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Abstract

Fixed point results are used in program verification, semantics of programming
languages and recursive function theory, where multiple mappings may represent different
processes or transformations. We established a common fixed-point theorem in Parametric
metric space, utilizing weakly compatible mappings and implicit relations. By moving to
Parametric Metric spaces, it covers cases where the distance function is Dynamic, which
is not addressed in classical settings. These findings generalizes and enhances the existing
common fixed point theorems based on the implicit relation. The use of implicit relations
generalizes traditional contractive conditions, encompassing a wider range of possible
inequalities and making the theorem applicable to diverse settings.
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1. Introduction

After the introduction of Banach’s contraction principle [1] in 1922, the
fixed point theory got attention from many researchers. Since it is one of the
most important tools of analysis and has a vast application due to which it has
become one of the most potential research area at present. In 1905, metric space
was introduced by Frechet [2]. Since then, that research in Mathematics and
applied sciences rely heavily on metric spaces. Metric space has been explored
by researchers time to time and as a result we can find number of variants of
metric space in the literature [3, 4, 5, 6, 7, 8, 9, 10, 11]. Hussain et al. [12] and
Hussain, Salimi, and Parvaneh [13] introduced Parametric metric space in 2014
and Parametric b-Metric Space in 2015 as an extension of metric space and
proved many results based on these spaces [14, 15, 16, 17, 18].

Definition 1: [12] Assume Let I be a set containing at least one element, and
8: X X X X (0,0) - (0, o) be a function which is Parametric Metric on X if,

1. §(3,Y,t) =0 Vt > 0 iff » =v

2. 8y, t) =8(Y,n,t) Vi YET,t >0

3. (e, t) S [60t, @, t) + 6(wm,V,t)] Vv, mw Xt >0
Then, the pair (I', §) is a PMS.

The present study extends and generalises some common FP theorems [19]
and proved the development of new FP theorems for multiple pairs of mappings
in generalized metric spaces, where PMS, is a significant area of research. Fixed
point theorems are crucial tools in mathematics for establishing the existence of
solutions to various equations such as differential equations, integral equations,
operator equations, particularly in systems where dynamics or parameters play a
role [20, 21, 22, 23, 24, 25].

2. Main Results
Theorem 1: Let F, G, H, f, g, h be six self maps of PMS (I, §) with

H(I) S f(I'),G(I) € h(I'),F(I') S g(I') and for all »X,w €T, t>0
andp €Y

Then;

Y(6(Fu,GV,t),6(G Y,Hw,t),6(fxn,g VY, t),8(g Y, hw,t),5(f, Fxu,t),
6(gv,GV,t), 6(hw,Hw,t),5(f»,Hw,t),6(g Y, Fx,t),6(hw,G V,t)) <0
2.1)

There is one point of coincidence in I for a complete subspace where I’

may be represented as H(I'),G(), F(I'). Moreover, I" have a unique common
FPifF,G,H,f,g,h are weakly compatible.

Proof: Assume , be an arbitrary pointas H(I") € H(I'),G(I") € G(I'),F(I') <
F(I'). We have, F(I') < f(I),G(I') € g(I'),H(I') € h(I'). The sequence
{3}, {0}, {w,,} € I can be inductively defined as follows :
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Won_p = Fron_p = gHan_1,
Wyn-1 = Hiton 1 = fian, 2.2)
Wy = Gy = Wty VN EN
From (2.1) with 3 = 3,,,1,Y= 342, @ = Hyn43, We get for all t >0
and alln € N;
YO (Frany1, GHongz, 1), 6(GHanya, Hionys, £), 6(f Hont1, 9Hansar t),
8(9Hant2 Wt2ny3, ), 6(f Honsr, Fotany1, t), 8(gHant2, GHanyz, O), 2.3)
8(hatanys Hionys, ), 8(foans1, Hionys, ), 6(g¥ans2 Foniq, t), ’
8(haanis, GHaniz, t)) <0

Y6 (@ 2041, B2nt2, ), 6 (@ons2, Wanys, ), 6(Won, Wani1, b),
8(@2n11, D2nt2, ), 6 (Wan, D2nt1, ), 6 (@ans1, Wany2, b),
8(@2n12) D2nt3, ), 6 (Wan, D2nt3, ), 6 (@ans1, Wany, b),
8(@2n12 Wons2,t)) <0

That is
Y6 (@an+1, D2nt28), 6 (@202, Wan+ss 1), 6(@an, Want1, b),
8(@on+1, Wont2st), 6(Wan, Wans1,t), 6 (@ant1, Wansz, t),
2.4)
6(w2n+2' ZD-2n+3’ t)’ 6(w2n’ ZD-2n+3! t),0,0) S 0

As v is a non-increasing in variable ug, uqg, U4, we obtain;
8(Wan, Wans3rt) < (0(Wan, Wans1,t) + 6(@ans1, Wans2, t) + (@ans2) Danys, t)

2.5

From (2.4), we derive that,

Y (S (@ans1, Dan+2, 1), 6 (@2n42) Dans3, ), 6(@op, Wans1s ),

8(@2n+1, Dont2: 1), 6(@an, @ans1, ), 6 (@2n41, Wans2, b)),

8(@an+2, Want3:t), (6(@an, @ons1,t) + 8(@ans1, Donsar t) + (2.6)

0 (@042, W2n+3,£),0,0) < 0

Now using property W,, we have;
8(@an42 Wanez ) < k8 (@any1, Wanaiz, t) (2.7)
Again using (2.1) with,
H=Hyy V= Hopi1, @ = Hypyo,WegetV t >0,n €N;

Y(8(Fitan, GHony1, 1), 8(Gitonsr, HHopnio, 1), 8(f#on, 9Hons1, b))
8(gHans1, Wtons2, ), 6(f Hon, Frtan, t), 8(gHons1, Gianyy, b), 2.8)
8(hitany2, Hionio, ), 8(f#ton, Hiopnio, ), 8(9¥2ns1, Foton, £), '
8(hitan42, GHang1, 1)) <0
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Y (8 (@2, Wans1, 1), 6(@2ns1, D2ns2, 1), 6 (@an_1, Wan, t),
5(07271, Won+1s t)! (5(21)'271_1, Wan, t)! 6(w2n: Won+1 t):
8(@2n11, Dont2, 1), 6 (@an_1, Wany2, t), 6(Wan, Wan, t),
8(@2n41, Dons1, 1)) <0

Y(8 (@20 Wans1,t), 6 (@ant1, Wans2, t), 6 (@opn_1, Wan, t),
8 (@2, Wans1, t), 6(@an_1, Wan, t), 6 (@2p, Wani1, t), 2.9)
8(@on+1, Do2nt2:t), 6 (@an—1, D2n42,),0,0) < 0

As 1 is a non-increasing in variable ug, g, U4, we have;
8 (@an-1, Tons2r t) < (8(@on—1, @an, t) + 6(@on, Taps1, t) + 6(@2n41, Tanszs t)

2.10)

From (2.9) we obtain,

Y(8 (@20, Wans1,8), 6 (@ant1, Wans2,t), 6(@op_1, Wan, t),

8 (@2, Wans1, 1), 6(@an—1, Wan, t), 6 (@2p, Wani1, t),

8(@on+1, Wont2:t), (6(@an_1, Won, t) + 6(@an, Wonys1,t) + (2.11)

8(@an+1, Dons2,t)) < 0

Yielding thereby (due to (V,,);

8(@ons1, Wangz t) < k6 (Wan, Wanyy, t) (2.12)
Combining (2.7) and (2.12), we have;
8 (@ant2 Wons3,:t) S k*8(@y0, Waps1,t) (2.13)
Now by induction , we obtainfor each n = 0,1,2,....
§(@aniz Wonszr t) < kS (@Wans1, Wonszs t) Sevenn. < kP25 (@, @y, t) (2.14)
and by a routine calculation, we have;
S(@ont2 Tones t) < kS (@oni1, @onaz t) <...... < k™25 (wg, wq,t)  (2.15)
Hence for each n > m, we obtain;
(@, Wy, t) < 6(@y, Wp_1,t) + 8 (@p_1, Wp_z, t) + -+ oo +8 (@ g1, @y )
< (K" 4 K2 e k)8 (@, @, £) S 28 (Yo, Vs, ) (2.16)

So, the sequence {w,} is Cauchy. Let H(I") is complete. The sequence

{w,,} is a Cauchy sequence which is contained in H (") must a limit Q" in f(x),
that is;
limn_>°oZD'2n+1 = limn_,ooHXZn_,_l = limn_,oofxzn+2 € H([‘) erc f([') € [‘,
lim @,y = lim Hxgpyq = lim fxg,,, = Q7 € f(I) (2.17)
n-oo n—oo n—-oo
It is easy to see
Q' = limw,,; = limHxy,y; = lim fx,,,., = limGxy 41
n—-oo n—oo n—-oo

n—-oo

. . . 2.18
= rlll_{I.}ofxzmz = %EEOFxZn—z = %L%gx2n+1 ( )
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We can find Q € I' where fQ = Q*. So, FQ = fQ = Q".
Otherwise;
6(FQ, Q% t) > 0. Using (2.1), with ¢ = Q,Y= 35,1, @ = H,,42, We have;
Y(E(FQ, Granyq,t), 6(GHanyr, Hoonyz, 1), 6(fQ, gioniq, t),
8(gnans1, M2n42, ), 8(fQ, FQ, ), 6(g¥2n41, GHony1, 1),
8 (hrtaniz Hitony, t), 8(fQ Hitgyr, 1), 6 (gm0, FL ),
8(hitany2, GHapgq, 1)) <0

¢(5(FQ, Wan+1s t)' 6(w2n+1' Wan+2, t), 6(f.Q, Wan+1s t)'
6(w2n+1, Won+2 t)' 6(f9" FQ! t), 6(w2n+11 Won+1 t)'
8 (Wan+2 Wan+2,t), 6(f QL Wani2, ), 6 (@an41, FOL L),
8 (Wan+2, Wan+1, 1)) < 0
Letting n — oo in the above inequality, using (2.18) and continuity of ¢ ,
we have;
Y(6(FQ,Q%,1),0,0,0,6(Q%, FQ,t),0,0,6(Q",FQ,1),0)<0 (2.20)
Yielding thereby (due to (,;), §(FQ, Q% t) < 0, where §(FQ, Q" t) =0,
which is a contradiction. Then we have FQ = fQ = Q*, which shows that () is a
coincidence point of F and f, that is * is a point of coincidence of F and f.
Since, Q* =FQ e F(I') €S F(I') = g(I'), there exist O, Q" €l as gQ' =
hQ" = Q% So, GQ' = HQ" = Q*. Otherwise, P(GQ', Q% t) < 0,6(HQ", Q" t)
< 0. Using (2.1); with % = Q,vy= Q',@ = Q", we have;
Y(S(FQ,GQ\ 1), 8(GQA, HQ", t),5(fQ, gQ',t),
§(gQ, hQ", 1), 8(fQ, FQ,t),8(gQ, GQ',t),
S(hQ", HQ", 1), 6(fQ,HQ", t),6(gQ’, FQ, 1),
S(hQ",6GQ 1) <0
Y6, 6Q,1),0,0,0,0,6(Q%,HQ", ), 5(Q% HQ",1),0,6(Q%,GQ, t)) <0
(2.21)
Yielding thereby (due to (W,3,), 5(Q*, GQ',t) < 0, then §(Q*, GQ',t) =0,
and §(Q,HQ",t) <0 then, §(Q*,HQ",t) = 0. Thus, our supposition that
§(GQ, Q%) > 0,6(HQ",Q%t) >0 was wrong. Therefore,GQ' = gQ' = Q*
and HQ'" = hQ" = Q*, which shows that Q', Q" are the point of coincidence of
G,g and H, h that is Q" is a point of coincidence of G, g, H and h. Let, Q, is
another coincidence point of F and f that is
Q, = FQ = fQ for some Q € I'. Using (2.1); we have,
Y(O(FQ,GQ,t),8(GQ, HQ",1),8(fQ, g, t),
5(gQ, hQ",1),8(fQ, FQ,t),5(gQ, G, t),
S(hQ', HQ", t), 5(fQ, HQ",t),8(gQ, FQ, t),
§(hQ",6Qt) <0
This implies that;

(2.19)

(2.22)
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Y6, Q5,1),8(05 Q5 1),6(0,,07,1),
6(Q7,0%,1),6(0,,Q0,,t),6(Q7,07,1),
5(Q7,0%51),6(0,,Q0%1),6(Q%,Q,,1),
6(Q5,Q5t) <0
Y(6(Q.,051),0,6(Q,,Q%1),0,0,0,0,5(Q,, Q% ),
5(Q,,Q0,1),6(0%,0,,1),00<0
(W3) contradicts, if Q, # Q. Hence, Coinciding point of F and f is
unique. Now, suppose that ;" and Q," are another Coinciding point of G, g and
H , h respectively, that is Q;" = GQ; = gQ, for some Q; €' and Q," =
HQ, = hQ, for some Q, € I". Using (2.1); we have,
PY(O(FQ,GQq,1),6(GQ, HQ,, 1), 8(fQ, g4, t),
6(gQ4,hQ0,,8),6(fQ, FQ,1),8(9Q,GQy, 1),
§(hQy, HQ,, 1), 6(fQ, HQ,, 1), 6(gQy, FQ, 1),
§(hQ,, G0, 1) <0
P(6(Q7,0,0),8(Q1, 3, 8), 6(Q7, 3, 8),
6(Q1,Q35,1),8(Q%,0%1),6(07,01,0),
6(0Q3,Q5,t),6(Q%,05,1),6(Q1,Q%, 1),
6(Q3,Q1,6) <0

(2.23)

That is ;
P(6(Q,Q5,t),6(07,035,t),6(Q7,07,1),5(Q1,Q5,¢),
0,0,0,6(Q%,05,1),5(Q1,051),6(Q5,91,1)) <0

which contradicts (¥3), if Q, # Q" .So, the Coinciding point of G, g and H, h is
unique.Then, we proved that Q* is the unique Coinciding point of (F, f), (G, g)
and (H,h). Also, if (F,f),(G,g) and (H,h) are weakly compatible, from
FQ=fQ=0,60"=gQ" =Q* and HQ" =hQ" =Q*, we have, FQ* =
F(fQ) = f(FQ) = fQ*, GQ* = G(gQ") = g(GQ") = gQ* and HQ* = H(hQ'")
= h(HQ'") = hQ* . Otherwise; FQ* # GQ* # HQ" and from (2.1); we have,
YOFQ,6Q,),6(GQ,HQ L), 6(FQ%, g, t),
6(gQ", hQ% ), 6(fQ, FQ,t), (g0, GA% L),
S(hQ*, HQ, ), 6(fQ%, HQ, L), 6(gQ" FQ', 1),
§(hQ,GQ5t) <0
YO (FQ,GQ1),6(GQ,HAY ), 6(FQY, GQY),6(GQY, HQ, B),
0,0,0,6(FQ",HQ", t),8(GQ", FQ™,t),6(HQ,GQ ) <0

By property (¥;), we deduce that &(FQ",GQ"t) <0 that is

S(FQ",GQ%t) =0and §(GQ", HQ", t) < 0 thatis §(GQ*, HQ, t) = 0 and then
our assumption that FQ" # GQ* = HQ* was wrong. Hence, FQ" = fQ* =
GO = gQ" = HQ" = hQ". Finally, we show that FQ" = fQ* = GQ" = gQ" =
HQ" = hQ". Again, from (2.1); we have,

YO (FQ,GQ, 1), 6(GQ™, HA 1), 6(fQ, g0, t),6(gQ", hQ7, t),

6(fQ,FQ,1),8(g0%,GA%t),6(hQ", HQ, t),

S(fQ,HQ, 1), 6(g0, FQ,t),6(hQ,GQ51)) <0

(2.24)

(2.25)
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Yo, 6a%t),8(6Q% HQY ), 8(Q%,GQ%t),8(GQA", HQ", t),

0,0,0,6(Q", HQ 1), 6(GQ", Q% t),6(HQ",GQ, 1) <0

Yielding thereby due to (W¥3), §(Q%, GQ*,t) < 0 and so §(Q",GQ%t) =0
and 6(GQ*,HQt) <0. So; §(GQ*,HQ't) =0, a contradiction; if Q* #
GQ" # HQ". Hence, FQ*" = fQ"=GQ" = gQ" = HQ" = hQ" = Q*. Then, Q"
is the unique common FP of F, f, G, g, H, h. This concludes the proof.

(2.26)

3. Conclusion

The present work describes a common FP theorem for weakly compatible
mappings which satisfies implicit function under three pairs of mappings. The
implicit function is used to generalize and extend the existing fixed point
theorems.
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