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Abstract
This paper investigates the dynamics of a nonlinear elastic beam governed by a space-

fractional differential equation of Caputo type, where the fractional order lies in the range 
z ∈ (3,4). A small parameter ε is incorporated to capture singular perturbation effects, and 
a composite approximation is constructed through matched asymptotic expansions. The 
leading-order solution is derived using the Tanh method for the reduced integer-order 
problem. The fractional perturbation introduces algebraically decaying corrections, which 
are analyzed and matched with the outer-region behavior. Numerical plots illustrate how 
varying ε and the fractional order z affects the beam profile, especially the far-field tails. The 
analysis shows that higher fractional orders amplify long-range perturbative effects in the 
solution profile.
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1. Introduction 
The study of beam structures has long been an important topic in mechanics. 

The Euler-Bernoulli beam theory presents a powerful work to understand the 
bending behavior of beams [8, 25, 26]. This classical model has been enriched 
with various generalizations, including linear and nonlinear elastic responses and 
higher-order corrections to capture more behavior. 

Recently, the incorporation of fractional differential equations into 
structural models has opened up new ways for modeling memory effects, spatial 
nonlocality, and anomalous diffusion. This theory has given effective in 
viscoelasticity and anomalous wave propagation [3, 11, 15, 19, 20]. In particular, 
space-fractional beam problems have been developed to account for long-range 
interactions in micro-structured and heterogeneous materials [5, 10, 14, 22, 23, 
24, 27]. 

Among the definitions of fractional derivatives, the Caputo derivative is 
very applied in physical applications due to its compatibility with classical initial 
and boundary conditions [4, 6]. It has been used in both time-fractional and 
space-fractional mechanical models. 

In parallel, singular perturbation methods have been extensively used in 
differential equations to study problems with multiscale behavior and boundary 
layers [12, 13, 16]. The extension of these techniques to fractional-order problems 
has gained considerable attention. Recent works by Alikhanov and Huang [1], 
Baleanu and Diethelm [2], and Li and Zeng [18] have explored analytical and 
numerical approaches for fractional perturbed problem over long time. Also, in 
2024, Langthjem and Jensen [17] have applied matched asymptotic expansion 
method of a buckle wave propagation problem with perturbation theory. 

Few studies have combined space-fractional derivatives and singular 
perturbation techniques in the context of nonlinear beam equations [7, 9, 21]. 

The present work completes this gap. We study a nonlinear beam equation 
involving a Caputo space-fractional derivative of order        , with a small 
parameter  . Through a traveling wave method and matched asymptotic 
expansions, we analyze the leading-order nonlinear solution and derive composite 
approximations capturing both the core and far-field behavior of the beam. 

From a theoretical perspective, this paper enriches the field of applied 
mechanics by proposing and investigating an   order differential problem 
involving nonlinear foundations and dynamic effects. Analytical approaches to 
fractional differential equations with physical boundary conditions are still 
relatively underdeveloped. Our study contributes to the development of 
asymptotic techniques in fractional differential equations. 

This paper is organized as follows: In Section 2, we present the 
mathematical model and derive the reduced and full perturbed equations. In the 
same section, we apply the Tanh method to solve the leading-order nonlinear 
beam equation. In addition, this section presents the singular perturbation 
analysis, including inner/outer expansions and composite matching. We provide 
numerical results and illustrations in the same section. Section 3 concludes the 
paper and suggests directions for further study. 
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2. Beam Problem with Fractional Derivative 
We consider a nonlinear beam equation that involves a space-fractional 

derivative of Caputo type:  

         ̅
  ̅      ̅

  ̅       ̅    ̅   ̅     ̅
  ̅   ̅  (2.1) 

where,  ̅  ̅  ̅  is the beam deflection,      ,        ensures physical 
consistency of units for the fractional derivative,      

     arises from bending 

stiffness normalization,    
     reflects dimensionless tension, and         

is the order of the space-fractional Caputo derivative. 
It should be noted that in the case where    , we obtain the problem 

studied in [17]. 

Caputo Derivative Justification. 
The Caputo derivative    

      is defined for           by:  

     
       

      ∫                           ⌈ ⌉  (2.2) 

This choice guarantees that physical boundary conditions are respected. 

2.1 Traveling Wave Method 
We suppose the wave variable:  

   ̅  ̅  ̅          ̅    ̅  (2.3) 
where,   is the wave speed to be determined. 

We have:  

    ̅
  ̅         

  ̅
  ̅          

  ̅
  ̅             ̅

  ̅    
    

Substituting into Eq. (2.1), we obtain:  
         

                          ̅  (2.4) 
Let        and rewrite:  

         
                     ̅  (2.5) 

2.2 Reduced Problem of Singular Beam 
We begin by studying the reduced problem given by    :  

                    ̅  (2.2) 
We seek traveling wave solutions of the form:  

                     (2.3) 
Using the identity:  

                                                       
we can write:  
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where,          . 
Next, we compute:  

                     
                               

with,  
                   
                     
                 
         

 

Therefore, we have  
                                ̅     

that is  
     ̅                                 

which implies that  
                   ̅  (2.4a) 
                          (2.4b) 
                   (2.4c) 
                (2.4d) 

From (2.4c), and thanks to     , we get  
     

 
    (2.5) 

Substituting into (2.4b), we get  

     
 (  

  

  )  (2.6) 

From (2.4d), we have  

      
 
 (

  

    )  (2.7) 

Thus, the leading-order solution is the following:  

        
 
                       

 
 (

  

    )  (2.8) 

2.3 Perturbed Problem 
We now return to the full perturbed beam equation:  

         
                     ̅  (2.9) 

2.3.1 Inner Region Expansion 
We use a regular expansion in the inner region:  

                            (2.10) 

Leading Order: The term    solves our reduced problem:  



FRACTIONAL BEAM DYNAMICS WITH NONLINEAR FOUNDATION� 5

     
             

      ̅  (2.11) 
First-Order Correction: The       equation is:  

     
               

           
     (2.12) 

which is a linear ODE with variable coefficients; its source term involves Caputo 
derivative:  
     

          
          (2.13) 

The term    will be important for matching with the outer expansion. 

Evaluation of the Source Term: The Caputo derivative of         for 
        exhibits the asymptotic behavior:  

     
          { 

         
            (2.14) 

This algebraic decay will induce algebraic tails in the first-order correction 
     .  

2.3.2 Outer Region Expansion 
In the region      , we seek the asymptotic behavior of the solution 

     that matches the inner expansion derived earlier. 
From the above analysis, the first-order correction term       satisfies:  

                         
Hence, we can anticipate the full solution to be as follows:  

                        (2.6) 
where,        . 

So, let us examine whether (2.6) is asymptotically valid with the above 
perturbed equation. 

Substituting          , with              , we have: 
- The Caputo derivative:  
     

                         
 this is because fractional calculus theory ensures that this decay holds even 

when the standard identity for    
    is not applicable (because 

     ). 
- The second derivative:  
                         
- The nonlinear term:  

                        
Since          for        , the fractional derivative term decays 

faster than all others. Therefore, we can wrtie  
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Now, neglecting the fractional term at leading order, our equation reduces 
to:  

                  ̅  
But, since        in the far field, the nonlinear term also decays, and 

we would require       ̅ , leading to a parabolic behavior       ̅  . This 
contradicts the decay assumption (2.6), unless  ̅    in the outer region. 

The only outer solution that matches the inner tail is:  
              

This confirms our anticipation.  

2.3.3 Composite Approximation and Matching 
We now pass to construct a composite approximation that captures the 

behavior of      across the full domain by matching the inner and outer 
expansions. 

From the inner expansion, we have:  
                          

with,  
        

 
                                  

Thus, the inner behavior for large   is:  
                                       

       
On the other hand, the outer expansion predicts:  

                   
To match both behaviors, we subtract the constant       from the inner 

approximation. This yields the composite approximation:  
                              

This composite solution satisfies the following two asymptotics: 
i:  When    :                           ; it preserves the inner 

core behavior up to a constant shift. 
ii:  If    :            , so                 , consistently matching 

the outer expansion. 
 
Hence, this approximation connects the nonlinear center region with the 

algebraically decaying far field, ensuring asymptotic consistency over the entire 
domain. 

2.3.4 Effect of varying     
Case 2: We fix      ,    , and      , so that        . 
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Figure 1 

Composite solutions for some values of  ; with      . 

Case 2: We take      ,    , and       . Then        . 
 

 
Figure 2 

Composite solutions for some values of  , with       : Higher fractional order 
amplifies the perturbation at large    . 

Discussions: The comparison between the two cases in Figure 1 and Figure 2 
shows the influence of the parameter   on the behavior of the composite solution. 
As   increases (from     to     ), the algebraic correction term decays slowly, 
leading to a big contribution from the perturbation in the outer region. 
Consequently, the composite profile becomes sensitive to variations in  , 
especially for large values of  . Near      the center core remains governed by 
the hyperbolic tangent structure, the tails are amplified for larger  , resulting in 
separation between solution curves. This shows that higher fractional orders 
enhance the long-range effects of the perturbation.  

Conclusion 
In this work, we have analyzed a nonlinear beam equation involving a 

space-fractional Caputo derivative of order        , involving a perturbation 
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parameter  . Using a traveling wave variable, we reduced the fractional problem 
to a nonlinear fractional ODE. For the reduced problem, with    , we applied 
the Tanh method to obtain explicit solutions. We then used a matched asymptotic 
analysis to account for the fractional perturbation effects. The inner region 
expansion revealed algebraically decaying corrections driven by the Caputo 
derivative, and the outer region behavior was consistent with power-law decay. 
By matching these two regions, we obtained a composite approximation that 
captures the full-domain behavior of the solution. Numerical simulations for 
some different   and fractional orders   showed the influence of fractional 
effects on the beam deflection profile. In particular, higher values of   led to 
slower decay and long-range effects, underscoring the nonlocal influence of the 
fractional operator.  

This study shows the usefulness of combining classical singular 
perturbation techniques with fractional calculus in modeling complex mechanical 
systems. 

Future work could include extending this paper to time-fractional beam 
dynamics incorporating damping effects, or exploring multidimensional 
geometries.  
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