1
ng |Dw,|* < Co,, +Co, + Co, <Cag, .

This completes the proof of Lemma 2.6.

Lemma 2.7: Let B be any bounded domain in RN, and let x, € RN. Then, the
following local Pohozaev identity holds on B for any solution (wi,w,) of
problem (4):
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2N (5552 = 52) Jy Iwa 1= w [P~

+ﬂf (£+xx0)(|W1| +|wa| )d

(|x|2+&)?

=) [ Iwy |2 |w | P2dx

+2N (a —

_ 2
a,+f1-2¢

s az B2(x — .
a2+[32f03 [wy|*2|w,|F2(x = xo) - vdo

+ faB ((DW1 - (x = x0))(Dwy - V) + (Dwy - (x — x0)) (Dw, - v)) do

fﬁB w175 w, |P1¢ (x — x) - vdo

B |wa [ +wa|? .
R S ore (x — x;) - vdo

=2 Jys (IDW1 |2 + [Dw,|?) (x — x0) - vdo
+%faB ((Dwy - vV)wy + (Dw, - V)wy)do

where v is the outward normal to dB.

Proof: Set
— W1 2(a1-¢) a1-2-¢ B1-€
f(x,wy,wy) ﬁ|x|2+€+a1+61_2£|w1| wy |w,|
2a _
azT;?z [wq |2 2W1|W2|BZ'
and
— W2 2(B1-9) a—¢ B1—2-¢
g(x,wy, wy) —ﬁ|x|2+€+a1+ﬁl 2€|W | [w, | Z)
2By

B2 |, 2w, 22w,

Then from (4), we have

fB (IDul? + |Dv|?)dx = fB (f (x, wi, wo)wy + g (x, wy, wo)w,)dx
+ [,5 (Dwy.vIwy + (Dw,.v)w,)do.

By applying the divergence theorem, we obtain, for any x, =
(%01, Xo2 - Xon) € RY,

= Jg Dw1(Dwy - G = x0))dx = = [y, (Dwr.v)(Dws - (x = x0))do
+ [, Dwy D(Dw, - (x — xo))dx
- faB (le'v)(le “(x— xo))da

+21] 1Jp 2_‘::]1%((351 _in)Z_::)dx

= = Jop @wiV)(Ow, - (x = x0))do

(23)
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owq 6w1
+Zl] =1 Bﬁxj.( i ax, + (x; — x‘")axax)dx

~f3s (Dw;.v)(Dw; - (x —x))do + Ji 1Dwy|?dx

Moy (- Xol) (|DW1| )dx
=—Jp (Dw;.v)(Dwy - (x — x0))do + EfaB |Dw, |2(v - (x — x,))do
— 2, IDwy 2dx.

It follows that
- Aw, (Dwy - (x — xp))dx — Js Aw, (Dws - (x — x,) )dx
= - faB ((le.v)(le - (x = x0)) + (Dw,.v)(Dw, - (x — xo))) do
+2 Jop (IDWy |2 + 1D, ) (v - (x — x5))do
=2 [ (IDwy]? + [Dw, ) dx. (24)
Alternatively,
-/, Aw, (Dwy - (x — xp))dx — Js Aw,(Dws, - (x — x,) )dx
= fB f(x W1'W2)(DW1 (x - xo))dx
+/, 9(x, wy, w,)(Dw, - (x — x,))dx
:—f D(Jwy|*¢[w,|P178) - (x — xo)dx

a1+ﬁ1 2¢

+- +ﬁ f D(|W1|a2|Wz|BZ) (x — xp)dx

B (x—x0)-D(Iw1]?+|wz|?)

5 d
+ f xPte X )
= —a1+ﬁ1 » faB [wy |2~ Elwzlﬁl S(V (x —xo))dO'
+ a2+ﬁz fE)B w1 %2 |w;, |2 (V- (x — xo))dJ

Efas (w12 +w2|?) (W (x- %) 4.

|x|2+¢

2N
al +B1—2¢

- 2N
Jo we|®™ Elw|Predx T Js lwi 92| w,|P2dx

—Ef Qwnl? + (wy ) (D55 + 220 g

[x|2+e * (Jx|*+e)?

It follows from (23)-(25) that the proof of Lemma 2.7 is concluded.

Proposition 2.8: Assume that (Wlln, Wz'n)nEN is a balanced sequence with

||(w1_n,wz_n)|| < C for some constant C >0 independent of n . Then
(Wl'n, szn) converges strongly in H1(£).

Proof: From Lemma 2.6, It is possible to choose t, € [C + 2,C + 3] such that
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fﬂn 9B 1(xp) (|W1,n|2* + |W2,n|2*)d5

tnoy,?

1 o
< Co, qugl (|W1,n| + |W2,n|) dx (26)

1 N, N2*

2 2 2
< (o, Pl

and
2 2
2 2 ; Wintwzn
fgn B _1(xn) (lle,nl + |DW2,n| + |2 )dS
tnanz
1 2 2
+ 27
<Co?f s (|len|2 + |Dwy |2 +W1'“7§V2'") dx 27)
An ’ ’ x|
1NN
< CO'Z 2* 'pp

According to Lemma 2.7, the balanced concentrating sequence
{(Wl_n, Wz‘n)} corresponding to problem (4) with € = g, — 0 satisfies the local
Pohozaev identity on D, = B, _-1/2(x,) N Q.

n®n

1 1 - -
oo = 3) Iy Wanl | P

2N (

(en+x-20)(Iwin|>+Iwznl?)
+p fDn (Ix|2+en)? dx

L1 w2, (B
+2N (a2+32 2*) fDn [Wi | %2 W p|P2dx

2z
T a +B1-2¢q

faDn |W1,n|0[2|W2,n|B2 (x — xo) - vdo

faDn Wi |75 Wy, [P1750 (x — x,) - vdo

az+pz

+ faon ((le,n (x - xo)) (Dwy,, - v)
+ (DWZ,n (- xo)) (Dw,,, - v)) do

B Wil +lwznl?
+= ———="—(v-x)do
ZfaDn |x|2+8n ( )

=2 Jop, (IDW1z? + [DW;,|2) (x = xo) - vdo (28)

N
+;fann ((le,n V)Wy, + (Dwyy - v)wz_n) do,
where v is the unit outward normal vector on dD,,. Set dD,, = 3;D,, U 0.D,,
where 9,0, =dB, N Q, d,D,, =9QN B,, B,=B _1(x,).
tnonz
If lim,,_,dist(x,,0Q) > 0. Then d,D, =0,D, =B, c Q and 9D, =
d;D,, = dB,, forlarge n. We take x, in (28) equal to §(x,), where §(x,,) = x,,,
if the concentration point satisfies x, - 0 as n = o0, and §(x,) = 0 otherwise.
Therefore, combining (26)-(28), we conclude that
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2N (s = 5) S Wl 2w Podlx

az+p>

X'S(Xn)(|W1,n|2+|Wz,n|2)
+B8 I, (x[2+en)? dx (29)

. et
<(Co !

” fornlargeenough.

Let wy, = wi, + Wi, + Wi, wy, =wi, +w}, +wi,, where
_ 0o _ 1
Win =WieoWin =Win —Win —Win

Won = Wz,w'wgn =Won — W21,n —Wan
N-2 N-2
ki+k i\ X2 i i ky+ky+k i\ X2 i
Wi, = ST (0h)F Wy (00— ) + S (0h)7F Wa(oi),
N-2 N-2
ki+k N2 - i kq+ky+k N2 i
Wi, = S (0) 7 Wy, (0 — i) + Skaeks (1) Wh(oln).
It is a classical result that the following inequality holds:
la +b|Plc +d|? 2 ilal”ICIq —C(lalP[d]? + [b[P|c|? + |bIP|d|?) Va,b,c,d € R
with p,q > 0 and some constant C > 0. Thus, for large n, we have
an |W1,n|p|W2,n|qu = an |W12.n + (Wll,n + Wf.n)lplwzz,n
(W + W) 7dx

1
22 [y WialPWialTdx — C [ [IWnlPIWnl? + WinlPIwi,?  (30)

=4
HWLn P IWEn]? + [WEn P [W2n|? + [WEn|P lwin|?
0
WL P Wil T+ (Wi P IWEal? + (Wi lP w3, | ] dx.
Next, we provide an estimate for each term appearing on the right-hand side
of (30). Therefore, after a direct calculation, one has

N=2)(az+B2)

[y WhalwhalP2dx 2 Co 2 (31)
Alternatively, let By = B,-1(x,) N €, we have
(N=2)(az+B2)

f37’1 |Wf,n|a2|Wg,n|ﬁ2 S an 2 )

B2
o B2
*\ 2 1-£2
Sy oIz lwinlf < (f, Iwal? )" 1Bal" 2
Bz*N_N N=2)(@2+B2)_
= Co,? <Co, °*? ,

B2
oF B2
NE b
[y WhnlziwhylP2 < (f, wial?)" 1BAI' 2
BN g(“zﬂgz)—l\’

=C(Co,> <o

= 0Oy 1]

a2 b2
*\ 2% *\ 2% 1—
Sy WEaleiwhalf < (f w2al?)? (i whal® ) 18]
n n n

W=2)(az+B2)_
2

az+p2
2

*

< Co

= n )
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and similarly,
St [IWEnl®2WenlP2 + (Wi, |2 w3y P2 + |wip| %2 Wy, | P2
W=2)(@z2+B2)
+win|?|wi,|#2] < Cop 2
By substituting the above estimates into (30), we deduce the existence of a
constant ¢’ > 0 such that
WN-2)(az2+B2)_y
an |W1,11|D[2|W2,n|'82 = C’O-n 2 . (32)
In addition,
N N

JC"g(xn)(|W1,n|2"’|W2,n|2) _2+p1 33
| J3, (7t dx| < Co,* . (33)

Combining (29), (32) and (33), It has been shown that

(N=2)(az+B2) N N

N ot
g, °* <Cg,” ™, (34)
. - . 2*JB
where p; > 2% is an arbitrary constant such that p; < NN
_ 2N . 2B .
Choose p; = -Dast Pt 2N + 6, with p; < Ny where § > 0 is

a small constant. This choice is possible provided that § < § — 4. With this value

of p;, we have @-N)(az+B2)

(34).
If lim,,_, ,dist(x,,dQ) = 0, then d,D, # @ for sufficiently large n. We

choose a point x, outside (1 such that
1

N N . -
+N< > o So, we obtain a contradiction from
1

d(xg,x,) < Ztnan_i and Vx € 3.,B,,,v - (x —x,) < 0. (35
Recall that 222 = 2221 = 0 on 9,D, = 90N B,. From (26)-(28) and

(35), It can be concluded that
1 1
N (= 5) b, Wanl®lwalPodx

. 2 2
+B [, Telbnal el oo (36)

(Jx[?+&n)?

N N
< Co, 2*+"1fornlargeenough.
In addition,
WN-2)(@z2+F2)_
Iy, Winl®2 W3, |P2dx > Co, 2 : 37)

Noting that 0 & 91, it follows for sufficiently large n that

x:x0 (w1, nl?+lwanl?
|, 2xoln menl®) gt < 0 f  (jwynl? + (Wanl?)dx
Dp (Ix|2+&n) Dn
(o (38)

2+p
<Co,” "%
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Combining (36), (37) and (38), It has been proven that
(N-2)(@z+B2) ), N N
o, 2 <Cg,” ™. (39)
So, we obtain a contradiction from (39) as in (34). From the above

arguments, we complete the proof of Proposition 2.8.

3. The proof of Theorem 1.1.

In this section, we begin by introducing some notations (see [15, 18, 19]).
Let {A;}{2, denote the eigenvalues of the operator —A + 1 in H'(Q) with
homogeneous Neumann boundary conditions, ordered such that 0 < 4, < 4, <
-+, and let {e;(x)}{Z; be the corresponding eigenfunctions. Then, {e;};=, forms
an orthogonal basis of H(Q).

It is well known that nontrivial solutions of problem (4) correspond to the
nonzero critical points of the following energy functional defined on H*(Q) X
H(Q):

2 2
Fwiwy) =3, (IDw[? + [Dw, 2 - p LAl )
2
- a;+pf1-2¢

2 az B2
a2+ﬁ2fﬂ [w1|*2|w, [P2dx.

Ja lwy |27 |lw, |P12dx

Set Yk: :®?=1 ej,Zk: = @})o:k e], Yk: = ?k X ?k’Zk: = Zk X Zk'

By = {(wy, wy) € Yy / P(wy, w)P < py},
Ni: = {(wy, W) € Zy / P(wy, w2)P =1}
where p, > 1, > 0.
Define

T:={y € C(By, H*(Q) x H'(V))/¥ o5, = id},

Ce:= Inf max I(y(w;,w,)),cit:= inf max In(y(wy,wy)),
Kk Pe L Waw I EB, (¥ (wy,w3)), ¢ el (WawEB, (¥ (wy,wy))

bl = inf  Ien(wy,,w,),
R (w1, W)

where €, > 0 and &, » 0 as n — oo. To simplify notation, we define p,:=
2" —2¢&, € (2,27).

The proof of (i) of Theorem 1.1: Following the approach of Theorem 3.20 in
[19], one can show that for each k > k,, there exist radii p, > 1, > 0 satisfying
px = 0 as k - +oo, and such that for all n € N,

al: = inf Ifn(wy,w,) = 0,bt: = max I (wq,w,) <0,
k (W1,Wo)EZ) (w1, w2) k (w1,w2)EYg (w1, w2)
l(w1,w)ll=pk [[(w1,w2)lI=7
b,:= max I(wq;,w,) <0,d}:= inf  I*"(wy,w,) >0
k Sy, (wy, W) k WanDezy (wy, w5)

[Iwy,w2)ll=1 [Iw1,w2)lI<pg
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as k = +oo, and (&,), is a decreasing sequence such that &, > 0 and ¢, — 0
as n — oo. Therefore, by Theorem 3.18 in [19] (the Dual Fountain Theorem), the
functional [*n admits a sequence of critical points, denoted by (Wfk, WZk)’
moreover

I (Wik, Way) = ci € [di, bl

Observing that ¢} is negative, we can easily deduce that

2
(¢ -2 @m0l
€ (g~ ) o 1Bl W P
By applying Young's inequality and Sobolev's embedding theorem, we
deduce that (W], W3,) is bounded in H'(Q) x H'(2). Using Proposition 2.8,
we can extract a subsequence of (Wi, W3, ) that converges strongly to a solution
(Wy g, W, ) of problem (1) at the energy level

¢ = limcg.
n—-oo

We first claim that ¢, < 0 for all k > k,. Indeed, since dB; is compact
and the functionals (I®"), are equicontinuous, it follows that b; — b, as
n — oo. Consequently, we obtain

¢ < limb} = b, <0.
n—-oo
Next, we claim that lim,_.c, = 0. To see this, for each k = k, there
exists an index ny > k such that
legk —ci| < %
Define

ay: = . Jo, UDw|* + |w|?)dx, (40)

_inf
WeZilIwlipy,, =
where p,, = 2" — 2¢,, € (2,27). We aim to show that, up to a subsequence,
ap >+ as k> . Since p,, < 2", the scalar @, is attained by some
function wy, € Z,, which satisfies

— Pnj—2 : owg _
—Awy + wy, = ag|wg |7 “wy in Q, and > = 0on 9Q.
If a; » o as k — oo, then there exists a constant C > 0 such that
Jo UDW|? + [wy|?) dx < C.
By Proposition 2.8, it follows that (wy), converges strongly in H((Q).
Since wy, € Z,, we may, up to a subsequence, assume that
w, = 0 in H1(Q).
Applying Holder's inequality, we obtain
; P —
lim [ |w [P dx = 0,
which contradicts the normalization condition [ Q |wy |P™ dx = 1. Therefore, we
conclude that a; — oo as k — oco. On the other hand, assume that (w;,w,) € Z,,
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with |[(wy, w)|| < pyi, and k large enough. Then, using Young's inequality, we

obtain for some € > 0 with € < % -1

1 [w1|?+|w; |2
1w, we) =3 Jy (IDwil? + 1Dw, P — pEEEE)
-2
a;+f1—2¢&
— =2 [ jwy[%2|w,|P2dx
az+pfa 7
pnk

> Cyll(wy, wo)lI? = Coary, 2 [l (wy, wo) [P

—Cs|(wy, wy)|| %2 P2

Jo lwy |27k |w, [Pk dx

Pny

> h(P(wy, w,)P) — Coa, 2 P(wy, wy)PPm,

where h(t) = C;t? — C3t%2*F2, Since the function h is decreasing on the
interval [0, py] for sufficiently large k, it follows that
Pny, P
n n - DPn +
ng(wl,,lz'wz,llz) = Clpli - CZak 2 Pk k— Cgp;:z BZ.
_Prue
Hence we get c,?k > d,’;k > Cipt — Ca, * pZ"k —_ C3pgz+ﬁz.

pr = 0 and a; = 4+ as k — oo, it follows that

Since

limc, = limc™ = 0.
k k—oo ke

k—oo

This completes the proof of part (i) of Theorem 1.1.

The proof of (ii) of Theorem 1.1: By employing the techniques presented in
Theorem 3.7 of [19], one can show that for each k, there exist positive numbers
pr and 7, with p, > 1, such that p; tends to infinity as k — +oo, and

ag:=  max  I*n(wy,w,) <0,b}:= inf  I*n(wy,w,) -
(W, wp)€eYy (W1,W3)€EZ)
llwi.w2)ll=pk [lwi,w2)ll=rk

as k - +oo, where

B = {(wy, w3) € Vit ll(wy, wo)ll < pic},

Ni: = {(wy, wp) € Zg: |(wy, wo)ll = 74},
and the sequence (&,), is decreasing with &, >0 and &, > 0 as n - .
Therefore, by applying Theorem 3.6 in [19] (the Fountain theorem), we deduce
that the functional /*» admits a sequence of critical points {(wi'y, Wo)}n-

Furthermore, the associated critical values ¢ = I*"(wy', wy'y) satisfy
n, — j &
Ce:= inf max I*(y(wy,w
T aE, (wiwaeBy (r (w1, w2)),

and

i = {¥ € Bl H'(@) X H (0): 7, = id},
We assert that for every k € N,
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n .
¢r o ¢:=inf max I(y(wy,w,))asn — +oo.
k k Vel Wiwen, (V( 1 2))

For any (wy,w,) € HY(Q) X H1(Q), I(wy,wy) = I¥n(wy,wy) + G, (wy,
w,), where

Gn(Wllwz) = gfg (

a1+f1-2&n

__Z% ay B1
a1+ﬁ1fﬂ [wy |**|w,|"1dx.

Since B, is compact and the family of functionals {+G,} is
equicontinuous on By, it follows that

1 1
[x|?+en  |x|?

fQ lwy |2275n |w, |F1=#ndx

) (wa? + [wz|2)dx

lim sup |G,(wy,wy)| =0.
=% (wy,w)EBy

Moreover, since the identity map id belongs to I}, for every k € N*, we
conclude that

¢ = inf sup I(y(wy,wy))

Y€ k(wq,wp)EB
< lim inf  su Ién (y(wq, w
< nquerk(WLWzF))EBk (y(wy, wy)) (41)
+1lim  sup  (Gp(wy,wy)) = limc.
=% (wq,w2)EBg n-oo
Similarly,

limc? = lim inf sup In(y(wy,w,))
n—ee n=0VElk(wy,wa)eB

< lim inf  su I(y(wy, w

= n—»ooYEFk(wl,wzl))EBk ()/( ! 2)) (42)
+lim sup (=G, (wy, wy)) = ¢

=% (wy,w,)€EB

Combining (41) with (42), we infer that
lim ! = ¢. (43)

N0
We have that Ifn(w],wi) = ¢ and 50" (W], wi) (Wi, wiy) = 0.
From these relations, it follows that
(G- lowtowsol’ =€ (=) [ Wil iwiileax
2 o, 1l Wa ke a0+ B ) )y 1,k 2.k
< cx.
Since the sequence (cj),, is bounded, it follows that for all n,

1_1 n n 5|12 ( 1 _i) nojaz |y B2
G lotewsol” < (g = 5) Jo Wikl lwpildz
+C.

By Young's inequality, Sobolev's embedding, and the assumption that
a, + f, < 2, we deduce that the sequence (W{lk, W;lk) is bounded in H*(Q) X
, in
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H(Q). Applying Proposition 2.8, we can extract a subsequence, still denoted by
(W, W{fk)n, such that
(Wl wite) = (W, wyy) strongly in H(Q) x H(Q),
for some (Wq y, Wy i) € H' () X H*(), and satisfying
T(W1j, Wa i) = .
Therefore, (wy x, Wy ) is a solution to problem (1). We now claim that
,lim ¢ = +o00,

Using similar arguments as in the proof of (i), we observe that the sequence
(Wit W?k)n is bounded in H'(Q) x H'(Q). Therefore, we can extract a
subsequence (still denoted by (Wln_k, W;I_k)n which converges strongly to a
solution (wy k, w; ) of problem (1) at the level ¢. It then follows that for every
k € N, there exists n; > k such that

1
|c:" -l < =

Applying Young's inequality, we obtain
P
Ien(wy, wy) = Cyll(wy, wo)I? = Ga, z

where a; is defined in (40). Choosing

Il (w, wy) 1P — Cs.

_t
Pk \ pny,—2
2C1a;,”

CaPny,

Tk =

)

we find that if (w;,w,) € Z;, with ||(wy, w,)|| = 74, then

2
plek [
2 2C1a
IEn(wy, wy) = G (1 - —) b —Cs.
Pny, C2Pny,

Since a, — o as k > oo, it follows that b¥ > o0 as k — . By
Theorem 3.5 in [19], we know that ¢;* > b,*, and thus
lim¢, = lim ¢ ¥ = +oo.
k—oo k k—oo k

This completes the proof of part (ii).
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