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Abstract

This manuscript investigates a new generalized F-contraction of Boyd-Wong type
with respect to cone-b metric space. First, we prove a main theoretical result using this new
contraction, then to support the theoretical findings, an illustration is also presented. In
addition, an application is also provided for the solution of dynamic programming problems.
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1. Introduction

Fixed Point Theory (FPT) is an area of keen interest for many researchers.
The field has evolved a lot since 1922, especially following the development of
Banach Contraction Principle (BCP). FPT finds its broad relevance in the field of
computer science, physics,and applied mathematics [14]. Czerwik [1] first
proposed the idea of a b-metric space b-MS, extending the notion of a metric
space(MS). In their research work, Long-Guang and Xian [6] established the
cone-metric space (p.-MS) by generalizing the MS. They introduced the concept
of real Banach space to replace the set of real numbers. Subsequently, Hussain
and Shah [5], developed cone-b metric spaces (p., -MS) as a further
generalization of b-MS and p.-MS. Moreover, Krishnakumar and Dhamodharan
[7] presented common fixed-point theorems for p.,-MS by means of cone
C-class function. Recently, [11] proved (FP) results in cone m-hemi metric space
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via various mappings such as Meir-Keeler and Boyd-Wong. Following this, many
significant generalizations were introduced, one of which is presented in [13].

On the other hand, In 2012, Wardowski [4] pioneered the field by
formulating F-contraction and established fixed-point result as a mere
generalization of BCP, which was further modified by many authors (see [2], [3],
[8]). The objective of this manuscript is to study the results of generalized
F-contraction regarding the cone-b metric space.To validate the versatility of the
result,an illustration is presented in the section below along with an application.
we often use R, 9, R* to represent standard notations in number system.

Definition 1.1: [6] Consider 2 be real Banach space also B € 2. Their exist
zero element of (2 which is denoted by ¥ and int B is denoted as interior of B.
Then B is referred as cone if,

1. B={0}, {9cq;
2. Bn(-B)=9.
3. beERDB>0ALPEBDB*xA+c*p€EB,;

Partial ordering is defined by =< wurt A by 1 = g iff 1 — g € B. The
notation A = g is used to indicate that g — 1 € intB.

Definition 1.2: [9] Suppose A # {@},and 3 a constant s > 1 where 2 be a
Banach space. A function pp: A X A — (2 is cone-b metric if V m,f,0 € A,

1. pep(m,f) =0 ifand onlyif w = f ;
2. pc,b(n' f) = Pcp (, m);

3. pep(m,0) 2 5[pep(m, ) + pep(f, o)1
A combination (A, p.p) is referred to as p.p-MS.

Lemma 1.3: [9] For a given p.y-MS, (A, p.p) with a sequence {v,}.Therefore:

1. {wv,}is c{eﬁned as Cauchy sequence, if for p € 2 with 9 K p , 3 N where
nm >N, p.(Vy, Vi) < p;

2. {vn} is said to be convergent sequence, if for every p in 0 with 9 = p,
there 3 some fixed © € A so that for n > 9N, Per(Vn, 8) K p.

3. The p.p-MS is complete provided that each cauchy sequence converges to
some point of A.

Lemma 1.4: [12] Consider a MS (A, p.y). Consider a sequence {u,} in A so
that p.y(Up, Upyr) = 0 whenever n — . If possible suppose, {u,} is not
cauchy then for € > 0 along with two increasing sequences my and ng taking
my > ng >t so that pep(Umg, Ung) 26, Pep(Um,_y)Un,) <6 and

limpC,b(uTHf_lfunf+1) =4 limpc,b(umf'unf) =6 limpc,b(umf—llunk) = 4.
f->oo f->oo f->oo
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Definition 1.5: [4] Consider F: R* —» R be a function that satisfies:

1. orsome t,w € R, given t < w = F(t) < F(w) which implies that F
is monotonically increasing;

2. also 3 asequence {1,},-; of positive reals, so that lim F(2,) = —oo;
n—-oo

3. 3 pe€e(0,1),suchthat lim2I°F(0) = 0.
n—-oo

The set of all functions satisfying 1-3 is represented by F. Further, Huang and Xu
[9] improvised the condition 3 by,

1. F iscontinuous on (0, o).
we represent the condition 1, 2 and 3, together by Ag

Definition 1.6: [3] Let @ = {¢: (0,0) - (0,0); {; < t, = d(£;) < P(E,)}
&(t) < &y forany £ > 0, ¢ is given continuous.

Definition 1.7: [3] A function ¥ is expressed as {i: (0, 0) = (0,0)}.

2. Fixed Point results

Theorem 2.1: Assume (A, p.p) as a cone-b MS and G:A — A is satisfying
generalized B-W-F-contraction if 3 F € A¢, and functions P € ¥ as well as
¢ € @ for every pair of points q,T € A.

Y(Pep(a,7) + u(a, DF(S - pep(Ga, 6GT)) < F(S(M (4, 7))) (1)
in which,
M (0,7) = max{pey(a 1), pep( GO, Pes (T, 6T, 5 [9ep(a, GT) + Py (T, Ga)]}
@

Consequently, G possesses a single fixed-point ) € A.

Proof: Assume q, be any element of A and suppose there is a sequence {q;}
such that

q=qo and qz4; = Gq; forevery ¢ € N
If we have, &, € 9t provided that dg, = dg,+1 then Gag, = qg, . Thus, q¢,
is indeed the fixed point of G.
consequently, assume gz # qgpq O Pcp(Gqs—q1,Gqg) >0 for every

£e{1,2,3-}
Further utilising (1)

Y(Pcp(as-1,9¢)) + F(s - pep(as ag+1)) = Y(Pep(as-1,9¢))
+F (5 pcp(Gas—1,Gaz))
2 F(SM (ag-1,9¢))) (3)
where,
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M(9s-1,9¢) = max{pcy(9s-1,9¢), Pep(Gg-1, Gas-1), Pep(ag, Gag),
1
5 [Pep(A5-1,Gag) + pep(ag, Gag_1)1}
1
= max{pcp(Gg-1,9¢), Pcp(@-1,9)s5 [Pep(Az-1, Gz +1) + Pep(Ag ag4)]}  (4)

= max{pcp(ag-1,9), Pcp (e, Ag+1)} ©)
For some & € 9, M (qs_1,q) = Pep(Gg, Gg41)VE € T it follows from (3)
this shows that,
Y(Pcp(a-1,98)) + F(s - pep(as, g41)) 2 F(D(Pep(ag, 9e41)))
Based on property of ¢,1, and (F1)
Y(Pep(as-1,9)) + F(s - pep(As az41)) < F(S - pep(as 9z41))
As Y(pcp(9:-1,9:)) > 0, we arrive at a contradiction. Therefore,
M (Gs-1,9¢) = Pcp(Ge-1,9:; ¥V & € I From (3), making use of property
(F1), ¢ ,we get
Foep(as a541)) 2 F(@(0ep(ag-1,66)) — ¥(Pcp(as-1,Gi))
= F(d(Pcp(ae-1,9¢)))
FPep(ag a+1)) < F(pep(ae-1,9¢)) (6)
which yields,
Pep(ag gr1) < Pep(ag-1,05)VE € R
Consequently, p.,(q¢, 9z4+1) is a decreasing sequence in R*. As a result,
using the property of ¢ and (6) gives,
F (s peplag 1)) < F(Pep(@s-1,98) — ¥(Pcp(as-1,95))
F(5? - pep(ae Gg+1)) < F(Pep(ag-2,Gg-1)) = 2P (Pcp(dg-2, 9¢-1))

Also,

F(S™ - pep(as g1)) < F(pep (a0, 90)) — 289 (pep (90, 1)) (7
Given that, F € AF,when & — oo in (7) we obtain,

ImF(s® - pep(ag ag41)) = =00 = lims¥pey(ag, ag41) = 0 ®)

To demonstrate {q¢} is cauchy sequence in A, assuming the contradiction
condition, {q¢} is not cauchy in (A, p.5) then one can find £ > 0 for a given
integer T, qs, > q¢, = Tsuch that, p.,(a¢, ag) = €, which yields,

pC,b(q(f_ll qf{) <e& (9)
also by lemma, (1.4),
limpey(9g, 9g) = & limpep(ag_,, ag,,) = & limpep(ag . ag) =& (10)
For some &, € 90,

pC,b(qff’ qfﬂ.l) =§ ’ pC,b(qffJ q{f.'.l) =§
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Now we assert that

Pep(Gagy Gag) = Pep(Qspyyr 9gpyy) > 0 )
On contrary, assume that p.(qg,,,,9g,,) = 0 Then,
Which is not true. Therefore p.p(qg,,,,q¢,,) > 0
Then, we observe by the property of 1 that

Y(Pep@en ag)) + F(GS - Pep(Ar0 900,)) =P (0cp (g ag))
2 F(dWM (ag, a¢)) (12)
F( - Pep(Ay 904,)) S F(OM (ag, ag.)))
M (ag, ag) = max{pcp (g, 9 P (A Gag)y Pep(agy Gag,),

1
7 [Pep(ag, Gag) + Pep (g Gag 1}
By definition of M (g, 1), (11), (12)
fllng(%f, Gg) =€ (13)
Letting f — oo in (13) and through (8), (10), (11), (12)
We arrive at, F(g) < F(Pp(€)) < F(¢), that leads to inconsistency. Hence,
the sequence is cauchy. Since A is complete, it guarantees the existence of a
point .
im pep(ag, ag) = limpep(ag, H) = 0 (14)
Infact, i) is the F. P of G. Since F € AF, it is clear from (14), (F3), F is
continuous. This leads to two possible cases:

Case (I): For every k where k€ 9N, one can find £€ 9, so that
Pep(g+1, GY) = 0 ie ggyq = GY where, qp > gy, We get § = limag,, =
€lim GH = G
Hence, the fixed point of G is
Case (ID: 3 k, € %N, p.y(Gag, GH) #0 V & >k,
So,
F(Pes(GH,0642)) = (B, a54)F (S - op(GH, Gags1))

- . 15
< F M, 0541)) = Y(0ep (B Ge21)) (13)
where
M (H, qg41) = max{pcp @, ag+1), Pep (B GH), Pep(Gz11, Gg42))
1 .. .
[P (B, ae12) + pep(as1, GH1} (16)

If pcp(H, GBH) > 0,
fli_)rgpc,b(ij' Ge41) = fli_)r?opc,b(ij' Ges2) = fli_{'glopc,b(%ﬂ» Ge+2) =0

Since 3, & € 9t forall & > &, so that
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max{pep(, Ge+1) Pep (B G5), Pep (41, Gg+2)s 5 [Pep (D ae42) +

Pep(Gg41, GH)]} = pep(B, GH) (17)
Employing (15) and (17),
F(pcp(GH,a542)) 2 F(P(pep(B: G1H))) V § = {2,635} as § — oo inabove
equation, which implies
Fpep(Gh, 1)) < F(pcp(GH,5)), this gives rise to a contradiction.
Therefore, G admits a fixed point i).

Uniqueness: The uniqueness can be established trivially by considering two
distinct points. we arrive at the contradiction in the end which proves our result.

Example 2.2: Consider £ = R? and a > 1 is a constant. Assume C = {(§,17) €
5412017} c, A€[0,1] and p,p: A X A — 2 then
pc,b(q: T) = {lq - fla' Iq - tl}a v q'T EA
Apparently, the space (A, p.p) is complete under cone-b metric. Define
G:A- A as Gq =§c’q—ic’g2 V g€A, then G is continuous. Let F(g) =

1

log(g), ¥V g € R*. Consider a decreasing function ¥, where (k) = 001D

and let ¢ be given by ¢(k) = 1210:;1'

Proof: We can easily claim that the mapping, G defines a generalized
Boyd-Wong type F-contraction on A.
1 120M(5,1)+1

LHS=m,RHS=l0g( 123

).

In Figure 1, L.H.S is shown by blue line however, the R. H. S is
represented by red line. As observed from the plot, contraction (1) holds for all
q,T €A.

-0.5

-15

-2.5

Figure 1
Validation of contraction
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3. Application

This section investigated the existence and uniqueness of solution
associated with functional equations that is commonly encountered in dynamic
programming. Bellman and Lee [10] were the first to introduce the elementary
version of functional equation that arises in dynamic programming.lt is a
multi-stage process including 'n' variables which is further sub-divided into m
stages,each being a decision-making problem in one variable. Consider B(Q) =
{f: Q = R} represent all real-valued mappings over Q.

Ml = sup{I(x)):x € Q}

The functional equation is given by,

q(r) = suppew{g(t, w) + O, w, g (d(r, w)))} (18)

where

r = state vector and w = decision vectors.

In this context, q(x) refers to optimal return function;

b signifies the transformation of the process.

Also, g:EXW >R, G:QXWXR->R and :QXW->0Q; QS L
and W C £ are the state space and decision space respectively. £ and £ are the
respective Banach spaces. Also, I': B(Q) — B(Q) For an arbitrary [ € B(Q),

I'(t) = suppew{g(r,w) + G(r, w, I'(d(r, w)) 19)
Theorem 3.1: Consider I' be an operator mentioned in (19), g:Q XW = R

and let ©:Q XW XR >R then I two continuous functions which are
bounded.

Suppose, Y is taken as a non-decreasing function, also ¢ is considered as
upper-semi-continuous which satisfies,

1. forevery t; > 0 one can find the function value ¢(t;) < t;;
2. 6w, () — G, w, i(x))| < e YU+ (M (1, F)), with

1
M1 = max{pes (LD, pos(TD, pes(® T, 2 [pesl D) + po (£ TD]}
VI, € B(Q),r € Q and w € W. Then the system has a unique solution.

4. Conclusion

Our findings have established fixed point results obtained by employing the
extended version of Boyd-Wong F contraction in cone-b metric setting over
Banach space. To validate the result, we have formulated an example that fulfills
the hypothesis of our main results. As a consequence, we have investigated the
existence and uniqueness in dynamic programming using the functional equation
as an application.
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